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GlOl THIEU CHUNG 

Xi in Iran Irong gidi ihieu on ban doc bo tdi lieu: 

n«c v i On tap 

• • 

to Ain 

do Shorn Cu Mon dual su phu trdch cua Thac si Toan hoc - KT su Tin hoc 
Le Hong Due bien soan. 

Ho on lieu gdm S cudn 

Cudn i : Hoc va On tap Toan - H'mh hoc 10 
Cudn 2: Hoc va On tap Toan - Dai s 6 10 
Cudn 3: Hoc va 6n tap Toan - Lircmg giac 11 
Cudn 4 : Hoc va 6n tap Toan - Hinh hoc 11 

Cudn 5 : Hoc va on tap Toan - Dai s 6 va Giai tich 11 

Cutfn 6: Hoc va On tdp Toan - Hinh hoc 12 

Cuon 7: Hoc va On tap Toan - Giai tich 12 

Cudn 8: Hoc va On tap Toan - Dai s 6 td hop 12 

Muc tieu ciia bo tai lieu nay Id rung cap cho ede Thay, Co giao mot bo bai 
giang chuyen sdu co chat luong va cho ede em hoc sinh Trung hoc plio thong yen 
tliicli mon Toan mot bo tai lieu hoc tap bo icli. 

Do tai lieu ducrc vie / tren mot tit tudng hoan toan moi me, co tinh sU 
pham, co tinh tong hop cao, tan dung ducrc day du the mqnh cua cac phuong 
phap dac biet de giai Toan. 

D6 tai lieu nay elide chan phu lurp v&i nhieu ddi tuong ban doc tit cac Thay, C6 giao 
den ede em Hoc sinh lop 10, 11, 12 va cac em chudn bi du tin mon Toan Tot 
nghiep FTTH hodc vdo cac Tru&ng Dai hoc. 

Cudn 

nor vA On tAp toAn 

• • 

IlilNH HOC 11 

do Le Btcli Ngoc chit bien dtfpc diia tlidnii 5 chucrng: 

Chuong I: Dai cuong \i dufrng thAng vi mat phAng 

Chuong II: Quan he song song 

Chiidng III: Quan he vuOng got- 

Chuong IV: Mat cSu vil mat tron xoay 

Chudng V: Dien tich va th£ tich 
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Bao gdm 21 chu de. mieu id chi del phuong plidp gidi cho 48 dang loan cu t ban 
va nang cao cua hinh hoc 11. 

Cuoi cung, cho du da rat edging, nhung that klio Iranli khoi nhitng thieu sot bdi 
nhitng hied bie't va kinh nghiim edn han che, rat mong /than dupe nhung y klcieh 
dong gop quy bail cua ban doc gan xa. 

Moi y kien xin lien he tri/c tiep hoac giti ve theo dia chi: 

Nhom tac gia C \1 Mon • Nha sach Toan pho thong Cd Mon 
So" 20 - Ngo 86 - Dtfdng To Ngoc Van ■ Quan Tay Ho - Ha Noi 
Dien thoai: (04) 7196671 

nhomcijmOn 
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CHLfONGI 

i*m:i* noi iiimi vA phkp no\o dang 

I ROIVO MAT PRANG 

• 

CHU d£i 

MO dAu VE PHEP BIEN HiNH PHEP DGl HINH 

I. KIKN THIU < () BAN 

1. PlILI’BltN IliNII 

t)inh nghia I: /’Iwp bien liinli Id mol qn\ lac de xtii nidi diem M cua mat phalli' 
xdc duili dual mot diem dux nliat M’ cua mat pitting, diem M' gpi 
Id anil cua diem M qua phep bit'll liinli do. 

Neu ta ki hieu mot phep bien hinh nao do la f thi: 

• M, = f(M). 

■ Neu H la mot hinh nao do thi tftp http cac di£m M’ = f(M), vdi M € H, tao 
thanh hinh H\ ta vi£t H' = 1(H). 

T/ch aia hai phep bien hinh Cho hai phep bien hinh trong S theo sit do sau: 


M M" 

go*' 

Phep bien hinh bi£n M thanh M" dupe la tfch cua hai phep bi£n hinh f va g 
theo thur tu do, ky hi£u la g 0 f, ta co: 

M" = (g o 0(M) = g(f(M)), VM g (H). 


2. PI HI* IX ill I [Nil 


t)inh nghia 2: Phep dtii liinli Id mol pliep bit'll hinh khoiig lain thay doi khodng 
each gitia hai diem bdl kx. 
f)inh li: Phep dtii hinh bien: 

• Pliep ddi hinh bien ba diem thdng hang tlianli ba diem thdng hang, ba 
diem khong thdng hang thanh ba diem khdng thdng hang. 

• Dating thang tlianli dating thdng. 

• Tia tlianli tia. 

■ Doan thang tlianli doan thdng bang no. 

• Tam gidc thanh lam giac bang no. 

■ Dating iron tlianh dating trdn co cung ban kin/i. 

■ Gdc tlianli gdc bang no. 
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II. CAC VI DU MO DAU 

VI du 1: Cho dudng thing d. Vdi m6i didm M, ta xkc 

dinh M' lk hinh chieu (vuOng g6c) cua M trkn d thl ta duoc 

mOt phep bie'n hinh. — 

✓ M 

Phep bie'n hinh nky goi lk phep chieu vuong goc len 
dating thdng d. 


Vi du 2: Cho vecta u , vdi m6i didm M ta xkc dinh 

, , -- - U 

difim M' theo quy tkc MM' = u . 

Nhu vky, ta cQng c6 mOt phep bie'n hinh. Phep bien 

hinh do goi lk P h *Ptinh ten theo vect ff u . 



VI du 3: Voti mOi didm M, ta xac dinh didm M’ trkng vdi M thi ta cung co 
duoc m6t phep bie'n hinh. 

Phep bie'n hinh do goi lk phep (long nhdt. 


BAI TAP Df: NGHI 
• • 

Bai 1. Hay vg anh cua cac hinh sau qua phep chieu vuOng goc len ducmg thMng 
(d): 

a - Ducfng trOn (O, R). 

Doan thing AB = 2R, bie't AB song song vdi (d). 
c - Doan thing AB = 2R, bie't AB vuOng g6c (d). 

d- Doan thing AB = 2R, bie't goc (AB, d) = 30°. 

. e - Doan thing AB = 2R, bie't goc (AB, d) = 45°. 

1- Doan thing AB = 2R, biet gdc (AB, d) = 60°. 

Bai 2. • 

a. Phep cliieu vuong goc len dieting thdng d c6 phai 1a mOt phep dai hinh khOnjg ? 

h Phep tinh lien theo vector u co phai 1a mOt phep defi hinh khOng ? 

c- Phep ddng nhdt c6 phai lk mOt phep ddi hinh khOng ? 

Bai 3. 

a Tfch cua mOt phep tinh tie'n vk mOt phep dOng nha't co phai lk mOt plhep 
dcri hinh khOng ? 

h Tfch cua m6t phep dOng nhk't vdi mOt phep tinh tie'n co phai lk mOt plhep 
d5i hinh khOng ? 

c Tich cua hai phep tinh tie'n c6 phai 1a mOt phep dOi hinh khOng ? 

Bai 4. 

a Tich cua hai phep dOng nhk't 1a mOt phep d6ng nhk't lk dung hay sai ? 
h Tfch cua hai phep tinh tie'n co the’ lk mOt phep dOng nhk't hay khOng ? 
c. Tfch cua ba phep tinh tie'n c6 thd 1a mOt phep dOng nhkt hay khOng ? 
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( HU d£ 2 

PI 1HP TINH Tl£N 

1. KII N Till < < O BAN 

1. DIN!! N( >111A PI HP ! IN! I I I! N 

t)inh nghia: Phep link lien veenr v, ki hieu Ty Id mol phep diri hinh bien diem 
M thdnli M' sao cho MM' = v. 

2. C AC TIN! 1 C 11A I CUA PI III’ 1 INI I I UN 

t)inh li I: Neil phep tinh lien then hai diem M vd N Ian luc/t ihdnh hai diem M' 

vd N'vhi M'N’ = MN. 

✓ 

Y nghia cua dinh If 1 la I’hep mill lien klidin; lam fliay dot khodng each 
gida hai diem hat ki" 

Dinh li 2: Phep tinh lien bien ha diem thang hang ihdnli ha diem lining hang vd 
klidng lam tliay ddi did tic ha diem do. 

He qua. Phep tinh lien bien 

■ Ditdng tlidng thdnli didrng thang. 

• Tia thdnli tia. 

• Doan tlidng thdnli doqn lining bang no. 

• Tam gidc ihdnh lain gidc hang no. 

• Dudng Iron thdnli didrng n on co rung ban kinh. 

• Goc thdnli goc bang no. 

3. Biihj n life roA do cua pi ipp riNi i rifiN 

Trong mat phang vdi he true toa do Oxy, phep tinh ti£n theo vecto v (a; b) bifin 
difim M(x; y) thanh didm M'(x'; y') vdi: 

x'= x + a 

y'= y + b 

II. CAC I)ANG TOAN LIKN QUAN 

Bai toan 1: Ilm vecto tinh tififn v bi£n hinh (H,) thanh hinh (H 2 ). 

i’Ht'ONG PHAP CHUNG 

Sir dung dinh nghia va tinh chat cua phep tjnh ti£'n. 

Vi du 1: Cho hai dudng thang song song a va a’. Tim tat ca cac phep tinh tid'n 
biS'n a thanh a’. 

Oicii _ __ A' (a 1 

Moi phep tinh ti£n T theo vecto v = AA' vdi A e a va 
A' e a’ d£u bi£n duerng thang a thanh a'. 
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Vi du 2: Cho phep tinh lien T- theo u va phep tinh tien T- theo v . Vdi 
diem M hat ki, T- bidn M thanh did'm M', T- bidn M' thanh M". Chung to rang 
phep bidn hinh bid'n didm M thanh M" la mdt phep tinh tid'n. 

(jtat 

Pat a = u + v, ta c6 nhan xdt: 

MM” = MM' + MM" = u + v = a 

Vay, phep bien hinh bien M thanh M" la mot phep tinh tien T theo vector a . 

Vi du 3: Cho hai duomg tron (C,) va (C 2 ) ISn lucrt co tarn O,, 0 2 va ddu co ban 
kinh R. Tim phep tinh tidn bum (C,) thanh (C 2 ). 

Gicii 

La'y M, tuy y thudc (C,) va goi M 2 la anh cua 

M qua T--, ta co: 

M o,o 2 

M,M 2 = 0,02 <=> 0,M, = 0 2 M 2 

=> 0 2 M 2 = R O M 2 e (C,) 

Nguoc Lai: lay M 2 la mot diem tuy y thubc (C 2 ) va 

goi M, la tao anh cua no qua T-—-, ta co: 

°,o 2 

M,M 2 = 0,0 2 <=> O,M, = 0 2 M 2 => 0,M, = RoM,e (C,) 

Vay (C 2 ) la anh cua (C,) qua . 



Bai toan 2: Chtrng minh trnh chat hinh hoc. 

PIIltJNG PIIAP CHUNG 

1. Vai bai loan dink tilth,la thudng gap c&c dang yeu cau sau: 

Dang /. Chung minh (H,) 1& anh cua (H 2 ) qua phep tinh tiCn vector v, ta 

thuc hidn theo cac budc: 

Quae l: La'y diem M, tuy </ thuoc (H,), ta di chtrng minh. 
M 2 = Ty (M,) € (H 2 ). 

Bade 2: Nguoc lai, la'y di£m M 2 tuy <j thude (H 2 ), ta di chtrng 
minh M, = Ty(M 2 ) 6 (H,). 

Dang 2: Chtrng minh tinh chat K, ta thuc hidn theo ede bude: 

Bade 1: Xac dinh mot hoac nhidu phep tinh tid'n de thiet lap moi 
lien kd't giiJa cac yfiu td\ 

Bade 2: Sir dung cac tinh chat cua phdp tinh tid'n dd giai cac yeu 
cau cua bai loan. 

2. Vdi bai loan dinh luong, bang vide thiet lap duqe cac phep tinh tien thfclvhdp, 
ngoai viec chung minh duqe cac tinh chat hinh hoc ta con co thd’ tinh toan duqe 
cac yeu td trong mot hinh. 
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\ 1 du 1: Cho ill giac ABC I) co M N, I\ Q Ian linn la trung diem cac canh AB, BC, 
CD, DA. Chung minh rang ur giac ABCI) la hinh binh hanh khi va chi khi: 

Ml’ + NQ = ‘ ( Mi + BC + CD + DA). <*) 

( j iii I 

ThUc hien phep linh lien I ^ : Dh» \i. 

Khi do tur giac BCHD la hinh binh hanh, vi P la trung diem cua CD nen P 
cung la trung diem cua BP,. 

Do do ta co: 


MP = - AH < - (AI) + DH) = - (AD + BC). 

i i i 



D£u bang chi xay ra khi va chi khi: 

A, D, H thang hang o AD // BC. 
Chung minh tuong tu ta cung co: 

NQ < -I (AB + CD). (2) 

Da'u hang chi xay ra <=> AB // CD 
COng theo ve (I), (2), ta dirge: 

MB + NQ < - ( AB + BC + CD + DA). 


C 



Vay dd co (*) thi da'u “ = ” xay ra cr (3) o da'u 
[ AB//CD 


U _ ” 


xay ra tai (1) va (2) 


<=> 


BC//AD 


o ABCD la hinh binh hanh. 


Vi du 2: Tu giac ABCD co AB = S . BC = 3. CD = 2 & , BAD = CDA = 60*. 
Tim so do goc ABC va BCD . 


(ini I 

Xct phep tinh tiCn T—: Ah> A’, khi do lur gi£c 
ADCA' la hinh binh hanh va BAA' = 60°. 

Trong AABA', ta co: 

BAA 1 = 60°, 

AA’ = 2AB. 

Do do, AABA' vudng tai B va BA' A = 30°, A'B = 3. 

Vi A'B = BC = 3 nen ABCA' can tai B, do do: 

BCA' = BA’C = AA'C - BA'A = 60° - 30° = 90°. 


A A’ 



ABC =360P-(BAD + CDA + BCD ) = 360 ) - («/*'+ 6 CP + 9CP) = 150P. 
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Vi dy 3: Hai thdn nAm d hai vi tri A va B each nhau m6t con sOng (xcm rAng 
hai bd sdng la hai dudng thAng song song). 

Nguoi ta du dinh xAy rm)t chide cAu MN bAc 
qua sdng (tAt nhidn cAu phai vu6ng gdc vdi bd 
sdng) va dAp hai doan thAng ttr A dAn M vA tir B 
dAn N. Hay xAc dinh vi tri cua chiAc cAu MN sao 
cho AM + BN ngAn nhA't. 

Gidi 

«r 

l Ay diAm MqG a ta co duy nhA't diem N 0 e b sao cho MoN ( 

Goi B’ = T- va M = AB' n a, khi do vdi diAm M' bAt ki thude a tuong 

N„M 0 

ting vdfi diAm N' thuoc b (sao cho M'N’ i. a) ta co: 

Ta co: 

M’A + N'B = M'A + M'B > AB' = MA + MB' = MA + NB. 

Tire 1A AM + BN ngAn nhAt. 


Bai toan 3:Tim tAp hop diem M. 

pin'ONG piiap tin ag 

Ta thuc hiAn theo cAc bude: 

Bitctc /. Tim mdt phep tinh tiAn T y, biAn diAm E di ddng thAnh diAm M. 
Bu&a 2: Tim tAp hop (H) cua cac diA’m E. 

Btfdc 3: VAy tAp hop cac diem M1A anh cua (H) trong phep tinh tiAn T v. 

Vi du 1: Cho hai dudng tr6n (O) vA (O,) cAt nhau tai hai diAm, goi A 1A mdt 
giao diAm. Dudng thAng (d) di dong qua A vA cAt hai dudng tr6n da cho tai M 
vA N. TrAn hai tia AM vA AN lAy hai diAm B vA C sao cho: 

2 BA = 2 AC = MN. 

Tim quy tich cAc diAm B vA C. 

Gidi 

Dung OE vA (),F vudng goc vdi (d). 

Ta c6 E, F lAn luqt IA trung diAm cAc 
doan AM, AN vA: 

EF = —(MA + NA ) = — MN = BA = AC 
2 2 

Dung 0,1 vudng g6c vdri OE, khi do tti giAc O t IEG 1A hinh chO nhAt 
Tir d6 suy ra: 

0,1 = FE = AB => 0,ABI 1A hinh binh hAnh 


=> IB = O,A => B= T—(I). 

1 Q,A 




1 a-VA M,,N 0 1 b. 
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Vi OIO,vuong non tap hup cac diem I lk dudng Iron (0 2 ) dudng ki'nh 
OOp tu do suy ra tap hop cac diem B la duong tron (O’,) vdi: 

(O’,) = I |((),)|. 

1 0 ,,\ 

" Tuong tir, ta cd tap hap diem C la due mg tron (O’,) vdi: 

(()’,)= T J«M|. 


\'t du 2: Cho AABC cd dinh. goi Bx, Cy theo thu tu la cac tia doi cua cac tia 
BA, CA. cac didm I), H thu tu chuyen dong tren cac tia Bx, Cy. Tim quy tfch 
cac trung diem M cua OH biet BI) = 2CE. 


(iuii 

Dung hinh binh hanh BCHK, ta co K a tren 
tia Bz cd dinh song song cung chieu vdi tia Cy. 
Tren tia Bz. lay On luirt hai diO'm cd dinh D 0 , K 0 
sao cho BD 0 = 2BK 0 . 

Vi BI ) = 2CT- = 2BK nen BK//1 ),^. Goi N va 
N 0 lan luot la trung didm cua BI) va 1 ) () K 0 thi N 0 cd 
dinh va quy tfch cua N la tia BN () . 

Ta cd: 

1 


A 



D„ 


NM = — KE = - BC = BI, vdri I la trung didm BC. 


Suy ra: M = T- (N). 

Do do quy tfch cua M la tia I„, la anh cua tia BN 0 qua phep tinh tidn theo 
veCia BI. 


Bai toan 4: Dung hinh. __ 

PIICONG PIIAP CiniNG 
Ta ludn thuc hidn theo 4 bude da bid't. 

Vf du 1: Dung hinh thang ABC!) (AB // CD) biet hai dudng cheo AC = a, BD = b, 
goc ABC = a va dudng trung binh MN = c. 

Giiii 

I’licbi lu ll: Gia sir da dung duoc hinh thang ABCD thoa man dieu kien dSu bai. 

Thuc hidn phep tinh tidn 
T— :D h D’ 

CA 

khi dd tu giac ACDD’ la hinh binh hanh nen ta cd: 

BD’ = BA + AD' = AB + DC = 2MN = 2c 
=> ABDD' dung duoc, (bidt 3 canh). 
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Cach dittig :Ta lAn luot thuc hicn: 

- Dung ABDD' vdi BD' = 2c. BD = b, DD’ = a 

- Dung Dx // BD’ 

Dung By hap vdi BD' goc a, By cat Dx tai C. 

- Dung Cz // DD', Cz cat BD" tai A 
Thi tti giAc ABCD la hinh thang cAn dung 

Clutng niinlrTheo cAch dung ta cd: 

- CD I I AB nAn ABCD la hlnh thang; BD = b, goc ABC = a 

- AC = DD’ = a (do ACDD’ la hinh binh hanh) va 

MN = — (AB + DC) = — (AB + AD') = -BD’ = c 
2 2 2 

Men huhr.Bai toan co nghiCm hinh khi va chi khi: 

ABDD' dung duoc O | a — b | < 2c < a + b. 

Vi du 2: Cho hai ducmg tron (O, R) va (O', R'), R * R' v& mdt ducmg thang 
(A). Hay dung mot dudng thang (d) song song vdi (A) cat (O) va (O’) lAn luot tai 
cac di£m A, B, A', B’ sao cho AB = A'B' 

Gidi 

Flian lich :Gia su da dung ducrc ducmg thang (d) song song vdi (A), cat (O) va 
(O') lAn lucrt tai cac didm A, B, A', B' sao cho AB = A'B'. 

Vi AB = A^B' ntn AA' = BB'. 

Thuc hifin phep tinh titfn vecto AA' thi 
(O, R) co anh la (O,, R) di qua A' va B' vdi 
I la gao di&n cua ducmg thang Ox // (A). 

Cdcli dimg'Ta lan luot thuc hien: 

- Dimg Ox // (A). 

Dimg O'K JL (A), O'K cat Ox tai I. 

- Dung (O,, R) v& (O,, R) cat (O', R') tai A' va B' 
thi ducmg thang A'B' la dudng thang (d) phai dimg. 

Cluing minlr.V i: 

- (d) 1 O'K n6n (d) // (A). 

(d) cat (O,, R) tai A', B' n£n (d) cat (O, R) tai A, B va AB = A'B'. 

Bien Inch i:\iai toan cd nghiCm hinh khi va chi khi: 

Hai dudng tron (I, R) va (O', R’) cat nhau. 

Khi do bai to£n chi c6 mdt nghidm. 


ts. 





12 




Bai loan 5: I le loa do dbi voi phep tinh tiCn. 

_ ' _____. « ... ___ _ 

1*111 ov. PllAIM in N(. 


Ta irinh hay phirong phap thtrc hien hai dang toan: 

Pan# I; Xac dinh diem M, la anh cua diem M 0 (x 0 ; y 0 ) qua phep tinh tien 


vecto v (a; b j. 

Khi do, toa do diem M t (x; y) diroc cho hoi: 

]x a + x 0 

[y = b + y 0 

Pan# 2 Tim phuong trinh cua hinh (H,) la anh cua hinh (H): f(x, y) = 0 qua 
phep tinh tien vector \ (a; b). 


Khi do, m6i diem M(x; y)€(H,) la anh cua m6t diem 
M 0 (x 0 ; y 0 ) e (H) qua phep tinh tien vecta v (a; b), ta c6: 
Mo(x 0 ,yo)e(II) ff(x 0 ,y 0 ) = 0 
x = x 0 + a <=>< x 0 = x - a 


[y = y 0 + h 


= v - b 


=> f(x - a, y - b) = 0. (*) 

Phuong trinh (*) chinh la phuong trinh cua (H,). 

Vi du 1: Tim toa do cua diem M, la anh cua di£m M«,(l; -3) qua ph£p tinh ti£n 
vecto v (1; 2). 

Gidi 


Gia sir M,(x; y), ta co: 


M 0 M, 


v <=> < 


x-l = l 
[y + 3 = 2 


o 


x = 

iy = 


2 


V$y, ta duoc M,(2; -1). 

Vi du 2: Trong mat ph4ng toa d6 Oxy, voi a, a, b la nhung s6 cho tnidc, xet phep 
bie'n hinh F bi£n m6i didm M(x ; y) thanh diem M'(x\ y’), trong do: 

x' = x cos a - y sin a + a 

y ’ = x sin a + y cos a + b 

a. Cho hai di£m M(x,, y,), N(x 2 , y 2 ) vk goi M', N’ Pin lucrt 1& anh cua M, N 
qua ph6p F. H3y tim toa d6 cua M' N'. 

b. Tinh khoang each d gitfa M vk N, khoang edeh d' gifla M’ v& N'. 

c. Ph6p F c6 phai la ph6p ddi hinh hay khbng ? 

d. Khi a = 0, chumg to rang F la phep tinh tifin. 

Giai 

a. Ta ldn Urqt c6: 

M'(Xj.cosa - y,.sina + a; x,.sina + y,.cosa + b), 

N'(x 2 .cosa - y 2 .sina + a; x 2 .sina + y 2 .cosa + b), 
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h. Ta lin lira! c6: 

d= -x,) 2 + (y 2 -y,) 2 . (1) 

(d') 2 = (M’N 1 ) 2 = [(x 2 .cosa - y 2 .sina) - (x,.cosa - y,.sina)J 2 + 

+ ((x 2 .sina + y 2 .cosa) - (x,.sina + y,.cosa)] 2 
= [(x 2 - x,).cosa - (y 2 - y,).sinal 2 + 

+ [(x 2 - x,).sina + (y 2 - y,).cosa] 2 
= (x 2 - x,) 2 .cos 2 a + (y 2 - y,) 2 .sin 2 a + 

+ (x 2 - x,) 2 .sin 2 a + (y 2 - y,) 2 .cos 2 a 
= (x 2 - x,) 2 .(cos 2 a + sin 2 a) + (y 2 - y,) 2 .(sin 2 a + cos 2 a) 

= (x 2 - x,) 2 + (y 2 - y,) 2 

<=><*'= yl(\ 2 -X,) 2 +(y 2 -y,) 2 . . (2) 

c. Tit (1) va (2) suy ra d = d' (hay MN = M'N’). 

Vay, phep bien hinh F bao toan khoang each gitfa hai diem bat ki nfin theo 
dinh nghla no la m6t phep dcri hinh. 

d. Voi a = 0, ta tha'y: 

x’= xcosO-ysinO + a fx’=x + a . , . , 

• <=> => F ia phep tinh ti£n. 

y' = xsinO + y cosO + b [y' = y + b 

Vi du 3: Tim phuong trinh cua dirdng thang (d,) la anh cua duemg thang 
(d): x + 3y - 2 = 0 qua phep tinh ti£n vecto v (1; 1). 

Gidi 

M6i di£m M(x, y) e (d,) la anh cua m6t di£m M„(x 0 , y 0 ) e (d) qua phep tinh 
ti£n vecto v (1; 1), ta c6: 

(xa / x fx 0 +3y 0 -2 = 0 

M 0 (x 0 ,yo)e(d) 

__ - <=> -j X - X 0 = 1 

• • M 0 M = v , • 

0 [y-yo=i 

=>(x- l)4 3(y - l)-2 = 0ox + 3y-6 = 0. (*) 

Phuong trinh (*) chinh la phuong trinh cua (d,). 

Vi du 4: Tim phuong trinh cua dudmg tr6n (C,) ia anh cua dufrng thang 
(C): (x + 2) 2 + (y - 1 ) 2 = 4 qua phep tinh tifisn vecto v (2; 1). 

Gidi 

M6i di£m M(x; y) e (C,) la anh cua mOt di£m Mo(x 0 ; y 0 ) e (C) qua ph6p 
tinh ti£n vecto v (2,1), ta c6: 

M 0 (x 0 ,y 0 )e(C) (x 0 +2) 2 +(y 0 - l) 2 =4 

• x = x 0 + 2 O<x 0 =x-2 

.y = y 0 +2 y 0 =y-i 

. 

=> (x - 2 + 2) 2 + (y - 1 - l) 2 = 4 O x 2 + (y - 2) 2 = 4. (*) 

Phuong trinh (*) chinh la phuong trinh cua (C,). 
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Vi du 5: I lay tim vecto v (a; b) sao i ho khi tinh hen do thi y = l(x) = x* + 3x + 1 theo 

v ta nhan diroc do Ihi ham so y ~ g(x) - X s - 3x 2 + fix - 1. 

dun 

Tir gia thief, ta co: 
g(x) = Kx +a) + h 

Ox' - 3x : + 6x - I = |(x + a)' + 3(x + a) + 11 + b 

= x' + 3ax ? + 3(a 2 + i)x + a' + 3a + 1 + b . 

suy ra: 

a = -I 
b = 2 

Vay, ta dtrcrc g(x) = f(x - 1) + 2, turc la co vecto v (-1; 2). 

BAI TAP *)£ NGHI 

Bai 1. Cho AABC. Goi A,, B,, C, lan luot la trung diem c^c canh BC, CA, AB. 
Xac dinh phep tinh tid'n biOn AAB,C, thanh: 

a. AB,CA,. h. AC,A,B. 

Bai 2. Qua phep tinh tien T theo vecto u * 0, dudng thang d bifi'n thanh dudng 
thang d’. Trong trudng hop nao thi d trung d' ? d song song vdri d' ? d celt d' ? 

Bai 3. Cho hai diem B va C co dinh tr£n ducfng tron (O, R) va mdt did’m A thay 
doi tren ducfng tron do. Chung minh rang true tarn AABC nam tren mdt dudng 
tron c6 dinh. 

Bai 4. TCr dinh B ciia hinh blnh hanh ABCD ke cac ducfng cao BK va BH cua 
no. Biet rang KH = a, BD = b. Tinh khoang each tCr B den true tarn E cua ABHK 
theo a va b. 

Bai 5. Cho tut giac ABCD, AB = 6 S , CD = 12, A = 60P B = 120P. D = 9CP. tim 
dd dai cac canh BC va AD. 

Bai 6. Cho hai ducfng tron bang nhau (0,,R) va (0 2 ,R) cat nahu tai A va B. 
Mdt duemg thing (d) vudng goc vdi AB va cat (0,,R) tai C va D, cat (0 2 ,R) tai 
E va F vdi CD cung hudfng vdi EF . 

a. Chumg minh dd ldn CAE khong phu thude vao vi tri cua (d) 

b. Tinh dd dai doan CE theo R va AB = a. 

Bai 7. Cho tu giac l6i ABCD va M la ba diem bdn trong tur giac dd sao cho ABMD ia 
hinh binh hanh. Chung minh rang: Nfiu CBM = CBM thi ACD = BDM. 

Bai 8. Cho AABC nhon va BC = a, CA = b, AB = c. goi H ia giao didm ba 

ducfng cao. Chumg minh rang: S ABC = — (a.AH + b.BH + c.CH). 

4 

Bai 9. Cho AABC, goi I la trung did’m thude doan AC. Trdn tia IB lay mdt 
did’m B'. Dung cac hinh binh hanh BB'A'A, BB'C’C va AA,C,C sao cho A ia 
trung didm cua A'A,. Chumg minh rang dien tich hinh binh hanh AA,C,C bang 
tdng dien tich cac hinh binh hanh BB'A’A, BB'C'C. 


15 



Bai 10. Trong hinh lhang ABCD c6 BC//AD. Didm M la giao didm cua cac 
dudng phan giac goc A va goc B; N la giao diem cua cac dudng phan giac goc 
C va D. Chung minh rang: 

2MN = IAB -kCD - BC - ADI. 

Bai 11. Cho dudng tron (O) va hai didm A va B. MOt didm M thay doi tren 
dudng tr6n (O). Tim quy tich didm M' sao cho MM' + MA = MB . 

Bai 12. Cho AABC, cd A co dinh, goc A khdng doi va vecto BC' khong ddi. 
Tim quy tich cac dinh B va C. 

Bai 13. Cho AABC, co AB c 6 dinh. Dudng tron (O) ngoai tidp AABC c 6 dinh. 
Goi H la true tam AABC va P, Q la giao didm cua ducmg trim tarn C ban kinh 
CH vdi ducmg tron tarn H ban kinh HC. Tim quy tich P va Q. 

Bai 14. Cho ducmg trdn (O, R) va dudng thang cd dinh (d). Didm A di dc>ng trdn 
ducmg tr6n. Tim quy tich cac dinh B, C cua hinh binh hanh OABC sao cho AC 
song song vdi (d) va AC = a cho trude. 

Bai 15. Cho hinh binh hanh ABCD co duimg chdo BD cd dinh, A di ddng trdn 
duimg trdn tam D ban kinh R. 

a. Tim quy tich dinh C cua hinh binh hanh ABCD. 

b. Tun quy tich dinh E cua hinh binh hanh ADBE. 

Bai 16. Cho hinh binh hanh ABCD c6 B, D di ddng trdn ducmg tron tam O, ban 
kinh R = OA va BD = 1 khdng ddi. 

a. Tun quy tich trung didm I cua BD. 

b. Tun quy tich true tam H cua AABD. 

Bai 17. Cho hinh thang ABCD (AB//CD) co A, B c6' dinh. Hai didm C, D di 
ddng sao cho AD = a, CD = b (a,b>0 cho trude). Tun tap hop didm C. 

Bai 18. Cho dudng trdn (O, R) co dinh va mdt dudng thang (d). Mdt dudng trdn 
(y) di ddng cd ban kinh r khdng ddi va ludn tid'p xuc ngoai vdi (O, R). 

Dung hai tid'p tuyd'n cua (y) song song vdi (d), hai tid'p didm M, M'. Tun tap hop 
cac didm M, M' khi (y) di ddng. 

Bai 19. Cho dudng trdn (O, R) dudng kinh AB cd dinh. Goi MN la mdt dudng 
kinh di ddng. Tid'p tuyd'n tai B cat dudng thang AM, AN lan luot tai P va Q. Tim 
tap hop cac true tam cua AMPQ va ANPQ. 

Bai 20. Cho AABC. Hay dung dudng thang (d) song song vdi BC, cat hai canh 
AB, AC ldn luot tai M, N sao cho AM = CN. 

Bai 21. Dung hinh binh hanh ABCD, bid't AB = a con C, D thude hai dudng Iron 
(d,) va (d 2 ). 
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Bai 22. Dung lur giac A BCD biet: AB = a. BC = b, CD = c. AD = d va goc nhon 
cua AB, CD la u. 

Bai 23. Cho hai dudng iron (O), (O,) va vecto a . Dung doan thang PQ trong do 
Pe(O), Qe(0,) va PQ = a. 

Bai 24. May dung mbt ducmg iron co ban kfnh R qua mot did’m A va chan trfin . 
mot ducmg thang (d) meet day cung co dd dai 1 cho trude. 

Bai 25. Tren ducmg tron (O) cho hai day cung AB va CD khong cat nhau Hay 
dung diem M tren (O) sao cho hai day cung MA va MB chan trdn day CD doan 
EF co do dai a cho trude (a nho hem do dai day CD). 

Bai 26. Trong mat phang toa dc) Oxy, xet cac phep bien hinh sau day: 

■ Phep bien hinh F, bien mdi diem M(x, y) thanh diem M’(y; -x). 

■ Phep bien hinh F 2 bien m6i diem M(x, y) thanh did’m M’(2x; y). 

Trong hai phep bien hinh tren, phep nao la phep ddi hinh. 

Bai 27. Tim toa do cua diem M, la anh cua di6m M„(3; 2) qua phep tinh tiS'n 
vecto v(-4; 1). 

Bai 28. Tim phuemg trinh cua dudng thang (d,) la anh cua ducmg thang (d) qua 
phep tinh tie'n vecto v , biet: 

a. (d): x + 2y - 13 = 0 va v (1; 1). 

b. (d): 2x - 6y + 3 = 0 va v(-;-3). 

2 

Bai 29. Tim phuemg trinh cua dudng tron (C,) li) anh cua dudng tron (C) qua 
phep tinh ti£n vecto v , biet: 

a. (C): (x - 2) 2 + (y - 2) 2 = 9 va v (-2; 1). 

b. (C): x 2 + y 2 - 2x - 4y - 2 = 0 va v (0; 3). 

Bai 30. Hay tim vecto v (a; b) sao cho khi tinh ti£n dd thi y = f(x) theo v ta nhan 
duoc d6 thi hkm sd' y = g(x), bid't: 

a. f(x) = —- x 2 — x + - va g(x) = - - x 2 + 4. 

2 2 6 2 

, ,, , X 2 - X + 1 , . . X 2 

b. f(x) =-— va g(x) =-. 

x — 1 x + 1 
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CHU d£ 3 

phep d6i xltng TRUC 

I. KlflN TH(TC CO BAN 

1. DINHNGHlA PHEP Ek5ixONG TRUC 

Nhdc lai: Diem M' duac goi la dd'i xitng v&i diem M (a) 

qua du&ng thdng a neu a la du&ng trung true M_M' 

cua doan thdng MM'. 

TrU&ng hap dac biet, ne'u M nam tren a thi ta xem M ddi xitng v&i chinh no qua a. 

Dinh nghia 1: Phep dd'i xitng qua dit&ng thdng a la phep bien hinh bien moi 
diem M thanh M' dot xUng v&i M qua du&ng thdng a. 

Phep ddi xung qua dudng thing a thudng duqc ki hidu la D„. Vay: 

M' = D,(M) <=> a la trung true doan MM'. 

Dinh U: Phep dd'i xifng true la phep dcri hinh. 

2. BIEU THlfC TOA E)0 CUA PHEP Ex5l XLTNG TRUC 
Trong mat phing veri hd true toa dd Oxy, 

■ Phdp dCfi xung qua true Ox bidn did’m M(x; y) thanh did’m M'(x’; y ) vdi: 

Jx'= x 

• |y ,= -y‘ 

■ Phdp ddi xung qua true Oy bidn did’m M(x; y) thanh did’m M'(x'; y') vdi: 

fx' = -x 
y=y 

3. TRUC ek5i XlTNG cua mOt hInh 

Dinh nghia 2: Du&ng thdng d duoc goi Id true dd'i xung cua hinh H n/u phep doi 
xitng true D d bien H thanh chinh no, tite la D d (H) = H. 

n. CAC DANG TOAN LlfiN QUAN 

Bai todn 1: Tim phdp ddi xung true bidn hinh (H,) thanh hinh (H 2 ). 

PHUONG PHAP CHUNG 

Su dung dinh nghia va tfnh chit cua phdp ddi xung true. 


VI du 1: Cho hai hinh vudng ABCD va AMNP cd 
canh bang a. Tim phdp ddi xung true bidn hinh vudng 
ABCD thanh AMNP. 

Giai 

Gia sir CD cat MN tai E, ta di chdng minh : 
S (AE) (ABCD) = APNM. 
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IMt vay: 

AAED = AAHM => M = S, A( . ; ,(D). 

A A EC = AAEN => N = S,,, ,(C). 

AAEB = AAEP=> P= S (A| ,(B). 

Vi du 2; C ho hai diem B va C co' dinh nam tren dubng iron (O; R) va diem A 
thay doi tren duong tron do. Hay dung phep doi xumg true de chumg niinh rang 
true tarn H cua tain giac ABC nam tren mot duong tron co dinh. 

Gidi 

Gia sir AH cat duong tron tai H’. 

Ta co: 

H'CB = H’AB = HCB AH’CH can tai C 
=> BC la dudng trung true ciia H’H => H = D [JC (H'). 

Va vi H' e (O) nen H e D I1C ((0)). 



Vidu3; Cho hai dudng tron (C, ) va (C 2 ) lan luot co tarn O,, 0 2 va d£u co ban 
kinh R. Tim phep doi xumg true bien (C,) thanh (C 2 ). 


Gidi 

Lay M, tuy y thubc (C, ) va goi M 2 la anh 
cua M qua S d . 

Vi 0 2 M 2 va 0,M, dbi xung nhau qua (d), 
n6n ta co: 

0 2 M 2 = O t M,. 

Ta c6: 



M, € (C,) <=> 0,1*4, = R <=> 0 2 M 2 = R o M 2 e (C 2 ) 

Nguctc lai: lay M 2 la mbt difim tuy y thubc (C 2 ) va goi M, la tao anh cua no 
qua S d . Ta co: 

M 2 e (C 2 ) c=> 0 2 M 2 = R <=> 0,M, = R => M, e (C,) 

Vay, ta tha'y (C 2 ) la anh cua (C,) qua S d . 


Bai toan 2: Chung minh tinh chat hinh hoc. 

PHllONG PHAP CHUNG 

1. Vc'ri bai toan dinh tinh , ta thuemg gap cac dang yfiu c£u sau: 

Dang 1: Chumg minh (H,) la anh cua (H 2 ) qua phbp db'i xumg true D„ ta 
thuc hibn theo cac bude: 

Budc 1: La'y difim M, tuy y thubc (H,), ta di chumg minh 
M 2 = D„(M,)e(H 2 ). 

Budc 2: Ngupc lai, la'y dib’m M 2 tuy y thubc (H 2 ), ta di chumg 
minh M, = D a (M 2 ) e (H,). 
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Dang 2: Chumg minh ti'nh chat K, ta thtrc hian theo cac birdc: 

Butic I: Xac djnh m6t hoac nhiau phep dA'i xumg true de thiat 
lap m6i lien ka't giira cac yeu to'. 

Butic 2: Sir dung cac ti'nh chat cua phep doi xumg true da giai 
cac ydu c£u cua bai toan. 


2 . 


Vtii bai todn dinh luang , ta thuemg gap cac dang ydu c£u sau: 

Dang I: Bang viSc thia't lap dupe cac phep tjnh tien thi'ch hop. ngoai viac 
chimg minh duroc cac ti'nh chat hlnh hoc ta con co tha’ ti'nh toan 
duoc cac ya'u t6' trong m6t hinh. 

Dang 2: Bang viac lua chon phep d6'i xung true thi'ch hep cho diam M, ta dua 
bai toan gia trj 1dm nha't, nho nha't vd cac bidu thirc d6 dai, khi do ta 
edn nhd cac ka't qua: 


■ MA + MB > AB. 

■ | MA - MB | < AB. 

Cu thd "Cho dieting thdng (d) vd hai diem A, B rung phia vtii (d). Tim 
diem M tren (d) sao cho MA + MB nho nhdt”, khi do: 


Goi A, la dia’m d6'i xumg vdi A qua (d) 
ta c6: 

MA + MB = MA, + MB > A,B. 
Vay, ta duoc: 

(MA + MB) Min = A,B, 
dat duoc khi A„ M, B thang hang. 



Vi du 1: Cho hai dia’m B va C c 6 djnh nam trdn duemg tron (O; R) va dia’m A 
thay d6i trdn duemg tron do. Hay dung phep d6i xumg true da’ chirng minh rang 
true tarn H cua tarn giac ABC nam trdn m6t duemg tron c6 djnh. 

Giai ' 

Gia sir AH cat duemg tron tai H’. 

Ta co: 

H CB = H AB = HCB => AH CH can tai C 
=> BC ia duemg trung true cua H'H => H = D^H'). 

Va vi H’ e (O) ndn H e D BC ((0)). 

Vi du 2; Cho AABC c6 BC = a, CA = b, AB = c, p ia nira chu vi, h a ia do dai 
duemg cao tir A. Chumg minh rang h, < <Jp(p-&). 



Giai 

Dung duemg thang (d) qua A song song edri BC. 
Goi B,. C, ian luot ia dia’m ddi xumg cua B, C 
qua dudmg thang (dj, ta co: 

AC, = AC = b, 

AB, = AB = c, 

BB, = CC, = 2AH ^ 2h a , 

BB 1 BC. 
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Xet AAH.C, ta c6: 


AH, + AC > B,C = /l« - + BB, o b + c > ^4 4h‘ 

<=> h;< -((b + o ' - a I = p(p - a) <=> h,< ./p(p ~a), dpcm. 

4 

Nhan xet. Trong Icri giai cua vi du tren db chumg minh tinh chat h <( < ^/ptp - a) 


chung ta da sir dung mot phep doi xung true (d), tuy nhien dibu dang phai mint 
hoa dupe a day la tai sao lai chon true (d) nhu vay, diCu nay co the dupe ly gia 
sir lupc nhu sau: 

■ Viec lira chon phep doi xung true (d) se nhan dupe phSn tu trung giai 
quan trong la B,C, phan tu nay eo dupe bieu didn thong qua bvac hoa< 
qua a va h ,, tu do nhan dupe moi lien he giua a, b, c va h a . 

■ Cac em hoc sinh hay tra leri them cau hoi "Co ton tqi phep doi xung tnu 
khac (d) khong va neii co tlii tinh chat ciia phep doi xifng do Id gi ? ” 


Vi du 3; Cho goe nhon xOy va mot diem A nitm trong goc do. Hay xac dinl 
diem B tren Ox va dibm C tren Oy sao cho tarn giac , vBC co chu vi nho nhat. 
Giai 

Truoc tien: 

* Goi A, la diem doi xung vbi A qua Ox. 

■ Goi A 2 la diem doi xung voi A qua Oy. 

■ Noi A, A 2 cat Ox, Oy theo thur tu tai B va C. 

Ta se di chumg minh AABC c6 chu vi nho nhat. , A, 

That vay: 

CV Aabc = AB + BC + CA = A,B + BC + CA 2 

= A,A 2 > A,B' + BC' + C'A 2 = AB' + B’C' + C'A = CV Aabc 



V|du .4: Cho AABC n6i tiep trong duemg tr6n (O, R). Goi H la true tarn cu; 

tarn giac. 

a. Chumg minh rang cac die’rn doi xung cua H qua cac canh cua AABC 
nam trbn duomg tron (O, R). Tir do suy ra cac dudng tron (HBC), (HCA) 
(HAB) va (O) bang nhau. 

b. Goi O,, 0 2 , O, 13n lupt la tarn cac duemg tron (HBC), (HCA), (HAB) 
Chumg minh AABC va A0,0 2 0, bang nhau. 

Giai 

a. Goi H,, H 2 , H, lan lupt la dibm dbi xiing cua H qua cac canh BC, CA, AB. 

■ Xet phep d<5i xumg true BC, ta dupe: 

S (BC) : BHC HT BH,C BH,C = BHC. 

Vi: 

BHC + BAC = 180° o BH,C + BAC = 180" 

=> tur giac ABH,C nbi tibp dupe => H,e(0, R). 

■ Chung minh tuemg tu, ta dupe H 2 e(0, R), H,e(0, R). 
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Ta co: 


). 


S (BC) [(HBC)] = (H,BC) = (0, R) 

S iCA) [(HCA)] = (H 2 CA) = (O, R) 

S( AB )[(HAB)] = (H,AB) = (O, R) 

=> (HBC) = (HCA) = (HAB) = (O.R). dpcm 
Goi M, N, P I5n luot la trung die’m cac canh BC, CA, AB. 


Ta c 6 ngay: 

S(bc>- Ot-»0, 

S(( * a i" Oh Oi 

S (AB ) : Oh> o, 

Suy ra: 

0^07 =2MN = BA =>0,0 2 = BA, 
0 2 0 3 = 2NP = CB => 0 2 0, = CB, 
0 3 0i = 2PM = AC => 0,0, = AC, 
=> AABC = A0|0 2 0, ( dpcm. 



Bai toan 3: Tim tap hop didm M. 

PHl/ONG PHAP CHUNG 
Ta thuc hifin theo cac budc: 

Budc 1: Tim m6t phep d6i xdng true D a , bid'n di6m E di d6ng thinh diem M. 
Budc 2< Tim tap hop (H) cua cac difi’m E. 

Budc 3: Ke't luan tap hop cac diem M la anh cua (H) trong phep dd'i xirng 
true D a . 

/I du 1: Cho dudng thang d di qua hai die’m phan bifit P, Q va hai die’m A, B nam 

ii m6t phfa d6'i voi d. Hay xac dinh tr£n d hai di£m M, N sao cho MN = PQ va 
\M + BN be nha't. 

-n • * • 

jiai 

Gia sur xac djnh dirge hai di£m M, N sao cho 
MN = PQ va AM + BN b£ nha't. 

Thuc hi6n phdp tinh tie'n theo vecto PQ, ta duge: 

T—(A) = A’; T-(M) = N 

PQ PQ 

;uy ra: 

AM = A’N va AM + BN = A'N + BN. 

Tori day, bai toan dugc chuyen v& vi£c tim di£m N thude d de A'N + BN be 
lhtft. 

Ggi A'| la di£m dd'i xtfng vori A’ qua (d), ta co: 

A’N + BN = A’,N + BN > A’,B. 
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VAy. ta duqc: 

(A^N + IiN ) M(n = A’,B, 
dat dirac khi A',, N, B thiing hang. 

Tori day, chting ta co each dung: 

■ Thuc hien phep tjnh lien then vecia 

PQ, ta dirac T (A) = A'. 

■ Lay diem A*, la diem doi xung vdi A' 
qua (d). 

■ Noi A’,B cat d tai N. 



« Thuc hien phep tinh tien theo vecta QP, ta duqc T— (N) = M. 

V» 2: Cho AABC can tai A. Mot duemg thang di ddng (A) 
qua A. Goi D la diem doi xung cua C qua (A). Duemg tha 
BD cat (A) tai M. Tim quy tich cac diem D va M. 

Gidi 

a. Tim tap hap diem D: Tu gia thiet suy ra AD = 

AC khdng d6i, do do quy tich cac diem D thuoc 
duemg tron tarn A, ban kmh AC. 

b. Tim tap hap diem M: Ta co: 

BMC = MCD + MDC = 2 MDC = 2 BDC = BAC khOng d6i. 

Vay quy tich cac die’m M thuoc cung tron chua goc A cua duemg tron ngoai 
tie'p AABC. 

\iM2i Cho duemg tron (O, R) tr£n do co hai diem A va B, m6t duemg tr6n 
(O h R|) tie’p xuc ngoai veti (O) tai A. M6t didm M di d6ng tren (O), tia MA cat 
duemg tron (O,) tai diem thur hai A,. Qua A, ve duemg thang song song vdti AB 
cat tia MB tai B,. Tim tap hap diem B,. 

Gidi 



Goi giao diem thu hai cua B,A, vdi duemg tron (O,) la A 2 . 
Ke tie'p tuye'n chung x'x cua (O) va (O,) tai A, ta co: 
A,B,B = ABM = x' AM A; 



— xAAj — AA 2 A|. 

Suy ra hinh thang ABB,A 2 can, nen A 2 va 
B, d6'i xirng v<3ri nhau qua trung true (d) cua AB. 

Ta co: 

■ Khi M di d6ng tren (O) thi A 2 di d6ng tr6n (O,), suy ra tap hap cac die’m 
A 2 la duemg tron (O,). 

• B, = S d (A 2 ) nen tap hap cac diem B, la duemg tron (0 2 ) vdi 
(0 2 ) = S d (0,). 
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Bai loan 4: Dung hinh. 

PHITONG PHAP CHUNG 

Phittmg phap dp dung 

Ta ludn thuc hidn theo 4 budc da bidt. 

Vidul: Cho hai duong tron (O; R), (O’; R’) va mdt duong thang d. 

a. Tim hai did’m M, N lin luot nSm trdn hai duemg tron do sao cho d la 
trung true cua doan thang MN. 

b. Xac d|nh did’m I trdn d sao cho tid'p tuyd'n IT cua (O ; R) va tid'p tuyen 
cua IT cua (O’ ; R’) hop thanh cac goc ma d la mdt trong cac dudmg 
phan giac cua goc do. 

Giai 

a. Thuc hidn phep dd'i xung true D d , ta cd: 

D d ((0)) = (O,). 

Khi do: 

■ Xac dinh giao di£m M cua (O’) vdi (O). - 

■ Xac dinh did’m N la did’m dd'i xung vdi M qua d. 

b. Ban doc tu giai. 

■Yili i2i Cho duemg thang xx’ va hai difim P, Q cung nam mdt phfa dd'i vdi 

xx’. Dung di&n Aexx’ sao cho PAx = QAx'. 

Giai 


Phan tich\ Gia si da dumg duoc did’m Aexx’ sao cho 
PAx = QAx'. 

Thuc hidn phep dd'i xung true (xx’). 

S(xx’>‘ 

Khidd 

PAx = P,Ax = QAx’ <=> P,, A, Q thang hang. 
Cach dung: Ta l£n luot thuc hidn: 



Dimg di&n Pi vdi P, — S ( „.,(P) 

- Uiy di&n chung A cua (xx’) va (P,Q) 
Khi dd A la di£m phai dung. 


Chitng minh : Theo each dung, ta cd: 


QAx' = P,Ax = PAx . 


Bien luan: S6 nghifim cua bai toan bang s 6 nghidm chung cua (xx’) va (P,Q), 
suy ra ludn tdn tai duy nhat mdt difi’m A. 

VI du 3; Cho hai duemg tron (O,) va (0 2 ) va mdt duong thang (d). Dung hinh vudng 
A BCD cd hai dinh A, C Mn luot trfin (O,) va (0 2 ), hai dinh B va D tidn (d). 


Giai 


Phan tich: Gia sir da dung duoc hinh vudng ABCD cd A, C Dn luot trdn (O,) va 
(0 2 ), B va D d trdn (d). 
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ITiirc hien phepddi xirng true (d). 

( O | ) !—>((),). 

Khi do Ce(0,). 

Vay C la mot trong hai giao diem 
va (O,). 

Cdch dung: Ta lan luert there hien: 

- Dung dudng tron (O,) vdi (O,) = S (d) [(O t )] 

Lay diem chung C cita ((),) va (0 2 ") 

Dung diem A vdi A = S, d ,(C). 

AC cat (d) tai 1 

Tren (d) dung B va D ddi xirng nhau qua I sao cho IB = IC, thi ABCD B 
hinh vuong phai dung. 

Cluing mirili: Theo each dung, nr giac ABCD co hai dirdng cheo AC, BD bang nhai 
va vuong goc vc'ri nhau tai trung diem mdi dudng nen la hinh vuong va: 

- B, De(d), Ce(0 2 ). 

- Vi (O,) = S (d ,[(0<)], A = S (d ,(C), Ce(0,) nen Ae(0,) 

Bien luan: Sd nghiem hinh cita bai toan bang sd nghiem chung cua (O,) va (0 2 ). 

vi du i: Cho hai dudng tron (O,) va (0 2 ) va mdt dudng thang (d). Dimg didrr 
M trdn (d) sao cho tidp tuydn ke ter M tdi (O,) va (0 2 ) tao thanh mdt goc nhfr 
(d) lam dudng phan giac. 

Gidi 

Phan licit: Gia sir da dung duoc diem M thoa man didu kien ddu bai. 

Thuc hien phep ddi xurng true (d). 

S (d) (MT,) = (MT,j. 

S (d) (0,) = (O,). 

Khi do MT, cung la tidp tuydn cua (O,). 

Vay MT, D mdt tidp tuydn chung cua 
(0 3 ) va (0 2 ). 

Cdch dimg: Ta Bin luot thuc hien: 

Dung dudng tron (O,) ddi xurng vdi (O,) qua (d). 

Dung tidp tuydn chung T 2 T, cita (O,) va (0 2 ). 

Dudng thang T 2 T, cat (d) tai M 
Khi do M la didm edm dung. 

Chi'mg minh: That vay la'y MT, = S (d) (MT,) => MT, tidp xuc vdi (O,) va goc 
T, MT 2 nhan (d) hm dudng phan giac. 

Bien luan: Sd nghiem didm M cita bai toan bang sd giao didm cua tidp tuyd'r 
chung cua (O d ) va (0 2 ) vdi dudng thang (d). 
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Bai loan 5: He toa d6 cua phep d6'i xung true. 


PHITONG PHAP CHUNG 
Trong mat phang veri he true toa dd Oxy, 

• Phep dtfi xung qua true Ox bie'n di^m M(x; y) thanh di&n M’(x’; y’) vori: 


x = x 


y =-y 


Phep d6l xung qua true Oy bie'n die’m M(x; y) thanh diem M’(x’; y’) veri: 


x =-x 


y =y 


Trong ph£n nay chung ta xem xet ba bai toan co ban va mong mu6'n thdng qua 
16 cac em c6 th£ xSy dung duoc phuong phap giai bai toan t6ng quit. 

Dang l: Xac dinh die’m M, d6'i xting vofi die’m M qua dudng thang 
(d): Ax + By + C = 0. 

Ta thuc hien theo ede bu6e sau: M 

Budc 1: Ta c6: 

- — . (d) h 

I MM, //n d (A, B) - Q - 

Trungdi^m Hcua MM | thu6c(d) 

M, 


B(x Mi -x m )-A(y M -y M ) = 0 


<=> . +x M 

A - 

2 


yM, + yM 


+c = o 


Budc 2: Giai he (I) ta duoc toa d6 di£m M,. 

1: Cung c6 th£ thuc hien theo each: 

Budc f: Xdc dinh toa d6 hinh chie'u vudng g6c H cua M tr6n (d). 

Budc 2: Goi M, la die’m d6'i xtfng voi M qua (d) thi H la trung die’m MM,, 
ta duoc: 


= 2x 


H *M 


yM, =2y H -yj 
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1. Anh cua diem Mlx,„ y ,) qua phep ddi xirng: 

• True Ox la M,(x„;-y„). 

■ True Oy lit M i (-x„: v„). 

3. Nhir chung ta da biet. vice tun ra toa do diem M, se cho phep ta giai dupe 
dang toan vdi yeu cau: 


"Cho dudng tlidng (d) ixi hai diem A, B ciing phia vdi (d). Tim diem P tren 
(d) sao cho PA + PB nhd nhdt", ta there hien theo cac bude sau: 


Bude I: 


Bude 


Goi A, la diem ddi xirng vdi A qua (d), 
suy ra toa do A,. 

Goi P„ = (A,B)ni(d) 


P 0 6(d) 

P n , A, Bthang hang 


toa do P„. 



Bude 3: Ta co PA + PB = PA, + PB > A,B. 

Vay (PA + PB) Mm = A,B, dat dupe khi: 

A,, P, B thang hang oPs P 0 . 

Dang 2: Xac dinh phuimg trinh duemg thang (d,) ddi xung voi dudng thang . 
(d) qua duemg thang (A). 

Ta xet hai kha nang sau: 

Kliti nang 1: Neu (d)n(A) = {I}. Thuc hien theo cac bude: 

Bude 1: Xac dinh toa dd giao diem I. 

Bude 2: Lay mot didm Ae(d), tu dd xac 
djnh toa do diem A, ddi xung 
vdi A qua (A). 

Bude 3: Dudng thang (d,) qua I va A,. 

qua I 
(qua A! 


(d,): 



Kha nang 2: Neu (d)//(A). Thuc hidn theo cac bude: 

Bude /. Vidt lai phuong trinh cua (d), (A) dudi dang: 

(d): Ax + By + C d = 0 , 

(A):Ax + By + C A = 0. 

Bude 2: Khi dd: 

(d,): Ax + By + C = 0 
vdi C dupe xac djnh bdi: 

C A = ^ (C d + C). 

Dang 3: Xac dinh phuefng trinh dudng tron (C,) ddi xdng vdi dudng tron 
(C): f(x, y) = 0 qua dudng thang (d). 

Ta thuc hien theo cac bude sau: 

Bude I: Goi I, I, theo thu’ tu la tarn dudng tron (C), (C,) va R la 
ban kinh dudng tron (C). 



(d) 

(A) 
(d.) 
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Budc 2: Xdc djnh toa dd di^m I, ddi xumg 
vdi I qua (d). 

Budc 3: Lap phirang trinh dudng tron (C,) 
thoa man: 

tam I, 
bkinh R 

Chu y. Trong trudng hop dudng thang (d) co dang x = a 
(hoac y = P) ta co the’ thuc hien theo cac budc sau: 

Buac 1: Vdi mdi M(x, y)e(C,) <=> 3M,(x,, y,)e(C) sao cho M ddi xdng vdi M 
qua dudng thang x = a (hoac y = P) <=> 3 x„ y, thoa man: 
f(X|,y,) = 0 ff(X|.y|) = 0 

X|+x = 2a (hoac • X| = x ) (I) 

y, =y [y,+y = 2p 

Buac 2: Khu x,, y, tu he (I) ta duoc phuong trinh cua dudng tron (C,). 

Vi du 1: Cho dudng thang (d): 3x + 4y - 12 = 0 va die’m M(7; 4). Tim toa dc 
di^m M, la die’m ddi xirng vdi M qua (d). 

Gidi 




Gia suM,(x; y), ta co: 

-. _ [4(x -7)-3(y -4) = 0 

MM,//n d (3;4) ^ r r a\ 

<=> x + 7 y + 4 

Trungdie’mHcuaMM, thudc(d) 3 —— +4 —— -12 = 0 

\ Z J \ Z J 


X = 1 

<=> 

y = _4 

Vay, ta duoc M,(l; -4). 

}OM 2l Tim trfin true ho^nh diem P sao cho tdng cac khoang each tir P tdi cac 
di&n A va B ia nho nha't, bie't A(l; 1) va B(3; 3), tim gia tri nho nha't do. 

Gidi 

Goi A, ia die’m ddi xting vdi A qua Ox =>suy ra A,(l; -1). 

Goi P„ = (A,B) nOx, suy ra P„(x; 0), A, B thang hang 


AP„//AB ^ f2x-y-3 = 0 
- ” <=> « 

y = 0 ly = 


x 2 => P„( |; 0). 

y = 0 


Ta cd 

PA + PB = PA, + PB > A,B. 

Vay, ta tha'y: 

(PA + PB) Mm = A,B = V(3 — l) 2 +(3 + l) 2 = 2 yfs ' 
dat duoc khi: 

A„ P, B thang hang « P = P„( |; 0). 
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V] <<u j : ( ho A ABC biet A(2; I > va hai duong phan giac trong cua goc B, C 
co phuong trinh (d lt ): x 2\ + 1 = 0 va (d ( ): x + y + 3 = 0. Lap phuong trinh 
canh IK’. 


Gitii 


Nhan xet rang: non lay A,. A, theo thur tir la diem doi xung cua A qua (d B ) 
va (d ( ) thi A,, A, e BC. 

Vay. plurong trinh duong thang (A,A 2 ) cung chinh la phuong trinh duong 
thang (BC). Ta Ian luot di xac djnh A,. A 2 : 
a. Xlic dinh A,. 

Goi (d t ) la during thang thoa man : 


(d,): 


<=> (d.): 


=> E( 1; 1). 


qua A(2,-l) 


vtpt a B (2,1) 


qua A 
|(d| ) _L(dp) 

Goi E = (d,)n(d B ), toa dp diem E la nghiem he: 
2x + y -3 = 0 
x — 2y + 1=0 

Vi E la tung diPm AA,, do do: 
a, - iA E _a a 


<=> (d,): 2x + y - 3 = 0. 


A 


X A, = 2x e -x a =0 

y A , =2y E -y A =3 


oA,(0; 3). 



b. Xlic dinh A/. Tuctng tu, ta dupe A 2 (—2; -5). 

Vay, phuong trinh (BC) dupe xac dinh boi: 
qua A,(0,3) 

(BC): 1 1 o(BC):4x-y + 3 = 0. 

qua A 2 (-2,-5) 

Vi du 3: Xac dinh phuong trinh duong thang (d,) dPi xung vpi duemg thang 
(d) qua duong thang (A), biet: 

a. (d): 4x - y + 3 = 0 va (A): x - y = 0. 

b. (d): 6x - 3y + 4 = 0 va (A): 4x - 2y + 3 = 0. 

Gidi 

a. Nh$n xet rang (d)n(A) = 11}, khi do toa dp diem I la nghipm cua hp: 

4x -y + 3 = 0 
x -y = 0 

Lay diem A(0; 3) e (d), goi H la hinh chiPu vubng goc cua A I6n (A), ta co: 

- (AH)1( A) => (AH): x + y + C = 0. 

■ Ae(AH) »3 + C = 0»C= -3. 

Vay (AH): x + y - 3 = 0. Khi do toa dp diPm H la nghipm cua hp: 
* + y-3-0 3 3 

x-y = 0 2 2 

Goi A, la diPm dPi xung vPi A qua (A) => H la trung diPm AA, => A,(3; 0). 


<=> I(-1; -1). 
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Dudng thang (d,) duoc cho bdi: 
(d,): 


qua I(—1,—1) x + 1 y + 1 ,, , . 

i * nm ® (d i) : 77 = V o(d i ):x - 4 y- 3 = 0 
[qua A|(3,0) 3+1 I 


b. Nhan x£t rang (d)//(A), khi do vid't lai phuong trinh hai dudng thang dudi dang: 

(d): 2x - y + - = 0 va (A): 2x - y + - =0. 

3 2 

Khi dd (d,): 2x - y + C = 0, vdi C duoc x£c djnh bdi: 

C A = -(C d + C)o - = i( - +C)»C= —. 

2 d 2 2 3 3 

Vay, phuong trinh dudng thang (d,): 2x - y + — = 0. 

Vi du 4: Trong mat phang toa dd Oxy, cho ducmg tron (C,) co phuong trinh: 

(C,): x 2 + y 2 - 4x + 5y + 1 =0, 

Viet phuong trinh anh cua ducmg tron trSn qua phep ddi xtfng co true Oy. 

Giai 

Ta c6 the’ lua chon mdt trong hai each sau: 

Cdch 1: M6i di£m M(x, y)e(C,’) la anh cua mdt di£m M„(x 0 , y„) e (C,) qut 
phdp dd'i xumg co true Oy, ta c6: 

jxo +y?j -4x 0 +5y 0 + 1=0 


Mo(x 0 ,yo)e(C,) 

Oy la trung true cua M „ M 


<=> < 


X() =-x 

yo =y 


=> (-x) 2 + y 2 —4(—x) + 5y + 1 = 0 <=> x 2 + y 2 + 4x + 5y + 1 = 0. (*) 

Phuong trinh (*) chinh la phuong trinh cua (C,*). 

C /11 

Cdch 2: Dudng tron (C,) co tarn 1,(2; —) va ban kmh R, =-. 

2 2 


Dudng tr6n (C 4 *) dd'i xting vdi ducmg tr6n (C,) qua Oy co: 
tamI,’(-2;-|) 

2 o (CY): (x + 2) 2 + (y + | ) 2 = 
bankfnhR,^ — 


V37 


\2 


o (C,*): x 2 + y 2 + 4x + 5y + 1 = 0. 

Vi du 5: Cho AABC bi£t B(0, 1), C(l, 0) va true tarn H(2, 1). Lap phuremg 
trinh dudng trdn ngoai ti£p AABC. 

Hudng ddn giai 

Cdch 1: Lap phuong trinh canh AB, thoa man : 

{ qua B 
— 
vtpt CH 


30 



Lap phuong tr'mh canh AC. ihoa man : 

[qua C 

(AC): \ — 

[ vtpt BII 

Tfir do xac dmh dupe toa do diem A = (AB)n(AC). 
LAp phirong tr'mh duong iron di qua 3 diem A, B. C. 


Cdch 2: Nhan xet rang du<mg tron ngoai tiep AABC doi xirng voi duong tron 
ngoai tiep AHBC qua BC. Do do: 

Lap phuong trinh dirong tron (C) di qua 3 diem H. B, C. 

Lap phuong tr'mh duong tron (C,) doi ximg vdi duong tron (C) qua BC. 

Nhan xet: Cach 2 cho phep ta giai dupe bai toan mang tfnh quT tich nhu sau: 

"Lap phuong tr'mh duong li on ngoai tiep AABC. hiet phuong tr'mh canh 
BC va duong iron ngoai tiep AHBC" 
trong khi do neu thuc hien bang each 1 se rat phuc tap. 

Vi du 6; Cho ham so: 


x — 1 


Chung mirth rang duong thang y = x + 2 la true doi ximg cua do thi ham s6'. 
Giai 


Duong thang y = x + 2 la true doi xung cua d6 thj ham s<5 <=> ede ducrng 
thang vudng goc vdi ducrng thang y = x + 2 (co dang y = -x + m) neu cat d6 thj 
tai A va B thi trung did’m 1 cua AB phai thude ducrng thang y = x + 2. , 

Hoanh do giao diem A, B la cac nghidm cua phuong trinh: 


- = -x + m <=> x 2 - (m - 2)x - 1 - m = 0 (1) 

x +1 

Gia sir x A , x B la cac nghiem cua (1) thi: 
x A +x B = m-2 
Xa x b =-m-l 

Goi I la trung did’m cua AB, ta co: 


I: 


Xi = 


X 4 + X 


B 


2 <=> I: 

[y, =-x, + m 


Xi = 


yi = 


m - 2 

Y~ 

m + 2 


Thay toa d6 cua I v&o phuong trinh ducrng thang y = x + 2, ta dupe: 

~ + 2 =——- + 2 <=> 0 = 0 (lu6n dung) <=> I thude duPng thang y = x + 2 


V$y, ducrng thang y = x + 2 la true dd'i ximg cua d6 thj ham sd'. 
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Nhdn xit\ Nhu vay, de’ thuc hidn ydu ciu "Chi'oig minli rdng ducmg thdng 
'd): y = ax + b Id true doi xieng cua do thi ham soy = f(x)", ta thuc hien nhu sau: 

Bade 1: Goi (A) la ducmg thing vudng goc voi (d), suy ra phuemg trinh cua 

(A): y = — x + m. 
a 

Bade 2: Gia su (A) cat dd thi ham sd tai hai didm A, B. Khi do hoanh do 
cua A, B la nghidm cua phuemg trinh: 

f(x) = --x + m o f(x) + - x - m = 0. (1) 

a a 

Su dung he thurc viet ta duqc: 

*a + *b 
*a*b 

Bude 3: Goi I la trung didm AB, ta co: 



1 

y, = — x,+m 
a 

Thay toa dd cua I vao (d) => nhan xdt I e (d). 

Bude 4: Vay, ta khing dinh ductc (d) la true dd'i ximg cua dd thi ham sd'. 

Trong bai toan nay ta khdng can tim didu kidn cua tham sd' m dd phuong 
trinh (1) cd nghifim. 

Vi du 7: Tim hai didm A, B nim trfin d6 thi (C) va dd'i xung nhau qua ducmg 
thing (d): y = x - 1, bie't: 

x 2 

(C): y = 

X — 1 

Giai 

Hai die’m A, B dd'i ximg nhau qua dudng thing (d) 

<=> AB 1 (d) va trung didm I cua AB thude (d). 

• Vi AB vudng gdc vdi (d) ndn (AB): y = -x + m. 

Hoanh dd giao didm A, B la nghiftm cua phuemg trinh: 

x 2 

-= - x + m <=> g(x) = 2x 2 - (m + l)x + m = 0. (1) 

x — 1 

Dd A, B t6n tai thi phuong trinh (1) phai cd hai nghidm phin bidt 
=>A,>0o(m + l) 2 -8m>0om ! -6m + 1 >0 

o m > 3 + V8 hoac m < 3 - V8 . 

Khi dd, gia sir x A , x B la ede nghidm cua (1) thi: 
m +1 

, X A +*B -~ Y ~ 

x A x B = m/2 


32 



( ioi I la trung diem cua AH, la co: 


V\ 


- x | f m 


c:> I: 


m 4 - 

4 
3 m 
4 


Diem I e (d) nen: 

3 m - 1 _ m 4 I 
4 “ 4 


- 1 <=> m = -1 


Voi m = -1 phircmg trinh (I) co dang: 


2x 2 —1=0 <=> < 


X A =- 1 /V2 

x R =-l/V2 


<=> 


A(—p /.-I 

4i 


i 

i 


) 


B(-—-1+—) 
%/2 v2 


Nhdti xet. Nhu vay, de thyc hien yeu cku'Tim hai diem A, B thugc do thi ham so y = 
f(x) dot xitng qua dudng dicing (d): y = ax + b”, ta ihirc hien nhu sau: 

Bucfc 1: 'Fun mi£n xac dinh D cua ham so y = f(x). 

Budc 2: Goi (A) la ducmg thang vuong goc voi (d), suy ra phucmg trinh cua 

(A): y = -- x + m. 

a • 

Buck 3: Gia su (A) cat do thi ham sP tai hai diem A, B. Khi do hoanh dp 
cua A, B la nghiem cua phuctng trinh: 


f(x) = - - x + m <=> f(x) + - x - m = 0. 
a a 


(1) 


De' t6n tai A, B thi (1) phai co hai nghiem phan bipt thupc D 
<=> tham so. 

Sir dung he thirc viet ta dupe 

X A +X B 
Aa x b 

Budc 4: Goi I lk trung die’m AB, ta co 

x A + X B 


I 


1 


y, = — x, + m 
a 

Hai die’m A, B dPi xiing qua ducmg thang (d) <=> Ie(d) <=> m. 
Thay m vao (1) ta co dupe hoanh dp A, B la x A , x B . 

Khi do: A(x a ; -- x A + m) & B(x b ; -- x B + m). 
a a 
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Vi du 8: Cho ham sd: 

y = x 2 + 2x - 1. 

Chung to rang do thi ham sd nhan dudng thang x = -1 lam true ddi xiing. 
Giai 

Vdi phep bidn ddi toa dd: 


X = x + 1 
Y = y 


X-l 


y = y 


ta duoe : 

Y = (X - l) 2 + 2(X - 1) - 1 » Y = X 2 - 2 la ham sd chan. 

Vay, d6 thi ham sd nhan duemg thang x = -1 lam true ddi xung. 

Nhan xit: 

1. D6 thi ham sd bac hai: 

y = ax 2 + bx + c, a * 0 , 

ludn nhan dudng thang x = - — lam true ddi xung. 

2a 

2. Nhu vay, dd chung minh d6 thj ham s6 y = f(x) nhan duemg thang x = a 
lam true d6'i xung, ta thuc hi6n theo cac bude sau : 

Bucrc 1: Vdi phep bi6'n d6i toa dd 


X = x - a 


x = X + a 
y - y 


[Y = y ly = Y 
ham s6 cd dang : 

Y = f(X + a) o Y = F(X) (1) 

Bum 2: Nhan xet rang ham s6 (1 ) la ham sd chan. 

Buuc 3: Vay, dd thi ham sd nhan dudng thang x = a lam true ddi xung. 
Vi du 9: Cho ham sd: 

y = x 4 - 4x ? - 2x 2 + 12x - 1. 

Chung to rang dd thi ham sd cd mdt true ddi xung thang dung. 

Gidi 

Gia sur dd thi ham sd co true ddi xtrng la x = a. 

Khi dd, vdi phep bidn ddi toa dd : 


X = x 
Y = y 


x = X + a 


ham sd duoe chuydn vd dang : 

Y = (X + a) 4 - 4{X + a) 3 - 2(X + a) 2 + 12(X + a) - 1 la ham sd chan. 

Ta cd: 

Y = (X + a) 4 - 4(X + a) 3 - 2(X + a) 2 + 12(X + a) - 1 

= X 4 + 4a 2 X 2 + a 4 + 4aX 3 + 2a 2 X 2 + 4a 3 X - 4(X 3 + 3X 2 a + 

* + 3X a 2 + a 3 ) - 2(X 2 + 2Xa + a 2 ) + 12(X + a) - 1 
= X 4 + 4(a - 1 )X 3 + 2(3a 2 - 6a - 1 )X 2 + 4(a’ - 3a 2 - a + 3)X + 

+ a 4 - 4a 3 - 2a 2 + 12a — 1. 
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I lam so (1 ) la ham so chan: 
f 4( a - I) 0 

<=> 1 , , <=> a = 1. 

i 4(a 3a' a -t-3) 0 

Vay, d 6 thi ham so co mot true doi xumg x = 1. 


Chu v: 

I. Voi cue ham so dang tren. mot cau hoi phu thuong dupe dat them vao sau 
khi xac dinh dupe true doi xung tluing dung cua no la " Tim giao diem cua 
do thi rdri true hoanh ", khi do ta thuc hien nhu sau: 

Hoanh do giao diem la nghiem cua phuong trlnh: 

x 4 -4x'-2x 2 + 12 x- 1 =0. (1) 

Dat x = X + 1. phuong trinh (1) co dang : 

X 4 - 8X 2 + 6 = 0 X 2 = 4 ± yfvd 


<=> x = ± V4 ± vTo <=> x = l ± yj 4±VTo . 


2 . 



Vay d6 thi ham so cat Ox tai bon difim co hoanh do x = 1 ± y4± VTo . 

Voi yeu alu tim diPu kien cua tham so de’ do thi ham sd y = f(x) nhan 
duong thang x = a lam true doi xuiig, ta thuc hien theo cac bude sau: 

Buck-1: VPi phep bi£n dpi toa dp : 

X -x -a 
Y = y 

ham sP co dang : 

Y = f(X + a) <=> Y = F(X) (2) 

DP thi ham so nhan duong thang x = a lam true dPi xumg 

<=> ham so (2) la ham sP chan => Gia trj cua tham so. 

KPt lupn. 

Cho ham sP: 

y = x 4 + 4x' + mx 2 . 

Xac djnh m de’ dP thi ham so co true dPi.ximg song song voi Oy. 

Gidi 

Gia su do thi ham so co true dPi xumg song song vdi Oy la x = a (a * 0). Khi 
do, vPi phep biPn dpi toa dp : 


Buck 2: 

Bude 3: 

Vi du 10; 


X = x - a 

Y = y 




x = X + a 
y = y 


ham sP 


Y = (X + a) 4 + 4(X + a)' + m(X + a) 2 la ham sP chan. 


Ta co: 

Y = (X + a) 4 + 4(X + a) 4 + m(X + a) 2 
= X 4 + 4(a + 1 )X' + 2(3a 2 + 6a + m)X 2 + ‘ 

+ 2(2a 4 + 6a 2 + am)X + a 4 + 4a 1 + ma 2 (1) 
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Ham sd (1) la ham s0 chan: 

4(a + 1) = 0 

2(2a 3 +6a 2 +am) = 0 

o 

Vay, vdi m = 4 dd thj ham s6' co true dd'i xung song song vdi Oy. 




<=> m = 4. 


BAI T^P Dfi NGHI 
Bai 1. Qua phep dd'i xting true D a . 

a. NhOng tarn giac nao bidn thanh chmh no ? 

b. Nhung dudng tr6n nao bidn thanh chmh no ? 

Bai 2. Cho hai doan thang bang nhau AB va A,B,. Chung minh rang c5n nhidu 
nha't la tfch hai phep dd'i xung true de’ bidn A thanh A,, B thanh B,. 

Bai 3. Ldy mdt didm M trdn dudng phan giac ngoai goc C cua AABC. Chung 
minh rang MA + MB > CA + CB. 

Bai 4. Cho tti giac ldi ABCD. Chumg minh rang: 

S abcd <|(AB.CD + BC.AD). 

Da'u bang xay ra khi nao ? 

Bai 5. Cho hai duemg thang Ax va By cung vudng goc voiAB, M va N la hai 

giao did’m trdn dudng thang AB sao cho AM = NB . Trdn Ax la'y did’m P, tren 
By la'y did’m Q sao cho M nhin doan PQ dudi mdt goc vudng. Chumg minh rang 
didm N cung nhln doan PQ dudi mdt goc vudng. 

Bai 6. Cho did’m M 6 trong AABC, A’ dd'i xung vdi M qua dudng phan giac 
cua gdc C. Chung minh rang eke dudng thang AA\ BB\ CC d6ng quy hoac 
song song ddi mdt. 

Bai 7. Trong eke tarn giac co canh day bang a, chidu cao bang h, hay tim tarn 
giac cd ban ki'nh dudng tron ndi tid'p nho nha't. 

Bai 8. Cho gdc xOy va di£m M thude midn trong cua gdc. Qua M dtmg dudng 
thang cat cac tia Ox, Oy Mn luot tai A va B sao cho M la trung did’m cua AB. 
Chung minh rang AAOB cd didn tt'ch nho nha't trong ta't ca cac tarn giac tao bdi 
cac tia Ox, Oy va mdt dudng thang bat ki qua M. 

Bai 9. Cho AABC nhon. 

a. Tim ba di£m D, E, F theo thd tu thude BC, AB va AC sao cho ADEF cd 
chu vi nho nha't. 

b. Tim gia tri nho nhat cua chu vi ADEF theo cac canh a, b, c cua AABC. 

Bai 10. Cho AABC, bid't B, C thude dudng thang (d) cd djnh, true tarn H cd dinh 
va dudng tron ngoai tidp AABC di qua didm P cd' djnh. Tim quy tich tarn dudng 
tron ngoai tidp AABC. 

Bai 11. Cho gdc nhon xOy, d bdn trong gdc do cd mdt tia Oz cd djnh, M la 
didm di ddng trdn tia Oz . Goi M, va M 2 I4n luot la cac didm dd'i xumg cua M 
qua Ox va Oy. Tun tap hop trung didm I cua doan M,M 2 . 
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Bai 12. (Tin dtrdng iron (O) \;i mot day cung AM cua dudng tron do. Tim tat ca 
cac tain giac noi tiep trong dire mg iron (O) va co mot canh la day AM. 

Bai 13. Dung anh cua \ABC cho trude qua phep doi xung true mil true la: 

a. Duong tilling AM. 
h. Duong phan giac AD. 

Bai 14. Dung anh cua dudng tron (()) cho tunic qua phep doi xung true ma true la: 

a. Dudng thang (d) khong di qua tarn O. 

b. Dudng thang (d) di qua lam O. 

Bai 15. Cho dudng thang (d) vii hai cliein A, B nam eiing mot phia doi veri (d). Hay 
xac dinh diem Me(tl) sao cho dudng phan giac cua goc AMB nam tren (d). 

Bai 16. Cho dudng thang xx - va hai diem P, Q eiing nam mot phia dd'i vdi xx\ 
Dung diem Aexx’ sao cho PAx = 2QAx'. 

Bai 17. Cho ba dudng tron (d,), (d 2 ) va (d 2 ). Dung hinh vuong ABCD co A, C 
thuoc (d,). con B. D theo thir tu thuoc (d 2 ) va (d,). 

Bai IS. Tren dudng tron (O) cho hai day cung AB va CD khong cat nhau va mol 
diem 1 tren day CD. Dung mot diem 1 tren day CD. Dung mdt diem M tren (O) sac 
cho cac day cung AM vit BN chan CD mot doan EF nhan I la trung diem. 

Bai 19. Cho goc xOy. tia doi cua lia Ox la tia Ox’. Trong goc x’Ox co hai diem 
A, B sao cho doan thang AB khong song song cung nhu khong vudng goc vdi 
Oy. Dung diem C tren tia Ox sao cho tia Oy cat cac doan AC. CB tai cac diem 
tuong ting M. N tao thanh tarn giac AMN can tia C. 

Bai 20. Cho A ABC biet A( 1; 3), B(5; 1), C(-3; -l). 

a. Tun toa do diem 11 la true tarn AABC. 

b. Tim toa do diem K doi xung vdi H qua BC. 

Bai 21. Tim trfin true hoanh diem P sao cho tdng cac khoang each tir P tdi cac 
dig’m A< 1; 2) va B(3; 4) la nho nhat, tim gia trj nho nhat do. 

Bai 22. Cho AABC biet A(0; 3) va hai dudng phan giac trong cua goc B, C cc 
phuong trinh (d u ): x - y = 0 va (d t: ): 2x + y - 6 = 0. Lap phuemg trinh cac canh 
cua AABC. 

Bai 23. Cho AABC bidt A(4; -1) va hai dudng phan giac trong cua goc B, C cd 
phuemg trinh (d B ): 2x - 3y + 12 = 0 va (d c ): 2x + 3y = 0. Lap phuemg trinh cac 
canh cita AABC. 

Bai 24. Xac djnh phuemg trinh dudng thang (d,) ddi xung vdi dudng thang(d; 
qua dudng thang (A), biet: 

a. (d): x + 2y - 13 = 0 vA (A): 2x - y - 1 = 0. 

b. (d): x - 3y + 3 = 0 va (A): 2x - 6y + 3 = 0. 

c. (d): x - 3y + 6 = 0 va (A): 2x - y - 3 = 0. 

Bai 25. Cho AABC biet phuemg trinh canh (BC): 4x - y + 3 = 0 va hai ducm§ 

phan giac trong cua goc B, C co phuemg trinh (d B ): x - 2y + 1 = 0 va (d c ): x + > 

+ 3 = 0. Lap phuemg trinh canh AB, AC. 
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Bai 26. Cho AABC bie't phucmg trinh canh (BC): 9x + 1 ly + 5 = 0 va hai ducmg 
phan giac trong cua goc B, C cA phucmg trinh (d„): 2x - 3y + 12 = 0 va (d c ): 2x 
+ 3y = 0. Lap phucmg trinh canh AB, AC. 

Bai 27. Xac dinh phucmg trinh ducmg tron (C, ) dAi xung vai ducmg tron (C) qua 
ducmg thang (d), bie't: 

a. (C): x 2 + y 2 - 4x - 2y - 4 = 0 va (d): y - 3 = 0. 

b. (C): x 2 + y 2 - 2x + 8y + 1 = 0 va (d): x - 2 = 0. 

Bai 28. Cho AABC bie't B(l; 1), C(3; 2) va true tam H(2; 2). Lap phucmg trinh 
duAng trAn ngoai tie'p AABC. 

Bai 29. Tim hai diem A, B nam tr£n d6 thi (Q va dAi xung nhau qua (d), biet: 
x 2 

a. (C): y =- va (d): y = x + 1. 

x + 1 

u X 2 -3 x + 4 .... 

b. (C): y =- va (d): y = x. 

2x -2 

Bai 30. Xac dinh m de’ d6 thi ham sA (Q co true dAi xung song song vAi Oy, bi£t: 

a. (C): y = x 4 + dmx’ - 2x 2 - 12mx. 

b. (C): y = x 4 + 4mx* - 2(m — 1 )x 2 — 2mx + 1. 

CHU d£ 4 

PHEP d<5i xlTng tAm 

I. KI^N THtrc CO BAN 

1. phep ex5i xCng tAm 

Dinh nghia: Phep ddi xvtng qua diem O la mdt phep defi hinh bien mdi diem M 

thanh M’ dSi xitng vai M qua O, lifc la OM + OM’ = 6. 

Kf hieu D 0 hay Sq. 

2. BdiU thCc toa e>0 cua phep ex5i xitng tAm 

Trong mat phang vdri he true toa dA Oxy, cho die’m I(a; b). Phep dAi xung 
tam D, bi£n di£m M(x; y) thanh die’m M’(x’; y’) vdri: 

x’ = 2a - x 

- y' = 2b-y 

3. TAM EX5i XltNG CUA M0T HiNH 

Die’m O duoc goi la tam dAi xung cua hinh H n£u phep dAi xung tam D 0 
bie'n hinh H thanh chinh nA, tuc la D 0 (H) = H. 
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II. CAC DANG TOAN LIKN Ql AN 

FBai loan 1: Tim phep doi xting tam bien hinh (H,) thanh h'mh ( H 2 ). 


PHlTONG PHAP CHUNG 

Sir dung djnh nghia va linh chat cua phep doi xung tam. 

Vidu ii c ho hai dubng iron (C,) va (C,) lAn luctt co tam (),, Q, va dSu co bar 
kinh R. Tim phep doi xung tam bien (C,) thanh (C 2 ). 

Gidi 

Goi O la trung diem cua 0,0,. 

Lay M, tuy y thuoc (C,) va goi M, la anh 
cua M qua D 0 , ta co: 

OM, = 0M 2 , 

MOO, = M00 2 - doi dinh 
OO, =00,, 

=> AM,00, = A M,00, (c.g.c) 

0 : M 2 = 0,M, = R c=> M,e(C,) 

Ngirqc lai: lay M, la mot diem tuy y thuoc (C 2 ) va goi M, la tao anh cua nc 
qua D 0 - chirng minh tucng tuta duoc M,e(C,). 

Vay (C 2 ) la anh cua (C,) qua D„. 

Vi du 2: Chung minh rang neu mdt hinh nao do co hai true ddi xung vudng 
goc vdi nhau thi hinh do c6 tam d<5i xung. 

Gidi 



Goi O la giao didm cua hai true ddi xung a va b cua hinh (H). 


Vdi diem M bat ki thude (H), ta co: 

D,(M) = M, => OM = OM, va 6, = 0 2 , 
D„(M,) = M 2 => OM, = 0M 2 va 6, = 0 4 , 

do do: 


OM = OM 2 
MOM 2 = 180° 


=> M 2 = D C) (M). 



Vay, ndu mdt hinh nao do co hai true ddi xung vudng goc vdi nhau thi hinl 
dd co tam ddi xung. 

V ldiLii Cho AABC ndi tidp trong dudng tron (O) va mdt di£m M thay d6 
trdn (O). Goi M, la did’m ddi xung vdi M qua A, M 2 la difi’m ddi xung vdi M 
qua B, M, la didm ddi xung vdi M 2 qua C. 

a. Chung to rang phep bidn hinh F bidn didm M thanh M, ia mdt phdp dd 
xung tam. 

b. Tim quy tich did’m M v 
Gidi 

a. Goi I ia trung didm MM„ ta co: 

ABCI la hinh binh hanh 

=> AI = BC => I cd djnh. 

Vay F la phep ddi xung tam I. 
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b. Vi: 


M, = D,(M) vaMe (O) M, e (O') = D,((0)). 

. V i d u ii Cho vecto u vd mot diem O. Vdi diem M bat ki, ta goi M, la diem 
ddi xumg vdi M qua O va M’ la diem sao cho M|M : = u . Goi F la phep bie'n 
hinh bie'n M thanh M'. 

a. F la phep hop thanh cua hai phep nao ? F c6 phai Id phep ddi hinh hay 
khdng? 

b. Chumg to rang F la mdt phep ddi xumg tarn. 

Giai 

a. F la phep hop thanh cua hai phep ddi hinh: 

* Phep ddi xiing tarn O, ki hieu D () . 

■ Phep tinh tie'n theo vecto u , ki hieu T-. 

* U 

Vi phep ddi xumg va phep tinh tiS'n deu bao toan khoang cdch ndn F bao 
toan khoang each, do do F la mdt phep ddi hinh. 

b. Goi I la trung diem MM’, ta co: 

— 11 1 -- 1 - 

01 = - M.M’ = - u => I c6 dinh. 

2 2 

Vdy F Id phep ddi xumg tarn I. 


| Bai toan 2: Chumg minh tinh chat hinh hoc. _I 

PHl/ONG PHAP CHUNG 

1. Vdi bai to^n dinh tinh, ta thudng gap ede dang yfeu cdu sau: 

Dang I: Chung minh (H,) ia anh cua (H 2 ) qua phep ddi xumg tarn O, ta thuc 
hidn theo ede bude: 

Budc 1: La'y diem M, tuy y thude (H,), ta di chumg minh 
M 2 = So(M,) e (H 2 ). 

Budc 2: Ngupc lai, la'y die’m M 2 tuy y thude (Hj), ta di chiing minh 
M, = S^(M 2 ) e (H,). 

Dang 2: Chumg minh tinh chat K, ta thuc hifin theo ede budc: 

Budc 1: Xdc dinh mdt hoac nhieu phep ddl xumg tarn de’ thie't lap 
mdi lien ke't gifla cac ye'u td. 

Budc 2: SCr dung ede tinh chat cua phep quay de’ giai ede ydu 
o cdu cua bdi todn. 

2. Vdi bdi todn dinh luong, bang vide thie't lap dupe cac phep ddi xumg tarn 
thich hop, ta cd the tinh todn dupe ede ye'u td' trong mdt hinh. 

Vidul: Cho hai tarn gidc vudng can OAB vd OA'B' cd chung dinh O sao 
cho O ndm trdn doan thdng AB' vd ndm ngodi doan thang A'B (Hinh sgk). Goi 
G vd G' ldn lupt Id trong tarn cac tarn giac OAA’ vd OBB'. Chdng minh rang 
GOG' Id tarn gidc vudng can. 


M' 



MOM, 
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(Hai 

Xet phep quay Q tain () goc quay 90", ta c6 ngay: 

AOBB = q;, ( \OA.V) => G' = Q* ((',)=> GOC = 90" va OG = OG. 
Vav. ta dupe \GO( i' lii tain giac vuong can. 

Vi du 2: Gho \ABG cd AM va CN la cac trung tuyen. Churng minh rang neu 
BAM = BCN = 30" thi \ABCddu. 

Giiii 

I ur giac ACMN cd NAM = MC’N = 30" nen noi tiep trong mot dudng trdn 
tain () ban kmh R va MON = 2 NAM = 60". 

Xct cac phep doi xumg tarn N va tarn M. 

S, N) : Ah B va (O) i—> (O,) => Be( O,) vl Ae(O). 

S )M) : Ci—> B va (O) hh (0 : ) => Be( O,) vi Ce(O) 

Trong AOO,0 ; , ta cd nhan xet: 

OO, = 00 2 = 2R, 

MON = 2 BAM = 60", 
suy ra AOO,©-, la tam giac d6u. 

Mat khac: 

0,B + 0 : B = R + R = 2R = 0,0, nen B la trung diem cua 0,0 2 . 

TCr do suy ra hai AABC va A00,0, dong dang (vl cung ddng dang vdi 
ABMN) va vl A00 ( 0 2 deu nen AABC ddu. 

Vidu l: Cho hai diem B va C cd dinh trdn dudng trdn (O ; R) va mdt didm A 
thay ddi tren dudng tron do. Hay dung phep doi xumg tam de’ chumg minh rang 
true tam H cua AABC nam tren mdt dudng trdn cd dinh. 

Gidi 

Goi I la trung did'm BC va ve dudng ktnh AM. 

Ta co: 

BH 1 AC va MC 1 AC => BH // MC. (1) 

CHI ABva MB1AB=>CH//MB. (2) 

Tir(l) va (2) suy ra: 

BHCM la hinh binh hanh => I la trung did’m HM. 

Vay, true tam H cua AABC nam tren mdt dudng tron cd djnh (O’; R) = D,((0; R)). 


Bai toan 3: Tim tap hcrp diem M. _ 

PHl/ONG PHAP CHUNG 
Ta thuc hien theo cac bude: 

Buac l: Tim mot phep ddi xumg tam bien didm E di ddng thanh didm M. 
Budc 2: Tim tap hop (H) cua cac did’m E. 

Bi(dc 3: Ket ludn tap hop cac didm M la anh cua (H) trong phep ddi xurn^ 
tam S Q . 



O, B O, 



C 


4 


Vidu2; Cho duemg tron (O ; R) va hai diem A, B c6 dinh. Vdri m6i diem M, 

ta xac dinh di£m M' sao cho MM' = MA + MB. Tim quy tich did’m M' khi 
di&n M chay trdn (O ; R). 


Gidi - Ban doc tit ve hinh 

Goi I la trung di£m cua AB thi I cd djnh va 

MA + MB = 2 MI 


Do dd, MM' = MA + MB khi va chi khi MM' = 2 MI, tire la MM’ nhdn I 
lam trung diem hay phep ddi xirng tarn D, bien diem M thanh M'. 

Vdy khi M chay trdn duemg tron (O ; R) thi quy tich M’ la anh cua dudng 
tron do qua D,. 

N£u ta goi O' la di£m ddi xirng cua O qua didm I thi quy tich cua M' la 
duemg tron (6 ; R). 


Vi du 3; Cho duemg tron (O) va day cung AB c 6 djnh, M la mdt did’m di 
dOng trdn (O), M khdng trung A, B. Hai duemg trdn (O,), (0 2 ) qua M, theo thir 
tu titfp xuc vdi AB tai A va B. Goi N la giao diem thir hai cua (O,), (O z ). 

a. Chumg minh rang duemg thing MN 
ludn qua mdt did’m cd dinh. 

b. Tim tap hop N khi M di ddng trdn (O). 

Gidi 

a. Goi I ia giao didm cua MN va AB, ta cd: 

IA 2 = IM .IN = IB 2 (1) 

=> IA = IB, do d61 ia trung di&n AB. 

Vay duemg thang MN ludn qua mdt didm 
c6 dinh I ia trung did’m AB. 

b. Goi P la didm chung thu hai cua MN va (O), ta co: 

IP.IM = LA.IB = -IA 2 (2) 



Tir(l) vd (2) suy ra: 

fP.IM = - IM.IN =>IP = - IN => N = S (I) (P) 

Vi tap hop ede did’m P ia dudng tr6n (O) qua hai didm A va B ndn tap hop 
ede didm N Id dudng tr6n (O’) bo di hai didm A vd B vdi (O’) = S 0) (O) 


Bai todn 4: Dung hinh. _ | 

PHITONG PHAP CHUNG 
Ta thucmg there hidn theo 4 bude da biS't. 

Y itiul; Cho phep ddi xirng tarn D 0 vd dudng thang d khdng di qua O. Hay 
ndu edeh dung anh d’ cua duemg thang d qua D 0 . Tim each dung d’ md chi su 
dung compa mdt ldn vd thirdc thing ba ldn. 
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Gicii 

a. LSy hai diem phan biet A, 15 tren cludng thang d, khi do ta dung: 

A' = D„(A) va B=D () (B). 

Noi A’ va 15', do chfnh la duimg thang d'. 

b. Co the thuc hien dupe, cu the: 

• Lay diem A tren d, dung thudc thang dung tia AO. 

■ Dung compa dung din mg tron (O; OA), duong tron 
nay cat duong thang d tai B va tia AO tai A'. 

■ Dung thudc thang dung tia BO cat duong tron tai B’. 

• Dung thudc thang noi A' vdi B' ta dupe duong thang d' can dung. 
v i<Ju i; c ho hai duong tron (O ; R) va (O, ; R,) cat nhau tai hai diem A, B 
Hay dung mot duong thang d di qua A cat (O ; R) va (O, ; R,) lan lupt tai M vg 
M, sao cho A la trung diem cua MM,. 

Gidi -Ban doc tuvehinh 

Gia su ta da dung dupe ducmg thang d thoa man ydu clu bai toan. Goi D A la 
phep doi xirng qua A thi D A bien diem M thanh did’m M, va bien ducmg tror 
(O ; R) thanh duong tron (O'; R). 

Vi M nam tren (O ; R) nen M, nam tren (O' ; R). 

Mat khac, M, lai nam tren (O, ; R,) nen M, la giao diem khac A cua hai 
ducmg tron (O'; R) va (O, ; R,). 

Tu do, suy ra each dung: 

• Dung ducmg tron (O’ ; R) ddi xung vdi (O ; R) qua A (O' la diem doi 

xirng vdi O qua A). , 

■ Lay giao di£’m M, cua hai ducmg tron (O’; R) va (O,; R,), M, khac A. 

■ Duong thang d la ducmg thang di qua A va M,. 

VI tima Cho hai ducmg thang (d,) va (d 2 ), hai diem A, G khdng thudc (d,), (dj). Ha> 
dung AABC co trong tarn G va hai dtnh B va C ian lupt thuoc (d,) va (dj). 

Gidi 



Phan tick: Gia su da dung dupe AABC co trong tarn G, hai dinh B va C l^n lupl 
thudc (d,). (d 2 ). Goi M la trung didm canh BC thi M dupe xac dinh bdi: 


AM = - AG . 

2 

Thuc hidn phep ddi xirng tarn M: 

S(M) : Ch-> B, (d 2 ) (d 2 )- 
Ta cd Be(d’ 2 ). 

Vay B la giao didm cua (d’ 2 ) va (d,). 
Cach dung : Ta Idn lupt thuc hidn: 


- Dung AM 




Dung ducmg thang (d\) vdi (d’ 2 ) = S (M) [(d 2 )] va gia su (d’ 2 ) cat (d,) tai B 
Dung didm C vdi C = S (M| (B) 


thi AABC la tarn giac cSn dung. 


43 




Chitng minh : Dua vao each dung ta co: 

- B e (d,), B e (d’ 2 ); 

- S (M) [(d' 2 )] = (d' 2 ) va C = S (M) (B) ^Ce (d 2 ) 

M la trung difim canh BC va AM = - AG => G la trong tarn AABC. 

Bien lugn: Sb nghiem hinh cua bai toan bang sb diem chung cua (d,) va (d' 2 ). 

Bai toan 5: He toa db db'i vbi phep doi xung tarn. 

PHlTONG PHAP CHUNG 

Sir dung kbt qua: Trong mat phang voi he true toa db Oxy, cho die’m I(a; b). 
Phep db'i xung tarn D, bie'n diem M(x; y) thanh diem M'(x'; y') vbi: 
x'-2a-x 
y = 2b - y 

Trong phan nay chung ta xem xet ba bai toan co b^n va mong mubn thbng 
qua do cac em co the’ xay dung duoc phuong phap giai bai toan t6ng quat. 

Dang 1: Xac djnh dibm M, db'i xirng vbi diem M qua dibm I(a, b). 

Ta co ngay 1 la trung diem MM,, do do: 

x m +x m, = 2a (x M =2a-x M 
<=> 

yM +yM, =2b [y m, =2b-y M 

Ddc biet: Ne'u I s 0(0; 0) thi vbi M(x, y) suy ra M,(x t , y,). 

Dang 2: Xac dinh phuong trinh dubng thang (d,) db'i xtJng vbi dubng thang 
(d): Ax + By + C = 0 qua I(a, b). 

, Ta co the’ lua chon mbt trong hai each sau: 

Cach 1: Thuc hibn theo cac bubc: 

Buorc 1: Vbi mbi de’m M(x, y)e(d), suy ra tbn tai die’m M,(x,, 
y,)e(d,) nhan I l&m trung die’m, ta duoc: 
x + x, =2a 

o 

y + y, = 2b 

Bu&c 2: Thay (I) v&o phuong trinh cua (d), ta duoc: 

Ax, + By, - C - 2aA - 2bB = 0. (1) 

Buck 3: Viet lai (1) dudi dang: 

Ax + By - C - 2aA - 2bB = 0. (2) 

Do chfnh la phuong trinh dubng thang (d,). 

Cdch 2: Thuc hibn theo cac bubc: 

Bu&c 1: La'y mbt dibm Ae(d), ttr do xac dinh toa db dib’m A, db'i 
xung vbi A qua I. 

Bu&c 2: Vi (d,)//(d): Ax + By + C = 0 suy ra 

(d): Ax + By + D = 0. 

Bu&c 3: Vi A, e(d,) => gia trj cua D, 

Tu db co duoc phuong trinh cua (d,). 


x = 2a - x | 
y = 2b-y, 
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Dang 3: X;ic dinli phut mg trinh dudng tron (C,) ddi xung vdi dudng Iron 
(C'): Kx, y) = 0 qua diem E(x„, y„) (E*I la tarn cua (C)). 

la lira chon mot trong hai each sau: 

Cach I : Chung ta there hien theo cac bude: 
lit foe I Vdi mdi M(x, y)e(C,) thi 

BM,(x,, y,)e(C) sao cho M ddi 
xung vdi M, qua E(x,„ y„) 

<=> 3 X|, y, thoa man: 

[ f( x i > y | ) — o 

j X, + X = 2x () (I) 

I y i +y = 2y„ 

Bui'rc 2: Khu x,, y, tir he (J) ta dtroc phuemg trinh cua dircmg tron 
(C,). 

Click 2: Chung ta there hien theo cac birdc sau: 

Biarc I: Goi 1, I, theo thu tu la tarn dudng tron (C), (C,) va R la 
ban ktnh dircmg tron (C). Khi do E la trung diem II, 
=> toa dc) diem I,. 

Buac 2: Lap phircmg trinh dudng tron (C,) thoa man: 

tarn I, 
bkinh R 

Vi du 1: Trong mat phang toa do Oxy, cho duefng thang A: ax + by + c = 0 va 
die!m I(x„; y„). Phep doi xurng tarn D, bien dudng thang A thanh ducmg thang A’. 
Viet phuemg trinh cua A’. 

Gidi 

Vdi mdi diem M(x„; y„) e (A) (tire la Ax 0 + By 0 + C = 0), suy ra tdn tai diem 
M’(x; y) e (A’) sao cho: 

x = 2a - x„ |x„ =2a - x 
y = 2b - y H |y (J =2b-y' 

, i 

Do do, dudng thang (A') se co phuemg trinh: 

(A’): A(2a - x) + B(2b - y) + C = 0 
o (A'): Ax + By - C - 2aA - 2bB = 0. 




Vi du 2: Cho hinh binh hanh ABCD bidt phuemg trinh canh (AB): 2x - y = 0, 
(AD): 4x - 3y = 0 va tarn 1(2; 2). Lap phuemg trinh cac canh BC va CD. 

Gidi 

• Canh BC ddi xung vdi AD qua I, ta tan luot thuc hien : 

Vdi mdi dem M(x, y)e(AD) => tdn tai die’m M,(x,, y,)e(d,) nhan 1 lam 
trung diem, ta dupe: 


x + x, =4 x = 4-x, 
<=> • 

y y i =4 ly = 4- y . 


(i) 
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(1) 


Thay (I) vao phucmg trinh cua (AD), ta ducrc: 

4(4 - x,) - 3(4 - y,) = 0 » 4x, - 3y, -4 = 0. 

Viet lai (1) dtrdri dang: l>i 

4x - 3y - 4 = 0. (2) 

Do chfnh la phucmg trinh ducmg thang (BC). 

• Canh CD doi xirng vcri AB qua I, ta I5n lucrt thuc hidn : 

La'y die’m CXO; O)e(AB), goi O, la diem ddi xiing vdi O qua I, suy ra 0,(4; 4). 

- Vi (CD)//(AB): 2x - y = 0 => (CD): 2x - y + C = 0. 

- Vi 0,e(CD) => jC = -4. 

Vay phucmg trinh; cludng thang (d,): 2x - y - 4 = 0. 


Vidu3: Cho ducrqg tpon (C): x 2 + y 2 - 4x - 2y + 3 = 0. Xac dinh phucmg 

trinh ducmg tron (C,) din xung vdi ducmg tron (C) qua die’m E( 1; 2). 

Gidi 

Cdch 1: Vdi m6i M(x; y)e(C,) 

<=> 3M,(x,; y,)e(C) sao cho M ddi xirng vdi M, qua E 
o 3 x,, y, thoa man: 

[(x, -2) 2 +(y, -l) 2 =2 
x, = 2-x 
y i =4-y 


(x, -2) 2 + (y, -l) 2 =2 




x | + x = 2 

y i +y= 4 

i, 

=> x 2 + (y - 3) 2 = 2. 

Vay phucmg trinh ducmg tron (C,): x 2 + (y - 3) 2 = 2. 

Gach 2: Xet ducmg tron (C) co tam 1(2; I) va ban kmh R = yfl. 

Goi 1 1 la tam ducmg tron (C,). 

VI (Q va (C,) ddi xiing qua die’m E => E la trung die’m n„ do do lj(0; 3). 

Phucmg trinh ducmg tron (C,) duoc cho bdi: 
tam I,(0,3) 

(C,): r o (C,): x 2 + (y - 3) 2 = 2. 

bkinh R = V2 * 

CM y : Cho ham sd: 

y = f(x). 

1. De ch’iing minh dd thi ham sd nhan die’m I(a; b) lam tam ddi xumg, ta thuc 
hien theo cac budc sau : 

Budc 1: Vdi phep bidn ddi toa dd 


x -a 




x = X + a 
[y = Y + b 


[Y = y -b 
ham sd' co dang : 

Y + b = f(X + a) <=> Y = F(X) 

Budc 2: Nhan xet rang ham sd (1) la ham sd le. 

Budc 3: Vay, dd thi hkm sd nhan die’m I(a; b) lam tam ddi xung. 


( 1 ) 
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2. De tun di6u kien ciia thani so de d 6 thi ham s 6 nhan diem I(a, h) lam tarn 
doi xt'rng. ta thuc hien theocac bade sau : 

Bifttc I: Time hien phep hien d6i toa do 

I X x a | x-X + a 
;Y y h ' ^ j y Y + h 
ham so co dang : 

Y + b = f(X + a) o Y = F(X) (1) 

Bum 2 D6 thi ham so nhan l(a, h) lam tarn doi xurng 

<=> ham so (1) la ham so le => Gia tri cua ilium so. 

Bum 3: Ket luan. 

Vidu4; Cho ham so: 

v = x ' - 3x 2 + 1. 

J 

Chung minh rang d6 thi ham so nhan diem 1(1; -1) lam tarn doi xurng. 

Gicii 

Vdi phep hien ddi toa do 
fX = x - 1 fx = X + I 

IY = y + l [y.= Y -1 

khi do ham so co dang : 

Y - 1 = (X + 1)' - 3(X +1) 2 +1oY = X’- 3X. , (1)' 

Ham so (1) la ham so le. 

Vay, do thj ham so nhan diem 1(1; -1) lam tarn ddi xurng. 

Chu y : D6 thi ham so bac ha 


y = f(x) = ax* + bx 2 + cx + d, vcri a * 0 


luon nhan diem U 


4 / 

3a 


v 


b_ 

3a 




)) 


lam tarn dtfi xung. 


Vi dH ii Cho ham so: 

x +1 


Chumg minh rang d6 thj ham sd nhan didm 1(1; 1) lam tarn ddi xung. 
Gidi 


Vdi phep bidn ddi toa dd 

X = x -1 (x = X + 1 
- <=> ■ 

Y = y -1 [y = Y + l 

khi dd ham sd co dang : 

Y + 1 = ( * + l - K1 ^ Y = {X + l)+l -1 oY=-. 
(X + D-l (X + l)-l X 

Ham so (1) la ham sd le. 

Vay, d6 thi ham sd nhan diem 1(1, 1) lam tarn ddi xurng. 


( 1 ) 
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Chu y : D 6 thi ham sd : 

y = f(x) = - X - - 7 , vdi c * 0, D = ad - be * 0 


ludn nhan didm I 


ex + d 
d a 

V e’e; 

Vi du 6 ; Cho ham sd: 

x 2 - 2 x -2 


lam tarn ddi xung. 


y = 


x -2 


Chung minh rang dd thj ham sd nhan diem 1(2; 2) lam tarn ddi xumg. 


Gidi 


Vdi phep bien ddi toa dd 


X = x -2 
[Y = y -2 


<=> 


x = X + 2 
y = Y + 2 


khi do ham sd co dang ; 

Vl , (X + 2) 2 -2(X + 2)-2 w X 2 +2X -2 

Y + Z = - w r = 


(X + 2)-2 


X 


v ' X 2 -2 
o Y =- 

X 


(1) 


Ham sd ( 1 ) la ham sd le 

Vay, dd thi ham sd nhan didm 1(2; 2) lam tarn ddi xirng. 

ov * X I^Y -1- p 

CM y : D 6 thj ham sd y = f(x) = - : -, vdi d * 0 ludn nhan didm 


dx + e 


I 


e b 2 ac 
d’d'7" 


lam tam ddi xirng. 


Vi du 7: Xac dinh m dd dd thi ham sd (C) nhan didm 1(1; 0) lam tam ddi 
xung, bid't: 

l 


(C):y = -— x- +3mx 2 -2. 
m 


Gidi 


Vdi phep bidn ddi toa dd 


X = x -1 
Y = y 

ham sd cd dang ; 

1 




x = X +1 
[y = y 


Y = -— (X + l ) 5 + 3m(X + 1 ) 2 — 2. 
m 


= - — X 3 + 3 

r 11 

m- 


1 ^ 

2 m- 

X 2 + 3 

m 

^ mj 


l my 


X + 3m —-— 2. (1) 
m 
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I lam so (1) la ham so le 

0 


Urn ' 


C^> 


m 

3m 1 2 0 

m 


m 


0 


<=> in = I. 


3nr 2m 1=0 


Vay, vdi m = I do thi ham so nluin diem 1( I; 0) la tarn doi xung. 
Vi du 8: Cho ham so: 

2x 2 + (m 4)x - 2m + I 


x 2 


Tim m de do thi ham so nhan diem 1(2; 1) lam tarn doi xumg. 


Giai 


Dieim 1(2, 1) la tarn doi xumg cua do thi khi vdi phep bien ddi toa dd: 


X = x -2 [ x = X + 2 

<=> 

Y = y - 1 


v = Y + l 


ham so sau la ham le 


Y + 1 = 
Xet ham so : 


2(X + 2) + (m — 4)(X + 2) — 2m +1 
(X + 2)-2 


Y _ 2(X + 2) + (m - 4)(X + 2)-2m + 1 j_2X"+(m + 4)X + l ... 

(X + 2) - 2 X ‘ 

Ham sd (1) la ham le khi va chi khi m + 4 = 0 <=> m = - 4 . 

Vay, vdi m = -4 d6 thi ham sd nhan 1(2, 1) lam tarn ddi xumg. 


BAI TAP Dfi NGHI 

Bai 1. Chi ra cac tarn doi xumg cua cac hinh sau day: 

a. Hinh g6m hai ducmg thang cat nhau. 

b. Hinh g6m hai dubrng thang song song. 

c. Hinh g6m hai dirdng tron bang nhau. 

d. Dudng elip. 

e. Ducmg Hypecbol. 

Bai 2. Gia sir phep ddi xung tarn D {) bie'n ducmg thang d thanh ducmg thang 
d'.Chumg minh: 

a Ne'u d khong di qua tarn dbi xung O thi d' song song vcri d, O each d6u 
d va d'. 

b Hai dudng thang d va d’ trung nhau khi va chi khi d di qua O. 

Bai 3. Cho ducmg tron (O ; R), ducmg thang A va dig'm I. Tim die’m A tien (O; 
R) va diS’m B tren A sao cho I la trung diem cua doan thing AB. 
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Bai 4. Cho hai didm B vi C c6 dinh Iren dudng trdn (O ; R) va mot didm A thay 
d6i trdn dudng tron do. Hay dung phep dd'i xirng tam dd chung minh ring true tam 
H cua AABC nim trdn mdt ducmg tron cd djnh. 

Bai 5. Cho dudng tron (O) vdi ba day AB, MN, PQ cat nhau tai 1 sao cho IA = 
IB va M, P nim cung phia vdi AB. Goi E, F lin luot la giao di£m cua AB vdi 
PN. Chung minh ring IE = IF. 

Bai 6. Cho AABC co H la true tam; M, N, P lan luot la trung didm cua cac 
canh BC, CA, AB. Goi H,, H 2 , H, la didm dd'i xurng cua H qua M, N, P theo 
thu tu dd. Churng minh ring H,, H 2 , H, thude ducmg tron ngoai tid'p tam giac 
AABC. 

Bai 7. Cho AABC co ducmg tron (O) cat cac canh BC, CA, AB theo thur tu tai 
A, va A 2 ; B, va B 2 ; C, va C 2 . Chung minh ring: neu dudng thing vudng goc voi 
cac canh cua tam giac tai A„ B,, C, d6ng quy thi cac ducmg thing vudng goc 
vdi cac canh cua tam giac tai A 2 , Bj.-Cj ddng quy. 

Bai 8. Oho tam giac ABC. Ve cac tia Ax, Ay trong goc A sao cho BAx = CAy, ve 

cac tia Bz, Bt trong goc B sao cho ABz = CBt. Goi E la giao dii’m cua Ax va 
Bz, F la giao di^m Ay va Bt. Chung minh ring ACE = BCF 

Bai 9. TCr m6t didm A o ngoai duong tron (O) dung hai tiep tuyd'n AB, AC cua 
(O) (B, C la tid'p di£m). Tai m6t did’m M tUy y cua (O) dung tid'p tuyd'n thur ba, 
cit AB va AC lin luot tai D, E. Tim tap hop tam dudng trdn ngoai ti£p ADOE 
khi M di d6ng tr6n (6). 

Bai 10. Cho AABC. Ba trung tuySn AA„ BB,, CC, cat nhau tai G. 


a. Dung anh A^Q cua AABC qua D c . 

b. Chung minh hai tam giac AABC va AA 2 B 3 C 2 d6ng dang. Xic dinh ti s6 
d6ng dang. 

Bai 11. Cho hinh btnh hinh ABCD vdi giao didm O cua hai ducmg cheo. Xac 
dinh anh cua hinh btnh hanh nay qua phep d6'i xung tam O. 

Bai 12. Cho dudng tron (O ; R), ducmg thing A va di£m I. Tun didm A trfen (O; R) 
vi did’m B trdn A sao cho I li trung did’m cua doan thing AB. 

Bii 13. Cho dudng trdn (O), dudng thing (d) va di^m A khdng phu thude dudng 
thing (d) vi dudng trdn (O). Dung did’m B thude dudng trdn (O) vi did’m C 
thude (d) sao cho A li trung did’m BC. 

Bii 14. Cho ttf giac ABCD vi did’m O nim trong tu giac. Hay dung hinh binh 
hinh cd tam la O vi bd'n dinh nim trdn bd'n canh keo dii cua tur gidc. 


Bai 15. Cho hai dudng trdn (O,), (0 2 ) vi mdt didm I. Hay tim trdn mdi dudng hai 
didm sao cho bd'n didm phai tim la bd'n dinh cua mdt hinh binh hanh co tam la I. 


Bai 16. Cho hinh vudng ABCD vi mot didm K nim ben trong khdng trung vdi 
tam cua hinh vudng. Dung qua K mdt dudng thing sao cho no cit hinh vudng 
thinh hai phin co hidu didn ti'ch 1cm nhit. 
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Bai 17. Cho A ABC. Dung dm mg thang (d) qua A sao cho vdi moi diem M thuric 
(d), ta lurin co chu vi AMBC ldm him hoac bang chu vi AABC. 

Bai 18 . Cho goc nhqn xOy va hai diem A. B b trong goc do. Hay dung cac diem 
C va D Itin lupt tren Ox. ()y sao cho during grip khuc ABCD co do dai Ion nhri't. 

Bai 19. Xac dinh phuong trinh during thang (d,) drii xung vdi during thang (d) 
qua diem I. biei: 


a. (d): 2x - y + 4 = 0 qua diem I(—2; 1) 

b. (d>: x — 2y — 5=0 qua diem 1(2; 1). 

c. (d): x - 2y + 2 = 0 qua diem 1(1; 1). 


Bai 20. Cho hinh binh hanh ABCD biet phuong trinh cac canh (AB): x + 2y - 7 = 0, 
(AD): x - y + 2 = 0 va tarn I( 1; 1). Lap phircmg trinh cac canh BC va CD. 

Bai 21. Xac dinh phuong trinh during tron (C,) dri'i xurng vrii during trrin (C) qua 
diem E, bid: 

a. (C): x‘ + y 2 - 2x - 2y - 2 = 0 va E(2; -3). 

b. (C): x 2 + y 2 + 4x - 6y + 4 = 0 va E(-1; 2). 

Bai 22. Cho ham so : 


y = f(x) = 
Chung minh rang d6 thi 


ax + b 
cx + d 


, vrii c * 0, D = ad 


ham sri nhan diem I 


d a 

V c* cj 


bc*0. 

lam tarn dri'i xurng. 


Bai 23. Cho ham sri: 


mx + m - 1 


x -2 

Tim m de dri thi ham sri nhan diem 1(2; 3) lam tarn dri'i ximg. 


CHU d£ 5 

PHEP QUAY 

I. KlfcN TH(rc CO BAN 

1. DINH NGHlA PHEP QUAY 

Dinh nghia : Trong mdt phdng cho diem O co dinh va goc hccmg giac a khong 
doi. Phep phep bien hinh bien mdi diem M thanh diem M' sao cho 
OM = OM' va (OM, OM’) = a duac goi la phep quay tarn O vdi 
goc quay a. 

Kfhiriu Q“ hayQ (0 a) . 

Dinh It Phep quay la mot phep doi hinh. — 

Bieu thtic toq do cua phep quay. Trong mat phang vrii he true toa dri Oxy, cho 
die’m I(a; b). 
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II. CAC DANG TOAN LlfiN QUAN 

Bai loan 1: Tun phep quay bien hlnh (H,) thanh hlnh (H 2 ). 

PHirONG PHAP CHUNG 

Su dung djnh nghTa va ti'nh chat cua phep quay (phep ddi xung tarn). 

Vi du 1: Cho hai tarn giac ddu OAB va OA’B’ nhu hlnh ve. Goi C va D ian 
luqt la trung did’m cua cac doan thang AA’ va BB'. 

a. Tim phdp quay Q bid'n doan AA' thanh doan BB'. 

b. Chumg minh rang OCD la tarn giac ddu 
Giai 

Xet phep quay Q tarn O vdi goc quay bang mdt 
g6c lucmg giac (OA, OB). Ro rang 
thknh doan BB'. 

Do do OC = OD va COD = 60°. 

Vay, ta duoc AOCD ddu. 

Bai toan 2: Chung minh tfnh chat hlnh hoc. _| 

PHl/ONG PHAP CHUNG 

1. Vdi bai toan dinh tfnh, ta thucmg gap cac dang y6u cSu sau: 

Dang I: Chung minh (H,) la anh cua (H 2 ) qua phep quay tarn O vdi goc quay 
a, ta thuc hidn theo cac budc: 

Buacl: Lay difi’m M, tuy $ thudc (H,), ta di chtrng minh 
M 2 = Q-(M,)6(H 2 ). 

Budc 2: Ngupc lad, lay didm M 2 tuy y thudc (Hj), ta di chiing minh 
M, = Q“,(M 2 ) e (H,). 

Dang 2: Chung minh tfnh chat K, ta thuc hien theo cac budc: 

Budc I: Xac dinh mdt hoac nhidu phep quay dd thidt lap mdi lidn 
kdt gifla cac ydu td. 

Budc 2: Su dung cac tfnh chat cua phep quay dd giai cac ydu 
c£u cua bai toan. 

2. Vdi bai to£n dinh luong, bang vide thid't lap duqc cac phep quay thich hop, 
ta cd thd’ trnh toan duoc ede ydu ttf trong mdt hinh. 

Vi du 1: Cho hai tarn giac vudng can OAB va OA’B' cd chung dinh O sao 
cho O nam trdn doan thang AB’ va nam ngoai doan thang A'B (hinh bdn). Goi G 
va G' lan luot la trong tarn cac tarn giac OAA’ va OBB'. Chung minh rang GOG’ 
la tarn giac vudng can. 

Giai B 

Xet phep quay Q tarn O goc quay 90", ta co ngay: 

AOBB' = Q;f (AOAA') => G' = Q*’" (G) 

=> GOG' = 90° va OG’ = OG. 

Vay, ta duoc AGOG' la tarn gidc vudng can. 
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Vi du 2: C ho \ABC co cac dinh dupe ki hieu theo huc'mg An, dung a ngoai 
tam giac av hai hinh vuong Alii)E va BCKF. Goi P la trung diem canh AC, II la 
diem doi xurng cua I) qua B, M la trung diem doan FI1. 

a. Xac dinh anh cua hai vccto BA va BP trong phep quay tam B, goc 90". 

b. Chung minh rang DP = 2BP va DF vuong goc voi BP. 

Gnii 

a. Ta co: 

BA = B11 (cimg bang BD) 

|(BA.bT|) = 90" E 

=> Qb" (A) = H & Qb’" ( BA ) = BH 

Vi Qb’ (A) = U, Qr 1 (C) = F nen Qb'" (AC)= HF 

b. Vi P la trung diem cua AC nen theo tinh chat cua phep quay ta co anh cua P 
qua phep quay tren trung ddidm M cua HF. 

Do do: 



Qb'" (BP ) = BM => 


j BP = BM 
j BP 1 BM ' 


Mat khac: 


BM = - DE va BM // DF 
2 


BP = - DF va DF _L BP. 
2 


Bai toan 3: Tim tap hcrp didm M. 

PHl/ONG PHAP CHUNG 
Ta thirc hi^n theo cac budc: 

Bifcfc I: Tim mdt phep quay Q“ . bien die’m E di d6ng thanh die’m M . 
Bifc'fc 2: Tim tap hop (H) cua cac difim E. 

Biftfc 3: Ket luan tap hop cac di£m M la anh cua (H) trong phep quay Q“. 

Vi du 1: Cho duong tron (O, R), A la m6t diem c6 djnh khong trung vdi tam O, 
BC la mOt day cung cua (O), BC di dfing nhung s 6 do cua cung BC luOn bang 120°. 
Goi I la trung die’m cua BC, ve tam giac d^u AIJ. Tun tap hop didm J. 

Gidi 

Ta co I la trung didm cua BC va cung BC = 120". 

Nen OUBC va BOI = 60°. 

Trong AOIB: 

01 = OBcos BOI = Rcos60° = — . 

2 

Do do tap hc^) cac didm I la ducng tron (y) 

tam O ban kinh — . 

2 
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Mat khac, AAIJ ddu ndn ta c6: 

AJ = A1 

- -=>J= Q«> [(y)] 

[(AI, AJ) = 60° 

Ma tap hop cac didm I la duOng trdn (y) ndn tap hop cac di£m J la hai dudng 
tr6n (y,) va (y 2 ) vdi 

(Y,)= Qa° [(y)l 


(y 2 )= Qa [(y)J 


R ^ _ /-a 60 ° 


(y,) la dudng trdn tarn (O,), ban ki'nh — vdi O, = Q A (O). 

(y 2 ) la dudng tron tam (0 2 ), ban kfnh — vdi 0 2 = Q A WI (O). 

2 


Bai toan 4: Dung hlnh. 

PHl/ONG PHAP CHUNG 
Ta thucmg thuc hien theo 4 bude da bid't. 

Vi du 1: Cho phdp quay Q tam O vdi goc quay cp va cho dudng thing d. Hay 
ndu each dung anh d' cua d qua phep quay Q. 

Gidi 

Liy hai did’m phan bidt A, B trdn dudng thing d, khi do ta dung: 

A’ = Q 0 (A) va B' = Q 0 (B). 

Nd'i A' va B', d6 chfnh la dudng thing d'. 

VI du 2; Cho phep ddi xung tam D 0 va dudng thing d khdng di qua O. Hay 
ndu cich dung anh d' cua dudng thing d qua D 0 . Tim edeh dung d' mi chi su 
dung compa mdt lin va thude thang ba lin. 

Gidi 

a. Liy hai di£m phan bidt A, B trdn dudng thing d, khi dd ta dung: 

A' = D 0 (A) va B' = D 0 (B). 

Ndi A' va B’, dd chfnh ia dudng thing d'. 

b. Cd th£ thuc hifin duoc, cu th& 

■ Liy di&n A trdn d, ding thude thing dung 

■ Dilng compa dung dudng trdn (O; OA), dudng trdn 
nay cit dudng thing d tai B va tia AO tai A'. 

■ Dung thude thing dung tia BO cit dudng tron tai B' 

■ Ding thude thing ndi A' vdi B’ ta duoc dudng thinf d’ cin dung. 

Vi du 3: Cho hai dudng thing (d) va (d’) song song va mdt di£m A khdng d 
trdn (d) va (d’). Hay dung did’m B trdn (d) va di&n C trdn (d’) sao cho ABC ia 
tam gidc ddu, co cac dinh duoc kf hidu theo hudng duong. 
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(inn 

Pluin tkh : Gia sir da dung duoc tarn giac deu ABC then huerng duemg. thuc hien 
phep quay tain A. goc 60". 

Qa": »*-><’ 

(d) (d|) 

Vi Be(d) nen Ce(d,). 

Vay C la diem chung cua (d,) va (d'). ta cung cd B = Q A 60 (C). 

Cdch dung : Ta thuc hien: 

Dung dudmg thing (d,) vdri (d,) = Q A * thi (d,) la duemg thing qua K va 
vuong goc vdri AK. 

(d|) cat (d’) tai C 

Dung diem B vdi B = Q A (C). Tam giac ABC la tarn giac phai dung. 
Chung minh : Theo each dung ta co: 

- Be(d), Ce(d') 

AC = AB va (AC , AB ) = - 60" => AI3C la tarn giac deu va ( AB, AC ) = 60°. 
Bien hum : Vi (d) // (d’) nen ta lu6n co m6t va chi mot diem chung C cua (d, ) va 
(d')- Do do bai toan co mot nghem hinh. 

BAI TAP NGHI 

Bai tap 1: Cho AABC vuong tai A. Vi phfa ngoai tarn giac ta dung cac hinh 
vudng ABDE va ACFH. Goi I la trung diim cua canh BCE. 

a. Chung minh rang AE = CD. 

b. Goi I, J lin luert la trung die’m cua AE va CD. CMR ABIJ la m6t tarn 
giac d6u. 

Bai tap 2: Cho tarn giac ABC; P va Q la hai diem di ddng lin lucft a tren canh 
AB va AC sao cho AP = CQ 

a. Xac dinh tarn va goc cua phep quay bie'n AP thanh CQ . 

b. Chumg minh rang dudng tron (APQ) qua m6t diim c6' djnh khic A. 

Bai tap 3: Cho tarn giac ABC va I la tarn cua duemg tr6n ndi tie'p tarn giac. 
Chumg minh rang IA .sinA + IB .sinB + IC.sinC = 6 

Bai tap 4: Qua diem K ltfy trong hinh vudng ABCD va dudng thing cat cac canh 
AB, CD lin lupt tai P, Q. Chung minh ring giao diem thur hai cua dudng tr6n qua 
K, P, B vdi dudng tron qua K, Q, D nim tren dudng cheo BD. 

Bai tap 5: Cho doan thing AC va mdt die’m B a trong doan do. Dtmg vi cung 
mdt phia cua duemg thing AC hai tarn giac diu ABE va CBF. Hai die’m M va N 
lin lupt la trung die’m cac doan thing AF va CE. Chumg minh ring BMN li tarn 
giac diu. 
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Bai tap 6: Cho hai dudng tron (0,,R) va (0 2 , R): M la diem di dong tren (0,,R), 
N la didm di ddng (C) 2 ,R) sao cho (O, M ,0 2 N ) co so do khong ddi. Churng minh 
rang dudng trung true cua doan MN lu6n qua mdt didm cd dinh. 

Bai tap 7: Cho tarn giac ABC. dung a phia ngoai tarn giac a'y cac tarn giac ddu 
ABC,, ACB|, ECA,. Chung minh rang: 

a. AA, = BB, CC, 

b. AA, = BB, = CC, d6ng quy tai didm O 

c. Ddi vd) AABC nhon, didm O nam trong tarn giac va OA, = OB + OC. 

Bai tap 8: Cho tam giac ABC, dung b ngoai tarn giac a'y cac tam giac vudng can 
LAB, KAC (I = K = 90°), dung hinh binh hanh IBCM. Tren tia ddi cua tia AI la'y 
diem N sao cho AN = AI. Chung minh rang tam giac KMN vuong can. 

Bai tap 9: Cho dudng thang (A) va mdt didm A cd djnh khdng b tren (A). M la 
mdt did’m di ddng trdn (A). Ve tam giac AMN vudng van tai A. Tim tap hop 
did’m N. 

Bai tap 10: Tren dudng tron (O), cho hai di&n A va B cd dinh. Goi M la mdt diem 
di ddng trdn cung ldn AB. Trdn tia BM, La'y didm N sao cho BN = AM 

a. Goi I la trung didm cau cung ldn AB. CMR: IM = IN 

b. Chung minh rang di&n N la anh cua did’m M trong mdt phep quay xac 
dinh. Tim tap hop cac didm N khi M di ddng tren cung liron AB 

Bai tap 11: Cho hai true vudng gdc Ox va Oy va mdt dd dai a. Trdn Ox la'y mdt 
diem cd dinh A va mdt did’m di ddng M, trdn Oy la'y mdt didm cd djnh B va mdt 

didm di ddng N sao cho OA = OB = a va OM + ON = 2a 

a. Chung minh AM = BN 

b. Chdng minh rang dudng trung true cau doan MN qua mdt did’m cd djnh 
E. Tam giac EMN cd dac ti'nh gi? 

c. Tim tap hop trung didm I cua doan MN. 

Bai tap 12: Dimg AABC vudng can (A = lv) cho trude dinh A edn hai dinh B, 
C theo thti tu a trftn: 

a. Hai dudng d„ d 2 cho trude. 

b. Hai dudng tron (O,), (0 2 ) cho trude. 

Bai tap 13: Cho AABC co (AB, AC) = 60°. Hay dimg did’m M trdn canh AB va 
did’m N trdn canh AC sao cho BM = CN va BC = 2MN. 

Bai tap 14: Dung tam giac ddu bidt ba dinh nam trfin bd'n canh cua mdt hinh 
binh hanh cho trude. 

Bai tap 15: Cho AABC cd cac gdc d£u nhon. Hay dimg mdt didm M sao cho 
tdng khoang each MA + MB + mat cdu la nho nha't. 
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CHU Dfi 6 

HAI HINH BANG NHAU 

I. KIEN THl!( CO BAN 

Dinh nghia : Hai liinli gni la hang nhau neu co phep ddi hinh hint hinh nay 
thank hinh kia. 

Dinh It Neit hinh (II,) hang hinh (H 2 ) \d hinh (H 2 ) hang hinh (H,) thi hinh 
(H,) hang hinh (H,). 

II. CAC DAN(i TOAN LIEN QI AN 

Bai loan 1: Chung to rang neu A ABC va AA'B'C' la hai tain giac bang nhau 
thi co phep ddi hinh bien AABC thanh AA’B’C'. 

CHUNG MINH 

Coi F la mot phep bien hinh bien m6i difim M thanh diem M' sao cho neu 
CM = pCA + qCB (p. q e R) thi C' M' = pC' A' + qC’ B'. Ta di chung minh F la 
mot phep ddi hinh can tim. 

That vay, voi diem N va F bien N thanh N', tuc la neu CN = kCA + 1CB (k, 1 e R; 
thi CN' = kCA' + 1CB'. 

Khi do, ta lan luot co: 

MN = CN - CM = ( kCA + 1CB ) - (pCA + qCB ) 

= (k - p)CA + (1 - q)CB 
MN 2 = (MN) 2 = f(k-p)CA+(l-q)CB] 2 

= (k - p)CA 2 + (1 - q) 2 CB 2 + 2(k - p)(l - q)CA CB . (1) 

NTN*' = CN’ - CM' = ( kCA + 1CB’) - (p CA' + qCB') 

= (k-p)CA’ + (l-q)CB' 

(M’N’) 2 = ( M 7 N’ ) 2 = [ (k - p)CA’ + (1 - q)CB’ ] 2 

= (k - p)C'A’ 2 + (1 - q) 2 C'B’ 2 + 2(k - p)(l - q)CA’ CB’. (2) 

Vdigiathiet AABC=AABC (nen CA=CA’,CB=CB'va CA CB = CA’ CB') ner 
ttr (1) va (2) suy ra: 

MN = M'N' <=> F la mot phep ddi hinh. 

Mat khac, ta nhan tha'y phep ddi hinh F bien A, B, C ian luot thanh A’, B’, C, turc 
la bifi'n AABC thanh AA'B'C’. 
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Bai toan 2: Chung minh hai hinh bang nhau. 

PHl/ONG PHAP CHUNG 

De’ chumg minh hinh (H, ) bang hinh (H 2 ), ta thudng lira chon m6t trong hai 
each: 

Cach 1: (Su dung dinh nghia ): Tim m6t phep bie'n hinh bie'n (H,) thanh 
hinh (H 2 ) hoac nguoc lai. 

Cach 2: (Su dung dinh If): Tim m6t hinh (H) r6i khang dinh: 

(H) = (H,) va (H) = (H 2 ) => (H,) = (H 2 ). 

Vi du 1; 

a. Chumg minh rang hai tu giac co cac cap canh tuong irng bang nhau va 
m6t cap dudng cheo tuong umg bang nhau thi bang nhau. 

b. Chumg minh rang hai tur giac co cac cap canh tuong umg bang nhau va 
m6t cap goc tuong umg bang nhau thi bang nhau. 

c. Hai tti giac co cac cap canh tuong umg bang nhau thi co bang nhau hay 
khdng ? 

Giai 

a. Gia sir hai dudng cheo cua hai tu giac l6i ABCD va A'B'C'D' cat nhau theo 
thd tu tai O va O'. 

Gia sir AC = A'C', ta co: 

AABC = AA'B'C (c.c.c) 

=> t6n tai m6t phep ddi hinh f da’ AA'B'C = f(AABC) 

=> A'O' = f(AO) => D' = f(D) 

Vay, ta duoc: 

A'B'CD' = f(ABCD) => hai hinh tu giac l6i ABCD va ABCD’ bang nhau. 

b. Gia sir hai duimg cheo cua hai tur giac l6i ABCD va A'B'C’D' cat nhau theo 
thti tu tai O va O'. 

Gia sit A = A’, ta c6: 

AABC = AA'B'C (c.g.c) 

=> t6n tai m6t phdp ddi hinh f Ai AA’B'C' = f(AABQ 
=> A’O’ = f(AO) => D' = f(D) 

Vay, ta duerc: 

A'B'CD' = f(ABCD) => hai hinh tir giac I6i ABCD va A'B'CD’ bang nhau. 

c. Kh6ng the’, boi hinh thoi ABCD canh a khbng the’ bang hinh vuOng A'B’C’D' 
:anh a. 

Vi du 2: Chumg to rang hai hinh chu nhat cung kich thude thi bang nhau. 

Giai 

Gia sir hai hinh chu nhat ABCD va A'B'CD' c6 AB = A'B' va BC = B'C’. 

Goi O, O' theo thu tu la tarn cua hai hinh chu nhat ABCD va A'B'CD'. 
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la c 6: 

AABC = VYB’C => ton tat mot phep doi hinh f de AA'B'C = f(AABC) 

=> A’O' = RAO) => I)' = RD) 

Vay, ta dirge: 

A'B'CD' = f( ABCD) hai hinh dm nhat ABCD va A'B'CD' bang nhau. 

Vi du 3: Hinh H, gom ba duong tron (O, : r,), (0 2 ; r,). (O,; r,) d6i m6t tiep xuc 
ngoai vbi nhau. Hinh H 2 gom ba duemg tron (I, ; r,), (I 2 ; r 2 ), (I, ; r,) doi mot tiep 
xuc ngoai veri nhau. Chung to rang hai hinh H, va H 2 bang nhau. 

Gidi 

Xet hai tam giac 0,0,0, va 1,1,1,, ta co: 

0,0, — r, + r, = I, I,, 

0 2 0, — r, + r, = 1,1,, 

0,0, = r, + r, = 1,1,, 


suv ra: 

A0,0 2 0, = AI,I,I, (c.c.c) 

=> t6n tai m6t phep doi hinh f db A0,0 2 0, = f(Al,I 2 I,) => (H,) = f(H 2 ) 

Vay, hai hinh H, va H 2 bang nhau. 

.Vi du 4; Cho hai hinh binh hanh. Hay ve m6t duemg thang chia m6i hinh 
binh hanh do thanh hai hinh bang nhau. 


Gidi 


Do chinh la duong thang di qua hai tarn cua hai hinh binh hanh. 

Vi du 5: Trong mat phang toa do Oxy, cho hai parabol (P) va (F) lan luot co 
phuong trinh y = ax 2 va y = ax 2 + bx + c (a * 0). Churng minh rang hai parabol 
do bang nhau. 

Gidi 

Vi£t lai phuong trinh parabol (P) duoi dang: 


= ax 2 + bx + c = a 


+ 2x.— + 
2a 


b : 1 

b 2 

__ 4 . p — 

r b^ 

Y 4- _ 

b 2 - 4ac 

4a : y 

- TV — 

4a 

A i 

l 2a J 

4a 


<=> y + 


_A_ 

4a 




Nhu vay, t6n tai phep tinh tie’n T theo vecto v (-; 

2a 


Vay, hai parabol (P) va (F) bang nhau. 


— )d^(P) = T(P). 
4a 


BAI TAP NGHI 

Bai 1. Theo dinh nghla tong quat v6 su bang nhau cua hai hinh, hay churng 
minh rang: 

a. Hai doan thang co d6 dai bang nhau thi bang nhau. 

b. Hai goc co cung s 6 do thi bang nhau. 

c. Hai duemg tron co ban kinh bang nhau thi bang nhau. 


59 



Bai'2. Cho hai hinh binh hanh. Churng minh rang ducrng thang di qua hai tain 
cua hai hinh binh hanh se chia mbi hinh binh hanh do thanh hai hinh bang nhau. 
Bai 3. Da giac l6i n canh goi Ik n-giac d£u neu tat ca cac canh cua no bang 
nhau. Churng to rang hai n-giac dbu bang nhau khi va chi khi chung co canh 
bang nhau. 

Bai 4. Trong mat phang toa db Oxy, cho hai parabol (P) va (F) lan lucrt co 


13 i 

phucmg trinh y = f(x) = --x 2 -x + - vk y = g(x) = — x 2 + 4. Churng minh 

2 2 2 


rang hai parabol db bang nhau. 

Bai 5. Trong mat phang toa db Oxy, goi (C) va (C) lin lucrt la d6 thi cua cac 
ham s 6 y = f(x) = x 3 + 3x + 1 va y = g(x) = x 1 - 3x 2 + 6x - 1. Churng minh rang 
hai hinh (C) va (C) bang nhau. 

Bai 6. Trong mat phang toa db Oxy, goi (C) va (C) lan lucrt la db thi cua cac 

x* x 2 + 17x + 70 

ham s 6 y = f(x) = - va y = g(x) = -. Churng minh rang hai 


• x -2 

hinh (C) va (C) bang nhau. 


x + 6 


CHU Dli 7 

PHEP VI TV 

• • 


I. KI^N THtTC CO BAN 

1. DINHNGHlA 

Dinh nghia: Cho mdt diem O codinh va mot so k khotig doi k * 0. Phep bien hinh 

bieh mdi diem M thanh diem M’ sao cho OM’ = kOM duac goi la 
phep vi tiftam O, ti so k. 

hibu la V, 1 ; hoac V (0 k) . 

2. cactinhchXtcuaphepvitV 


Dinh U1: Neu phep vi tuti sb'k bien hai diem M va N thanh hai diim M’ va N’ thi: 
NTN 1 = kMN va M’N’ = Ik I MN. 


Dinh U 2: Phep vi tu bien ba diem thdng hang thanh ba diem thang hang va 
khong lam thay doi tlu'f tu cua ba diem thdng hang do. 


Hi qua: Phep vj tu vj tu ti s 6 k: 

■ Bien dudng thdng thdng ducrng thdng song song (hodc ti ling) v&i ducrng 
thdng do. 

* Bien tia thanh tia. 

■ Bien doan thdng thanh doqn thdng va do ddi ducrc nhan len v&i | k I. 

• Bien tarn giac thdnli tarn giac dong dang v&i ti so dong dang Id I k I. 

■ Bien goc thanh goc bang no. 
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3. ANH CUA DU©NG TRON QUA PIIEP VI TlS 

Dinh li 3: Phep vi tir ti .so k him (lifting Iron ban kinh R thanh ihto'tng Iron co ban 
kinli ! k ! R. 


4. TAM VI Tl/CUA HAI DlfONG IKON 


Cho hai duemg tron (I,: R,) va (I 2 : R : ) vcri R, * R 2 . Co hai phep vi tu V, k va 
V ( k , bien (I,; R,) thanh (I,; R,). 

Hai tain vi tu O,, O, va ti so k cluoc xac dinh nhir sau: 


k = ± 


R, 

R, 


(k > 0 thi gpi la lam vi tu ngoai, k < 0 thi goi la tMi v| tu trong). 


O,, O, a tren duong thang 1,1, va < ~U 2 = ---4 = k. 

0 , 1 , 0 2 1 , 


II. CAC DANG TOAN LlfeN QDAN 

Bal loan 1: Tun phep vi tir bien hinh (H,) thanh (H 2 ). 

PHUONG PHAP CHUNG 

Sti dung djnh nghla va tinh chat cua phep vi tu. 

Vi du 1; Cac phep sau day co phai la phep v| tu khong: Riep doi xirng tarn, phep 

doi xung true, phep d6ng nhat, phep tinh tien theo vecto khac 0 ? 

Gidi 

a. Phep ddi xurng tam co la phep vj tu. 

b. Phep doi xung true khdng la phep vj tu. 

c. Phep d6ng nh£t co la phep vi tu. 

d. Phep tinh tien theo vecto khac 0 khdng la phep vj tur. 

Vi du 2: Cho hinh thang ABCD co cac day CD = 3AB. Hay xac djnh cac 

phep vj tu bien AB thanh DC ; bjen AB thanh CD . 

Gidi 

a. Goi 1 la giao dig’m cua AD va BC, khi do: 

V, 3 (AB ) = DC . 

b. Goi O la giao difim cua AC va BD, khi do: 

V ( y (AB)= CD. 

VUULil Xac djnh tam vj tu trong va tam vj tu ngoai cua hai duemg tron trong 
cac trudng hop sau: 

a. Hai duemg tron ti£p xuc ngoai vcri nhau. 

b. Hai duemg tron tiep xuc trong vdi nhau. 

c. M6t duong tron chua duemg tron kia. 

Gidi 
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a. Hai dudng tron (I; R) va (I’; R’) tie'p xuc ngoai vcri nhau, ta xet: 

Trudng hap I : Ne'u R = R’ thi k = ±1. 

Khi do, tam vj tu O thoa man: 

OI' = kOI => k chi co thd bang -1 

=> O (tam vj tir trong) la trung didm cua II' (chinh la tie'p didm cua hai 
dudng tr6n) 

Trifting hap 2: Neu R * R' thi ta co the xac dinh cac phep vj tu sau: 

■ Lay A'B’ la mdt dudng kinh cua dudng tron 
(F; R') va IA la mdt ban kmh cua (I; R) sao 

cho hai vecto IA va F A' cung hudmg. 

■ Ducmg thing IF cat AA' va AB’ lin luot tai 
O, (tam vi tu ngoai) va 0 2 (tam vi tu trong 
va 0 2 trung vdi tie'p die’m). 

b. Hai ducmg tron (I; R) va (I‘; R’) tie'p xuc trong vdri nhau (R * R’), ta co the’ 
xac djnh cac phep vi tu sau: 

■ Lay A'B’ la m6t ducmg kinh cua ducmg tron (F; 

R') va IA la m6t ban kinh cua (I; R) sao cho hai 

vecto IA va I' A’ cung hucmg. 

■ Ducmg thing IF cat AA’ va AB' lin luot tai O, 

(tam vi tu ngoai) vi 0 2 (tam vi tu trong). 

c. Ducmg tron (I; R) nim trong dudng tron (F; R'), ta xet: 

Trudng hap 1: Ne'u I = I' thi khi d6 tam vi tu O trung vdri di^m I. 

Viy, ta co hai phdp vi tu: 




Phdp vi tu V,(I; k,) vdi k, 
M thanh diem M',). 


E 

R 

R’ 


R 


(bie'n die’m 


(bie'n di^m 



■ Phep vi tu V 2 (I; k 2 ) vdi k 2 = 

M thanh die’m M’ 2 ). 

Trudng hap 2: Ne'u I khdng trung vdi F thi ta cd the’ xic dinh cac phep vj tu sau: 

■ Liy A’B' la mdt dudng kmh cua ducmg trdn (F; R') va IA li mdt bin kmh 


cua (I; R) sao cho hai vecto IA va I' A' cung hudng. 

■ Dudng thing II’ cit AA' va AB' lin luot tai O, (tam vj tu ngoii) vi 0 2 
(tam vj tu trong). 

V idnii Goi F la phep bie'n hinh cd tfnh chit sau: Vdi moi cap die’m M, N va 

anh M', N' cua chung, ta ludn cd M' N' = k MN , trong do k la mdt s6 khdng ddi 
khac 0. Hay chumg minh ring F la phep tfnh tie'n hoac phep vj tu. 
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(iiiii 

Xet hai truOng hop: 

Tufting lu/p I : Non k = I tin: 

M'N = MN => MNN’M la hinh binh hanh => MM' = NN' 

suv ra M', N' then thir tu la anh cua M, N trong phep tinh tien theo vectct v = MM'. 
Vay, trong trucmg hop nay I la mot phep tinh tien. 

Tufting lu/p /: Neu k * 1 thi tir thing thtic M'N’ = k MN suy ra: 

MN // M'N' va MN * M'N' nen MM' n NN' = |0|. N' 

Tir do, ta nhan dupe: 

OM’ ON' MM 
OM ~ ON NN' 

=> OM' = kOM va 
suy ra M', N’ theo thir tu la tinh cita M, N trong phep vi tir tarn O ti so k. 

Bai toan 2: Chung minh tinh chat hinh hoc. 

PHDONG PHAP CHUNG 

1. Vcri bai toan dinh tinh, ta thuefng gap cac dang y6u cdu sau: 

Dang 1: Chung minh (H, ) la anh ciia (H 2 ) qua phep vi tu V,^ , ta thuc hien 
theo cac bude: 

Buck I: Lay diem M, tuy y thu6c (H,), ta di chirng minh 
M 3 = V ( k , (M,) e (H 2 ). 

Bu&c 2: Ngupc lai, lay diem M 2 tuy y thu6c (H 2 ), ta di chirng 
minh M, = V ( k (M 2 ) e (H,). 

Dang 2: Chung minh tinh chat K, ta thuc hien theo cac bude: 

Bade l: Xac dinh mot hoac nhieu phep vi tu de’ thie't lap md'i 
lien ke't giCra cac ye'u td. 

Bu&c 2: Sir dung cac tmh chat cita phep vi tu de’ giai cac y6u 
c5u cua bai toan. 

2. Vcri bai toan dinh lupng, bang viec thie't lap dupe cac phep v| tu thfch hop, ta 
co the’ tinh toan dupe cac ye'u t<5 trong mdt hinh. 

Vi du 1: Cho hai ducrng tron (O) va (O’) co ban ktnh khac nhau, tie'p xuc 
ngoai vdi (O) va (O') l^n lupt tai B va C. Chirng minh rang ducrng thang BC ludn 
di qua mdt diem cd dinh. 

Gidi 

♦ 

Gia sir ducrng thang BC cat (O), (O') va OO' theo thu tu tai A, A’ va I. 
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Vi C tarn ti cu trong cua (O') va (O") n6n: 
CA' R' CO’ 


CB R" CO" 


=> O'A' // BO" 


<=> O'A' // OB ^ 


JB _ _OB^ _ R^ 
IA' O'A' R' 






=> I la tam ti cu ngoai cua hai ducmg 
tron (O; R) va (O'; R'). 

Vay, ducmg thang BC lu6n di qua m6t didm c 6 dinh la tam ti cu ngoai cua 
hai ducmg tron (O; R) va (O'; R'). 

Vi do 2; Cho ducmg tron (O; R) ducmg kinh AB. Mdt ducmg tron (O') tiep 
xuc vdfi (O) va doan AB l£n luot tai C, D, cat ducmg thang CD tai (O; R) tai 
I. Ttnh dd dai cac doan thang AI va BI. 

Giai 
Ta co: 

• C la tam vi tu ducmg cua hai dudng trdn (O) ^-\ 

va (O'). . \ 

■ De(O'), Ig(O) va ba diem C, D, I thang hang. Ajax) ^ \ 

Do d6 thuc hign phep vj tu tam C, ti s6 ^ (vdi Dy" j 

R' la ban kinh cua (O')), ta co: \. \ J 

: Oi-> O', 1D => OI // O'D => 01 J. AB 1 

=> I la trung di&n cua cung AB => AI = BI. 

Khi d6: 

ai = bi=^2 = ^= rV2. 

V2 V2 


Bai toan 3: Tun tap hop difim M. 


PHl/ONG PHAP CHUNG 
Ta thuc hifin theo cac bude: 

Bitac l: Tim mdt phep vj tu V,‘, bi£n difim E di d6ng thanh diem M . 

Bitcrc 2: Tim tap hop (H) cua cac die’m E. 

Bucfc 3: K6t luan tap hop cac die’m M la anh cua (H) trong phep vi tu V,‘. 

V i dull Cho hai diem A va dudng thang d c 6 djnh. M la die’m di ddng tr6n 
d, tim tap hop trung diem cua doan AM. 

Giai 

H(A,~ ) 

Goi P la trung die’m cua doan AM, ta co M h-» P . 

Tap hop cac die’m M la dudng thang d. vay tap hop c£c die’m P la ducmg 

thang d' anh cua d trong ac(A, ^). 
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Vi du 2: lien dubng non (C; tain O ban kinh R, cho hai diem co'djnh A, B 

\ a mot diem M di dong. Inn tap hop trong tarn G cua tarn giac ABM. 

Gidi 

Goi I la trung diem cua AB. ta co: 

no \ 

M i—> G. 


Suy ra tap hop cac diem G la anh (C) cua (C) trong - ). 

Dung (C): 

• Dtrng O' sao cho 3 id’ = 10 

• (C) la dudng tron lam O’ ban kinh — . 

Vi du 3: Cho cl iron g tron (O ; R) va diem A cd dinh. Mot day cung BC tha\ 
doi cua (O ; R) cd do dai khdng ddi NC = m. Tim quy tich cac diem G sao chc 

GA +GB+GC = 6. 


Gidi 

Tirdidu kien: 


GA + GB + GC = 0 
suy ra-G la trong tain A ABC. 

Goi M la trung diem canh BC thi OM 1 BC. 

Trong AOMC ta co: 

OM 2 = OC 2 - MC 2 = R 2 - d 2 

=> OM = n/r 2 -d 2 . 

Vay tap hop diem M la dudng tron (y) tarn O ban 
kinh VR 2 -d 2 . 

Vi = = - nen V‘ n (M) = G 
AM 3 



Suy ra tap hop cac diein G la dudng tron (C) vdri (C) = [(y)]. 

vi d aii Cho dudng tron (O) cd dudng kinh AB. Goi C ia didm ddi xung vdi 
A qua B va PQ la dudng kinh thay ddi cua (O) khac dudng kinh AB. Dudng 
thang CQ cat PA va PB lan luot tai M va N. 

a. Chung minh rang Q la trung didm cua CM, N la trung didm cua CQ. 

b. Tim quy tfch cac didm M va N khi dudng kinh PQ thay d6i. 

Gidi 


a. Ta co: 


I PB 1QB AP jjj trung binh cua AACM 

[PB1AP 


=> Q la trung diem cua CM. 


6t 




Ta co: 

=> BN // AQ => BN la duong trung binh cua AACQ 

=> N la trung die’m cua CQ. 

3. Ta l£n luqt tha'y: 

■ Vdi diem M thi: 

CM = 2CQ =>M= V<?(Q) 

va viQ e (0)n6n M e (0,)= V^((0)). A 
• Vori die’m N thl: 


a 


CN = ~ CQ => N = V<2 (Q) M 


va vi Q e (O) n6n N € (0 2 ) = V<? ((O)). 


Bai toan 4: Dung hinh. 


PHLTONG PHAP CHUNG 
Ta ludn thuc hien theo 4 budc da biet. 

Mali Cho hai ducmg tron (O) va (O') cat nhau tai A va B. Hay dung qua A m6t 

lucmg thang d cat (O) a M va cat (O') a N sao cho M la trung diem cua AN. 

’-■« • »• 

jiai 

°han rich: Gia sir da dung duqc duong thang d cat (O) a M va cat (O') a N sao 

AN 

:ho M la trung die’m cua AN, goi k =- = 2. Thuc hien ph£p vi tu V tarn A, 

AM 

i s6 k = 2 thi N = V(M). 

~ach dung: Ta I5n luqt thuc hien: 

- Dung(O") = V(O), khi do(O")n(O’) = {N). /''' X 

- Ntfi AN cat (O) tai M. / f /\V \ 

AN la ducmg thang d phai dung / V ° \mX \ ° J 

Chvtng minh: Ta c6 ngay M, N theo thu tu thuOc • ! J 

Judng tr6n (O) va (O’), ngoai ra: \ B 

N = V(M)=> AN =2 AM 

=> M la trung die’m cua AN. '' -- 

3ien htan: Vi (O") cat (O’) tai duy nha't m6t die’m N nen bai toan chi c6 mOt 
lghiem hinh. 

Mill Cho hai ducmg tron (O) va (O’) cat nhau tai A va B. Hay dung qua A 
n6t ducmg thang d cat (O) o M va cat (O') 6 N sao cho M la trung die’m cua AN. 

ri • f • 

jiai 

3. Phan rich: Gia su da dung duqc ducmg thang d cat (O) d M va cat (O’) 6 N 

AN 

;ao cho M la trung die’m cua AN, goi k =- = 2. Thuc hien ph£p vi tu V tarn 

AM 

\, ti s6 k =2 thi N = V(M). 
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o 


i\ Cdcli difn t i>: l a Ian Inert thife hien: 

- Dung ( O’’ ) = V(O), khi do (O' ) n (O’ ) = ( N ). ^ —"N 

N6i AN cat (O) tai M. / f /\\\ \ 

AN la ductng thang d phai dung . V V mX J 

d. Cluing minh: Ta co ngay M, N theo thu tu V 

thuoc ductng trbn (O) va (O'), ngoai ra: \ /n 

—. —. 

N = V(M) => AN = 2 AM _.X 

=> M la trung diem cua AN. 

e. Bien hum : Vi (O") cat (O’) tai duy nhat mbt dib’m N nen bai toan chi co mbt 
nghiem hinh. 

V» du 3: Dung hinh vubng nbi tiep trong mbt tam giac cho trubc (hinh vubng 
noi itep tam giac la hinh vuong co hai dinh a trbn mbt canh, hai dinh con lai a 
trbn hai canh con lai ctia tam giac) ^ 

Gidi A. 

Phan tich : Gia sir da dung dupe hinh vuong MNPQ / V\ 

MN M / / \\ n 

nbi tiep trong am giac ABC cho trubc. Goi k =-. j j V \ 

BC / j \ \ 

Thuc hibn phep vi tu tam A, ti so k thi hinh vubng D / / \ 

MNPQ se bien thanh hinh vubng BCDE. Suy ra A, P, JO pT ^ 

D thang hang va A, Q, E thang hang. / \ 

Cach dung : Ta l£n lupt thuc hibn: / \ 

Dung hinh vubng BCDE sao cho BCDE \h \ 

ABC nam a hai bbn cua ductng thang BC. j \ 

AD cat canh BC tai P; AE cat canh BC tai Q g-^ 

Dung ductng thang qua P, song song vbi BC cat canh AC tai N 
Dung ductng thang qua N, song song vbi BC cat canh AB tai M 
Thi MNPQ la hinh vubng phai dung 

Cluing minh: Theo each dung ta co tu giac MNPQ nbi tibp trong tam giac ABC. 
s Ap dung dinh ly Talet, ta cb: 

AM AN AP AQ . 


do do: 


: MNPQt-> BCDE 

ma BCDE la hinh vubng nbn MNPQ la hinh vubng 

Bien hidn: Ta lubn chi cb mbt hinh vubng BCDE b khac phai cua tam giac ABC 
dbi vdri dubng thang BC nbn lubn cb chi mbt dib’m P va chi mbt dib’m Q a trbn 
canh BC. 

Vay bai toan cb mbt va chi mbt nghibm hinh. 
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BAI TAP d£ NGHI 


Bai 1. Clc khing djnh sau day c6 dung khdng? 

a. Phep vj tu ludn co did’m bat ddng (tire la diem bid'n thanh chfnh no). 

b. Phep vi tu khdng c6 the co qua mdt did’m bit ddng. 

c. Nd'u phep vi tu co hai did’m bat ddng phan biet thi moi diem ddu bat 
ddng. 

Bai 2. Vdi AABC co hai dinh B, C cd' djnh con dinh A chay trdn dudng tron 
(O; R) cd dinh khdng c6 did’m chung vdi dudng thing BC. Chiing to rang trong 
tarn G cua AABC la dudng tr6n (O’; R’) la anh cua dudng tron (O; R) tarn I (I la 

trung did’m cua BC) ti sd' k = ^. 


Bai 3. Vdri AABC co trong tarn G, true tarn H va tarn dudng tron ngoai tidp O. 
Chiing minh rang ba didm G, H, O thang hang (dupe goi la dudng thang O-ie). 
Bai 4. Cho hinh thang ABCD co cac day CD = 3AB. Hay xlc dinh phep vi tu 
bid'n AB thanh CD . 

Bai 5. Cho hai dudng tron (O) va (O,) co ban kfnh lan lupt la R va 3R tid'p xuc 
trong vdi nhau tai A. Nd'u (O) bid'n thanh (O,) trong phep vi tu tarn A thi ti so vi 
tu la bao nhidu? 

Bai 6. Cho dudng trdn (O) va m6t did’m I a ngoai hinh tron (O). Goi (O') la anh 
cua (O) trong 3K(I,k), k^l. Chung minh rang I la giao didm cac tidp tuydn 
chung cua hai duemg tron (O) va (O'). 

Bai 7. Cho hai didm B, C c6 dinh thuPc dudng tron (O.R) vk didm A chay trdn 
dudng trdn nay. Chiing minh rang trong tam G cua AABC nam trdn mdt dudng 
trdn. Xac dinh tam va ban kinh cua dudng trdn nay. 

Bai 8. Trdn canh BC cua AABC, lay hai didm M, N sao cho BM = CN. Qua M 
va N ldn lupt ve ede dudng thang song song vdi AB, AC. Chiing minh giao 
didm cua hai dudng thing nay nam trdn trung tuydn qua A cua AABC. 

Bai 9. Cho AABC va mdt dudng thing song song vdi BC clt cac canh AB, AC lan 
lupt tai M va N. Chung minh ring cac dudng trdn (AMN) va (ABC) tidp xuc nhau. 

Bai 10. Cho AABC cd A', B', C lln lupt la trung didm cac canh BC, CA, AB. 
Goi A'x, B'y, C'z theo thti tu ia clc dudng thing song song vdi cac dudng phan 
giic trong cua clc g6c A, B, C trong tam gilc ABC. Chiing minh ring A'x, B'y, 
Cz ddng quy. 

Bli 11. Cho ba dudng trdn (O,), (0 2 ), (O,) ddi mdt tidp xuc ngoli tai A, B, C. 
day AC kdo dli cua (O,) gap (O,) tai A,, ve dudng kfnh A,A 2 cua (O,). Chiing 
minh ring A, B, A 2 thing hlng. 

Bli 12. Cho tii gilc ABCD cd I va J lln lupt ia trung didm cua hai canh ddi AB va 
CD. Goi M, N ia trung didm cua clc dudng chdo cua tii gilc AIJD; P, Q 11 trung 
didm clc dudng chdo cua tii gilc BUC. Chiing minh ring: hole 4 did’m M, N, P, Q 
cling nlm trdn mdt dudng thing hole chiing tao thlnh mdt hinh binh hanh. 
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Bai 13. M. N. I’ la trung diem ha canh BC, CA, AB cua tam giac ABC; H, G. O 
Idn I ire tt la true tain, trong tarn va tam dudng trong ngoai tiep cua tam giac ABC, 
I la tam dudng tron (MNP). 

a. Chung mirth tam giac MNI 5 la anh cua tam giac ABC trong phep vj tu 

1 , , 

tam Ci, ti so - - . Tu do suy ra 4 diem O, G, I, H thang hang va I la trung 

die’m doan OH. 


b. Chung minh rang phep vj tu tam H, ti so ^ bien duong trong (ABC) 


thanh dudng tron (MNP). Tueg do suy ra, trong mdt tam giac, trung di6m 
3 earth, chan 3 duong cao va trung didm cac doan ndi true tam vdi 3 dinh 
la 9 diem cung d tren mot duong tron. 

Bai 14. Cho dudng tron (O) va mdt diem P co dinh. Mot cat tuyen di dong qua P cat 
(O) tai M va N. Got I la trung diem cua MN. Tim tap hop cac trung diem cua IP. 

Bai 15. Cho hai dudng tron (O) va (O’) tiep xuc nhau tai A. Dudng kinh ve tu A 
gap (O) tai B va (O’) tai C. Mdt ducrng thang di ddng qua A gap (O) tai M va 
(O') tai N. Tim tap giao diem I cua BN va CM. 

Bai 16. Cho ducrng tron (O, R) va mdt di^m I cd dinh vdi OI = 2R; M la die’m di 
ddng tren (O), Phan giac cua goc IOM cat IM tai M,. Tim tap horp cac die’m M,. 


Bai 17. Cho tu giac ABCD co A, B, C co ding va D di ddng sao cho AD = 1 (1>0) 

a. Tim tap hop trung diem I cua ducrng cheo BD. 

b. Tim tap hop cac trung di£m M cua doan ndi trung di6m hai ducrng cheo 
AC va BD 


Bai 18. Cho hinh thang ABCD (AB//CD) co A, B ctf dinh, C, D di dOng sao cho 
AD = a, CD = b (a, b la hang s 6 duong). Dat AB = d, cac ducrng cheo cat nhau tai I. 

a. Tim tap h<^) c£c di£m C 

b. Tim tap hop cac diem I 

Bai 19. Cho dufmg tron (O) va m6t die’m A o goai duemg iron. Tu A ke m6t ti£p 
tuye'n AB cua mot ducrng tron (B la tie'p diem) va m6t cat tuye'n di d6ng AMN. 
Tim tap hop trong tam G cua tam giac BMN. 

Bai 20. Cho AABC va m6t diem O. Dung anh cua AABC qua phdp vj tu tam O 
vdti ti s6: 

a. k = 1. b. k = 2. c. k = -1. 

Bai 21. Dimg hinh vudng n6i tie'p trong m6t tam giac cho trude. (Hinh vudng 
ndi tie'p trong tam giac la hinh vudng c6 hai dinh nam tr6n mdt canh, hai dinh 
c6n lai nam tr6n hai canh c6n lai). 

Bai 22. Dimg dudng tron qua diem A cho trude, tie'p xiic vdi hai dudng thang 
Ox va Oy cho trude. (Die’m A khdng d tr6n Ox hay Oy). 

Bai 23. Cho gdc nhon xOy va mdt diem A d trong gdc dd. Hay dimg mdt dudng 
trdn di qua A va tie'p xuc vdi hai tia Ox va Oy. 

Bai 24. Cho AABC nhon. Dimg hinh vudng cd hai dinh nam trdn canh day BC 
va hai dinh con lai nam tren hai canh AB va AC (goi hinh vudng ndi tie'p mdt 
tam giac cho trude). 
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Bai 25. Trong mdt dudng mat phang da cho, hay dung mdt day cung sao cho 
cic giao di&n cau nd vdi ban kmh cho trudc khdng nam trdn mdt dudng thang, 
chia n 6 thttnh ba doan thang bang nhau. 

B^i 26. Dung tarn gi£c ABC bid't A = a va dd dai trung tuydh BM = m, CN = n. 

„ AB 

Bai 27. Dung tarn giac ABC bid't A = a, — = k va dd dai trung tuyd'n AM = 

AC 

m (a, k, m cho trudc). 

Bai 28. Dung dudng trdn (O) qua A cho trudc va tid'p xuc vdi hai dudng thang 
cat nhau (d,), (cy cho trudc. 

Bai 29. Cho hai dudng trdn cat nhau (O) va (O'). Goi A la mdt giao difi’m. Hay dung 
tndt dudng thang qua A cat (O) tai M va (O') tai N sao cho AM = 2AN. 

Bai 30. Cho dudng trdn (O) va dudng thang (d) khdng cd di£m chung vdi (O), A 
la mQt difi’m trftn (d). Hay dung dudng trdn (y) tid'p xuc vdi (O) va tifi'p xuc vdi 
(d) tai A. 

CHU Dli 8 

PHEP ex5ng DANG 

i. ki£n THtrc co bAn 

1. DINH NGHlA PHBP B<5nG DANG 

Dinh rtghia 1: Phep bi/n hinh F goi la phep ddng dang ti sd k (k > 0) neu vdi 
hai diem M va N bat ki vd anh M' va N' cua chung ta ludn co 
M'lST = kMN. 

Dinh U: Moi phep ddng dang F ti sd k (k > 0) deu Id hop thanh cua mdt phep vi 
tuV ti sdk vd mdt phep ddi hinh D. 

Hi qud: Phep ddng dang ti s<5'k: 

■ Biih ba di/m thing hdng thdnh ba di/m thing hdng vd khdng lam thay doi 
thvetucua ba di/m thing hdng dd. 

■ Bi/n dudng thing thdng dudng thing, bi/n tia thdnh tia. 

• Bi/n doan thing thdnh doan thing vd dd ddi duoc nhan lin vdi k. 

• Bi/n tarn gidc thdnh tarn gidc ddng dang vdi ti sd'k. 

■ Bi/n dudng trdn cd bdn ktnh R thdnh dudng trdn cd bdn kinh kR. 

• Bi/n gdc thdnh gdc bing nd. 

2. HAI HtNH E)6 nG DANG 

Dinh nghla 2: Hai hinh goi la ddng dang vdi nhau n/u cd phep ddng dang bi/n 
hinh nay thdnh hinh kia. 
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II. CAC DANG TOAN I II N QUAN 


Bai loan 1: 'Pun phep dong dang bien hinh (H,) thanh (H,). 


PlftfONG PIIAP CHUNG 
l a thubng thuc hien then cac buirc sau: 

Budc I: Inn mot phep dbi hinh D bien hinh (H,) thanh ( H, *). 

Budc 2: dim mot phep vi tu V bien hinh ( H ,’) thanh (H 2 ). 

Budc J: Ket luan: tbn tai phep dong dang F la hop thanh cua phep vi tu V 
va phep dbi hinh D. 

Vi' du 1: Chung to rang cac da giac deu cb cung so canh thi dong dang vcri nhau. 
Gidi 

Goi P, va P, la hai da giac deu co cung so canh, ta thuc hibn: 

• Phep quay bien P, thanh P,’ co canh song song voi canh cua P 2 . 

• Khi flo, se ton tai mot phep vi tu bien P,’ thanh P 2 . 

Tir do, theo dinh If tren thi t6n tai mot phep dbng dang bien P, thanh P 2 ner 
P, dong dang vcri P 2 . 

vUi i2i Cho AABC vuong tai A, AH la ducmg cao ke tir A. Tim mbt phej 

d6ng dang bien AHBA thanh AABC. 

Gidi 

Nh$n xet rang: 

BA 


AHBA AABC va dat k = 


BC 



tu ao, ta at xay aung pnep aong aang r g HA' C 

bi£n AHBA thanh AABC bang each: 

■ Goi Bx la tia phan giac cua goc B, thuc hifin phep d6i xihig true Bx, u 
duoc: 

D Bx (AHBA) = AHBA' 

BC 

• Thuc hifin phep vi tu tarn B ti s6 — thi: 

• . BA 

BC 

V b ba (AH BA') = AABC. 


Bai loan 2: Chumg minh tfnh chat hinh hoc. __ 

PHlfONG PHAP CHUNG 

1. Vcti bai toan djnh tfnh, ta thucrng gap cac dang yfiu cau sau: 

Dang 1: Chung minh (H,) la anh cua (H 2 ) qua phep d6ng dang D, ta thu 
hifin theo cac buctc: 

Budc 1: Lay di£m M, tuy ^ thude (H,), ta di chuang mini 
M 2 = D(M,)6(H 2 ). 

Budc 2: 'Nguqc lai, la'y di^m M 2 tuy y thu6c (H 2 ), ta di chihi] 
minh M, = D(M 2 ) e (H,). 
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Dang 2: Chung minh tfnh chat K, ta thuc hidn theo cac bucfc: 

Budc 1: Xac dinh mdt phep ddng dang dd thiet lap mdi lien ket 
giura cac ydu to. 

Bu&c 2: Sir dung cac tfnh chat cua phep d6ng dang dd’ giai cac 
ydu cdu cua bai toan. 

2. Vcri bai toan dinh lucrng, bang viec thidt lap dirqc phep d6ng dang thfch hop, 
ta co thd tfnh toan duoc cac ydu t6' trong mdt hlnh. 


Vi du 1: Chtmg to rang ndu phep d6ng dang F bidn AABC thanh AA'B’C' thi 
trong tarn, true tarn, tarn duemg tron ngoai tidp AABC ldn luot bie'n thanh trong 
tam, true tam, tam duemg tron ngoai tidp AABC. 

Giai 

a. Goi M la trung didm cua doan BC va G la trong tam AABC. Gia su: 

F(M) = M' va F(G) = G'. 

Tit hd qua, ta suy ra: 

M' ia trung didm cua B C' => A'M' la trung tuydn. (1) 


Tir (1) va (2) suy ra G' ia trong tam AA'B'C'. 

b. Goi AA„ BB, ia hai dudng cao cua AABC va H ia true tam AABC. Gia su: 

F(B,.) = B,\ F(A,) = A,' va F(H) = H'. ' 

■ Tir tfnh chit cua phdp d6ng dang, ta suy ra: 

H' = A,A,' n B|B,'. (3) 

■ Tir tfnh chat bao toan dd 1dm gdc cua phdp d6ng dang, ta suy ra: 

A|A,\ B,B,’ ia ede duemg cao cua AA'B'C. (4) 

Tir (3) va (4) suy ra H' la true tam AA'B’C'. 

c. Ta l£n luqt xdt: 

■ Goi O ia tam duemg trdn ngoai tidp AABC. Gia sir: 

F(0) = O'. 

Tir tfnh chat ti id vd dd dai giiia hai hai doan thang, ta suy ra: 

O'A’ = OB' = O’C bdi OA = OB = OC. 

Vay, didm O ia tam duimg trdn ngoai tidp AA'B’C. 

Vi du 2: Chirng to rang ede da gidc ddu c6 cilng sd canh thi d6ng dang vdii nhau. 
Giai 

Goi P, va P 2 ia hai da giac ddu cd ciing sd canh, ta thuc hidn: 

• Phdp quay bidn P, thanh P,’ cd canh song song vdri canh cua P 2 . 

■ Khi dd, se tdn tai mdt phdp vi tu bidn P,’ thanh P 2 . 

Tir dd, theo dinh If trdri thi tdn tai mdt phdp ddng dang bidn P, thanh P 2 ndn 
P, ddng dang vdi P 2 . 
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Vi du 3: Clio hinh chir nliat ABCD, AC va BD cat nhau tai 1. Goi H, K. L va J 
lan 1 inn la trung diem aia AD, BC, KC va IC. Chunig minh hai hinh thang JLKI 
va III DC dong dang vdi nhau. 


Giiii 


Nhan xet rang: 

■ Vdi phep ddi xung tain I. ta co: 
D|(IHDC) = IK BA. 


Vdi phep vi tir tam C ti so —, ta co: 



C 

L 

K 

B 


V c ? (IKBA) = JLKI. 

Tu do, suy ra: 

i l 

JLKI = V c 2 (IKBA) = V c 2 (D,(IHDC)) 
do do, hai hinh thang JLKI va IHDC ddng dang vdi nhau theo ti sd ^. 


Bai toan 3: Dung hinh. 

PHIT0NG PHAP CHUNG 
Ta thudng thuc hien theo 4 budc da bidt. 

A A 

Vi du 1: Dung AABC neu bidt hai gdc B = (3, C = y va mOt trong cac yeu t6' sau: 

a. Dudng cao AH = h. 

b. Dudng trung tuydn AM = m. 

c. Ban ki'nh R cua dudng tron ngoai tidp. 

Giai 

Dung AAoBnQ, co Bo = p, Co = y. 

a. Gia su AA^C,, co dudng cao A (1 H (I = h,,, khi do thuc hidn phep ddng dang 
F, ti sd k, = — ta se duoc: 

h () 

F,(AA <) B () q,) = AABC. 

b. Gia sir AA ( ,B,,C 0 co dudng trung tuydn A (f M 0 = m 0 , khi do thuc hidn phep 

ddng dang F 2 ti sd' k 2 = — ta se duoc: 

m 0 

F 2 (AA () B 0 C 0 ) = AABC. 

c. Gia sir AA^C,, co ban kfnh dudng tron ngoai tid'p R 0 , khi do thuc hidn phep 

£ 

ddng dang F, ti sd k, = — ta se duoc: 

R(i 

FTAAdBoQ,) = AABC. 
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V( du 2: Cho hinh chtr nhat ABCD. Goi O la tarn d6i xirng cua no. Goi 1, F, J, 
E lin luot la trung di£m cua c£c canh AB. BC, CD. DA. Tim anh cua AAEO qua 
phep dong dang c6 duoc tir vide thuc hi£n lien ti£p phep d6'i xumg qua dubmg 
thing IJ va phep vj tu tarn B, ti s6' 2. 

Gidi 

A 

Nhan xet ring: 

■ Vcri phep d6'i xtirng qua ducmg thing IJ, t^ 
duoc: ^ 

D,j(A) = B; D,j(E) = F; D^O) = O 
do do Du(AAEO) = ABFO. 

• Vcri phep vi tu tam B ti s6' 2, ta duoc: 

V|(B) = B; Vg (F) = C; V*(0) = D 
dodo Vg (ABFO) = ABCD. 



Vi du 3; Cho AABC. Dung anh cua no qua phep d6ng dang co duoc bing each 

thuc hifin lien tift'p phep vi tu tam B ti s 6 - va phep d6'i xumg qua ducmg trung 

2 

true cua BC. 

Gidi 

Ta lin luot thuc hi£n: 

* 1 

a. Vcri phep vj tu tam B ti s6 — thi: 

j_ _ __ 

V^ (A) = A, => OA, = — OA do do A, chi'nh la trung die’m cua BA. 

2 

l 

v| (B) = B. 


(C) = C, => OC, = - OC do d6 C, chmh Ih trung di&n cua BC. 

2 

TCf d6, ta duoc: 


V B 2 (AABC) = AA,BC,. 

b. Vdi phep dd'i xumg qua dubng trung true cua BC (dudng thing (d)) thi: 
Dj(A,) = A 2 ; D d (B) = C; D^C.^C,. 

Ttir d6, ta duoc: 

D d (AA,BC,) = AA 2 CC|. 

Vay, ta c6 k£t luan: 


F(AABC) = D d ( V 2 (AABC)) = D d (AA,BC,) = AA 2 CC,. 
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jJJai loan 4: I le toa do doi voi phep dong dang. 

PHUONG PIIAP CHUNG 

l a thircmg thirc hien thong qua he toa do cua cac phep hien hinh. 

rung mat phang toa do Oxy. cho dudng tron tam 1(1; -3), ban ki'nh 
2. Viet phuong trinh anh cua throng tron (I; 2) qua phep ddng dang co duqc tu 
viec thirc hien lien tiep phep vi tu tarn () ti so 3 va phep doi xung qua true Ox. 
Gnii 

Nhan xet rang: 

■ Voi phep vi tu tarn O ti so 3, ta duqc: 

Vq(( 1; 2)) = (I,; R,) 
trong do: 


OI, =301 =>I,(3;-9). 


Ri = 3.2 = 6. 

■ Voi phep doi xung qua true Ox ta duqc: 

DOx((I,; R,)) = (I 2 ; R,) voi I 2 (3; 9) 

Tir do suy ra: 

(I 2 , 6): (x - 3) 2 + (y - 9) 2 = 36. 

Vi du 2: Trong mat phang Oxy cho did’m 1(1; 1) va duemg tron tarn I ban kinh 
2. Viet phuong trinh cua duemg tron la anh cua duemg tron trdn qua phep d6ng 
dang co duqc bang each thirc hien lien tiep phep quay tarn O, goc 45° va phep vi 

tu tam O, ti s6 V2 . 

Giai 

Ta ian luqt thirc hidn: 

c. Vdi phep quay tarn O goc 45" thi: 

Qo (I) = 1.(0; V2 ) =* Qo " ((I. 2)) = (I„ 2). 

d. Vcri phep vj tu tarn O ti s 6 thi: 

V^((I„2)) = (I 2 , 2V2), 
trong do: 

01^ = V20I^ = V2 ((0; V2 )) => I 2 (0; 2). 



TCrdd, ta duqc: 


(I 2 . 2x/2): 


taml 2 (0;2) 
R = 2 V 2 


o (I 2 , 2s/2 ): x 2 + (y - 2) 2 = 8. 


BAl TAP Dfi NGHI 

Bai 1. Chung minh rang hai hinh vudng bat ki d6ng dang vdi nhau. 

Bai 2. 

a. Chung minh rang vdi hai doan thang bat ki AB va A'B’ lu6n co phdp 
d6ng dang bidn A thanh A' va bie'n B thknh B 1 . 

b. Chung minh ring hai dudng cdnic co ciing tam sai e thi d6ng dang vdi nhau. 
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Bai 3. Cho AABC vudng tai A, AC = 2AB. Goi Q la phep quay tam A, goc 
quay (p = (AB, AC), V la phdp vi tu tain A ti s6' 2, con F la phep hop thanh cua 
VvaQ. 

a. Tim anh cua cdc did’m A, B, C qua phep F. 

b. Phdp F bie'n dudng tron tam B ban kinh BA thanh dudng tron nao ? 

c. Chung minh rang vdri m6i diem M nam tren dudng tron tam B ban kfnh 
BA (M khac A), co mdt didm N nam trdn ducmg tron tam C ban kfnh CA 
sao cho AAMN d6ng dang vcri AABC. 

d. Chung to rang F cung la phep hop thanh cua Q va V. 

Bai 4. Cho hai dudng tron (I; R) va (I’; 2R) tiep xuc ngoai vdi nhau tai O, d la 
ducmg thang tifi'p xuc vdi hai ducmg tron tai O. Goi V la phep vi tu tam O ti s<5 2, D la 
phep d6'i xung qua ducmg thang d, F la phep hop thanh cua V va D. 

a. F bid'n di&n O va I thanh nhung dia’m nao ? 

b. F bie'n ducmg tron (I; R) thanh hinh nao ? 

c. Vdi di&n M khdng nam trdn d va M’ = F(M). Chung minh rang n£u E la 
giao di&n cua MM' va d thl EM' = 2EM. 

d. Chung to rang F cung la phep hop thanh cua D va V. 

Bai 5. Dung AABC n£u bifi't hai goc B = 30°, C = 120° va mOt trong cac yeu 
td' sau: 

a. Dudng cao AH = 2cm. 

b. Dudng trung tuydn AM = 6cm. 

c. Ban kmh cua dudng tron ngoai tiep bang 4cm. 
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CHLfdNG II 

HlOM. IllAV, V4 MAT l*llA\(. IIIOM. KIIOM, f»l\A 
I|l\\ Ilf: SOMp SO MG 

C'HU DE 1 

DAI CUONG v£ DLfCtNG THANG VA MAT PHANG 

• • 


I. ki£n THIIC CO ban 

Mon limit hoc khong gian la mon hoc nghien curu cac ti'nh chat ciia cac hlnh nam 
trong khong gian. 

Hinh hoc khong gian c6 cac doi tuang co ban la "diem", "dUcntg thang ".va "mat 
pitting 


1. QUAN H$ THUOC 

a. Vai mot difim A va mot dirdng thang d co the’ xay ra hai trudng hap: 

■ Diem A thuoc duang thang d, ki hieu a e d. 

■ Di6m A kliong thuoc dircmg thang d, ki hieu afd. 

b. Vcri m6t di6m A va m6t mat phang a co the: xay ra hai trirang hap: 

■ Di£m A thuoc mat phang a, ki hieu a e a. 

■ Di6m A khong thuoc mat phang a, ki hi6u a t a. 


2. CACTlfiNDf; 


Tien de 1: 
Tien de 2: 
Tien de 3: 
Tien de 4: 


Co mot va chi mot mat phang di qua ba diem khong thang hang 
cho trade. 


Neu mot dating thang di qua hai diem phdn biet cua mot mat phang 
thi moi diem cua duang thang deu thuoc mat phang do. 


Neu hai mat phang co mot diem chung thi chung con co mot diem 
cluing khac naa. 


Co it nliat bon diem khong dong phang. 


3. NHlJNGK^TQUAMdDAu 

Dinh U 1: Neu hai mat phang phdn biet co mot diem chung thi cluing co mot dating 
thang chung duy nliat va chua tat cd cac diem chung cua hai mat phang do. 

Khi do, dircmg thang chung diroc goi la giao tuyen cua hai mat phang. 

Dinh li 2: Co mot vd chi mot mat phang di qua mot dating thang va mot diem nam 
ngoai dating thang do. 

Dinh li 3: Co mot vd chi mot mat phang di qua hai dating thang cat nhau. 
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4. VITRI Tl/ONG D<5l CUA Dl/tlNG THANG VA MAT PHANG 

Cho dudng thing a va mat phing a. Can cur vao sd di£m chung cua dudng thing 
va mat phang ta c6 ba trudng hap sau: 

a. Duong thang a va mat phang a khdng co didm chung, tire la: 

ana = 0oa//a. 

b. Dudng thang a va mat phang a chi co mdt didm chung, tire la: 

ana = |A( o a cit a tai A. 

c. Dudng thang a va mat phang a co 2 didm chung phan bifit, tunc la: 


ana=|A,B)oaca. 



aria = 0 <=> a//a ana = (A} <=> a ana -|A,B) oaca 


5. VI TRI TUONG EX5l CUA HAI MAT PHANG 

(3ho 2 mat phang a va p. Can cur vao sd duemg thang chung cua 2 mat phang ta 
c6 ba trudng hop sau: 

a. Hai mat phang a va p khdng co dudng thing chung, tire ia: 

anp = 0oa//p. 

b. Hai mat phang a va p chi co mdt dudng thing chung, turc 1&: 

a n p = a o a cit p. 

c. Hai mat phing a va P co 2 dudng thing chung phan bidt, tuc la: 


a n p = (a, b} o a = P 



anp = 0oa//p anp = a o a cit p anp = (a, b( <=> a=P 


6, V| TRI TLltJNG EX5l CUA HAI DUtJNG ThAnG 

Cho 2 dudng thing a va b. Can cti vao su d6ng phing va sd di£m chung cua 2 
dudng thing ta cd bdn trudng hap sau: 

a. Hai dudng tliang song song: citng nim trong mOt mat phing va khdng co 
did’m chung, turc ia: 


a//b<=> 


acaAbca 


[anb = <j> 

b. Hai dudng thang cat nliau: chi cd mdt di&n chung. 
a cit b <=> a n b=|I). 
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c. Hai duong thang triing nhau: co hai diem chung phan biet. 

a n b = | A. B | < > a b. 

d. Hai duong tiling cheo nhau: khong ciing thuoc mot mat phang. 

a cheo b co a. b khong d6ng phang.. 



7. CACH XAC DINH DISCING THANG VA MAT PHANG 

7. 1. Cach xac dinh dtfdng thing 

Co ba each xac dinh mot duong thang: 

Cach 1: Biet hai diem phan biet A, B cua duong thing. KI hieu (AB). 

Cach 2: Biet mot diem cua duong thing va phuong cua duong thing do. 

Cach 3: Biet hai mat phing phan biet ciing chua duong thing can tim. 

7.2. Cach xac dinh m5t ph3ng 

Co bon each xac dinh mot mat phing: 

Cach 1: Biet 3 die*m A, B, C khong thing hang cua mat phing, ki hieu (ABC). 

Cach 2: Biet 1 diem A va mot duong thang d khong chua A cua mat phing, ki 
hieu (A, d). 

Cach 3: Biet 2 duong thing cit nhau a, b cua mat phing, ki hieu (a, b). 

Cach 4: Bi£t 2 duong thing song song a, b cua mat phing, kl hi£u (a, b). 

[I. CAC DANG TOAN LlfiN QUAN 

Bai toan 1: Su dung cac lien de xet vi tri tuong doi cua die’m, duemg thang va 
mat phang. 

PHUONG PHAP CHUNG 

1. De biet khi nao mdt diem thubc mbt mat phang, ta co c£c ke't qua sau: 

■ Gia su a la mat phang xac dinh boi ba di£m A, B, C thi khi d<5 A, B, C 
d£u thubc a. 

■ Neu ductng thang a chura trong mat phang a, thi khi do diem M thubc a 
d£u thubc a. 

2. De’ chumg minh dudng thang a n<im trong mat phang a ta di chung minh t6n 
tai hai diem phan biet A, B thubc a va thubc a. 

■ Ne'u mat phang a c6 dinh thi ta khang djnh duoc them rang " Dudng (hang 
a nam (rang mot mat plidng co dinh a 

■ Ne'u hai diem A, B cb dinh thi ta khang djnh duoc them rang " Mat phang 
a chua mot dudng thang codinh a ". 
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3. Dd chumg minh hai ducmg thing a, h cheo nhau, ta thucmg sir dung phuong 
phap chumg minh phan chumg, cu the: 

■ Gia sir a, b khdng cheo nhau, tuc la co mbt mat phing a chua ca a va b. 

■ Suy ra mdt ke't lufin vd ly (trai vdi gia thiet hoac trai vdi cac tien dd, cac 
djnh 10. 

■ Ke't luan rang hai ducmg thing a, b cheo nhau. 


Vi du 1: Chumg minh rang ne'u ba ducmg thang phan biet cat nhau timg ddi mdt 
thi chung d6ng quy hoac cimg nim trong mot mat phing. 

Gidi 

Vdi ba ducmg thang phan biet a, b, c. Gia sir: 

anb = |A),bnc = |B|,cna = |C). 

Xerhai trubmg hop: 

Tru&tig hap 1: Ba di£m A, B, C la ba di6m phan bidt. 

Do a, b, c phan bidt ndn A, B, C la ba didm khdng thang hang. Vay chung xac 
dinh mdt mat phang (ABC). Ta co: 

■ Ducmg thang a co hai didm A, C thuoc (ABC), nen a e (ABC). 

■ Tucmg tu b e (ABC) va c e (ABC). 

Vay, ba ducmg thing a, b, c ciing thude mot mat phang (ABC). 

Trtfdng Itcp 2: Hai trong ba di&n A, B, C trung nhau, gia sir A = B. 

N£u A * C thi a s c, mau thuin. 

Do do, ta phai cd: 

A = CoAsBsCoa,b,c d6ng quy. 

Vay, ba ducmg thing a, b, c ddng quy. 

Vi du 2: Trong mat phing a, cho goc xOy. A la di^m ngoai a. M, N la hai di£m 
di ddng lin luqt trftn Ox, Oy. 

1. Gia sir OM = ON. Chting minh ring trung tuyd'n AP cua AAMN ludn nim 
trong mOt mat phing cd' dinh. 

2. Goi d la dudng thing c 6 dinh qua A va cit a tai mdt didm khdng thude Ox 
Oy. MN di ddng nhung ludn cat d. 

a. Chihig minh ring MN ludn di qua mdt diem cd' d|nh. 

b. Goi B la die’m c6 dinh tren d, B * A va khdng thude a. AM va BN cii 
nhau tai Q. Chumg minh ring Q thude ddng thori hai mat phing cd' dinh 
Suy ra Q thude mdt dudng thing cd djnh. 

Gidi 

1. Taco: 

OM = ON => P thude Oz la tia phan giac cua goc xOy - cd dinh. 

Vay, trung tuyd'n AP nim trong mat phing cd djnh (A, Oz). 
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2. (iia sir d u = j]’| ni dinh. 



Vay. diem Q thuoc ducmg thang co djnh A la giao luyen cua hai mat phing c6 
djnh (A. Ox) va (B. Ov). 


>'i du 3: Trong mat phang a, cho hai nua ducmg thing song song Ax, By. M va 
1 la hai diem Ian Inert thuoc Ax va By; M ■* A va N t B. O la diem co djnh khong 

iupc ex. 

a. Chung minh rang OA va MN cheo nhau. 

b. M, N di dong, chung to rang dtrong thing 01 noi O vdi trung diem I cua 
MN nim trong mat phang co djnh. 

c. M, N di dong nhung AM + BN co gia tri khong d6i. Chiimg minh ring mat 
phing (OMN) luon chura mot ducmg thing co djnh. 


di 

Ta di chumg minh bang phan chumg. 
tat vay, gia sir OA va MN khong cheo 
tail tire chung ciing nim trong mot mat 
. ning. Mat phing nay chira ba diem A, M, 
I khong thing hang, do chinh la mat phing 
t, suy ra: 

O e a, trai vdi gia thiet. 

Vay. OA va MN cheo nhau. 
b. Goi C la trung diem AB, nh|n xet ring: 


O 



ABNM la hinh thang 

=> I e Cz la ducmg trung binh cua ABNM - c6 djnh 
Vay, OI nim trong mat phing c 6 djnh (O, Cz). 
c. Xet hinh thang ABNM, ta co: 


Cl = ^ (AM + BN)-khong d6i 


I co dinh. 


Vay, mat phing (OMN) chura ducmg th ,ng Ol co djnh. 
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Bai loan 2: Tim giao tuyen cua hai mat phang. 

PHIFONC PHAPCHUNG 

f)e tim giao tuyen cua hai mat phang. ta thuc hien then cac birdc sau: 

Budc I: Tim hai diem chung cua hai mat phang. 

Budc 2: Duong thang qua 2 diem chung do la giao tuyen 

Chu y: De tim didm chung cua hai mat phang ta thudng 
tim hai dudng thang dong phang liin lupt nam trong hai 
mat phang do. Giao diem, neu co, cua hai dudng thang 
nay chrnh la diem chung cua hai mat phang. 

Vi du 1: Trong mat phang a. cho tu giac ABCD co AB cat CD tai E, AC cat BD 
tai F, S la mot diem khong thuoc a. 

a. Tim giao tuyen cua (SAB) va (SCD). 

b. Tim giao tuyen cua (SAC) va (SBD). 

c. Tim giao tuye'n cua (SEF) vdi cac mat phang (SAD) va (SBC). 

Gidi 

a. Ta co ngay S la die’m chung cua (SAB) va (SCD). 

Mat khac: 

E e AB c (SAB) => E e (SAB). 

E e CD c (SCD) =>Ee (SCD). 

Vay, ta dupe SE = (SAB) n (SCD). 

b. Tucmg tu cau a), ta dupe SF = (SAC) n (SBD). 

c. Gia sir EF cat AD va BC theo thur tu tai M, N. Khi do: 




■ (SEF) va (SAD) co hai die’m chung la S va M nen co giao tuye'n la SM. 

■ (SEF) va (SBC) c6 hai diem chung la S va N nen co giao tuyen la SN. 

Chu y: Trong^fcau c) chung ta da sir dung y tudng trong phan chu y cua bai toan 2 
thuc hien tim diem chung thur hai, cu the: 

* Trong mat phang (SEF) ta chon dudng thang EF. 

■ Trong mat phang (SBC) ta chon duom^, thang BC. 

* Ta co EF va BC cimg nam trong mat phang (ABCD) va EF n BC = {N1. 

■ Do do N la die’m chung cua hai mat phang (SEF) va (SBC). 

D6i vdi vf du tren, di^u nay ra't true quan va thaiy ngay dupe. Tuy nhien, mPt vai 
bai toan ede em hoc sinh cin hieu duoc ban chat cua van de mdi co duoc lua chon 


thich hpp. 

Vi du 2: Trong mat phang a, cho hinh binh 
hanh ABCD tarn O, S la mpt diem khPng thupc a. 
Goi M, N, P l&n lupt la trun^ diem cua BC, CD, SO. 
Tim giao tuye'n < iia mat phang (MNP) vdi cac mat 
phang (SAB), (S vD), (SBC) va (SCD). 

Gidi 

Dudng thang MN cat AB, AD va AC tai M,, N, 
va O,. 
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Kill do: 

■ Noi O.Pcat S A lai I' 

■ Ndi M,I*, cat SH lai \1 

■ Ndi N : Pi cal Si) lai N ; . 
Vay. ta dupe: 

(MNP) (SAB) = I’M 
(MNP) ISAD) = P,N , 
(MNP) (SBC) = MM 
(MNP) (SCI)) = NN . 




Bai toan 3: ( hung minli ha diem (hang hang. 

Ha dudng thang dong quy. 


1 . 


2 . 


PIU<)NG PH\PCHUNG 


De chixng minli 3 diem thang hang, ta chimg 
minh cluing cung thuoc hai mat phang phan 
biet. Khi do cluing thuoc giao tuyen cua hai 
mat phang do. 

De chimg minh 3 dudng thang dong quy, ta 
chimg minh giao diem cua hai dudng thing 
nay la diem chung cua hai mat phang ma 
giao tuyen la dudng thing thir ba. 



Vi du 1: Cho mat phing « va ba diem A, B, C khong thang hang d ngoai a. Gia 
sir cac dudng thing BC. CA, AB lan 1 not cat a tai D, E, F. Chung minh ba didm D, 
E. F thing hang. 


Giiii 

Trudc lien, ta thay ngay ba diim D, E, F thude mat phing a. 
Mat khac, ta co:: 

De BC c (ABC) =>De (ABC). 

E e CA c (ABC) ==> E e (ABC). 

F e AB c (ABC) => F e (ABC). 

Vay. ta dupe: Ln\ . ^ 

(ABC) n a = (D, E, F) D. E, F thing hang. 

Vi du 2: Trong mat phing a, cho ABCD. A la 
mot didm khdng thuoc a. Gpi E, F, G lin lupt la 
3 di^m trim 3 canh AB. AC. BD sao cho EF cit 
BC tai 1, EG cit AD tai H. Chimg minh CD. IG, 

HF ddng quy. 

Gidi 

Gpi O la giao dieim cua HP va IG. Ta co: 

O e HF c (ACD) ^ O e (ACD). 

O e IG c (BCD) ^Oe (BCD). 




83 



Suy ra: 

O € (ACD) n(BCD) = CD. 

Vay, ba ducmg thing CD. IG. HF ddng quy tai O. 


Bai toan 4: Tim giao diem ciia ducmg thing va mat phing. 

PHITONG PHAP CHUNG 

Cho ducmg thing a va mit phing a. gia sir a cit a. De tim giao diem A cua a va 
a, ta lua chon m6t trong hai hucmg sau: 

Hucmg 1: Neu trong mat phing a co sin mot ducmg thing c cat a tai diem A 
nao do thi A chi'nh la giao diem ciia a va a. 

Hucmg 2: Thuc hien theo cac budc: 

Buck- I: Chon mat phing phu p chua a 
sao cho giao tuyen c cua a va p 
de xac djnh. 

Btftk 2: Trong p, ducmg thing c cit a tai 
diem A nao do thi A la giao 
diem cua a va a. 

Vi du 1; Cho bd'n difim A. B, C, D khong d6ng phing. Goi M, N lin ltrot la 
trung diem cua AC va BC. Tren BD lay diem P sao cho BP = 2PD. 

a. Tim giao diem ciia ducmg thing CD 
vcri mat phing (MNP). 

b. Tim giao tuye'n cua hai mat phing 
(MNP) va (ACD). 

Giai 

a. Tir gia thie't ve diem N vi P ta goi: C 

Q = CD r\ NP c (MNP) 

=> Q = CD n (MNP). 

b. Ta c6 ngay: 




(MNP) n (ACD) = MQ. 

Vi dy 2: Trong mat phing a, cho tur giac ABCD, S la mQt diem khbng thu6c a. M 
la diem tren canh SC. 

a. Tim giao diem cua AM vi (SBD). § 

b. Goi N li m6t die’m tren canh BC. tim giao ,1^ 

di£m cua SD va (AMN). / Y\ 

Giai I \ \ 

a. Chon mat phing phu (SAC) chira AM. A \ \ 

, \ / \ Mf \. 

Goi O la giao diem cua AC va BD, suy ra: / ^ V \ 

(SAC) n (SBD) = SO. A \ l A jq. / B 

Trong mat phing (SAC), ta co: \ „ \ / N 

SO n AM = O, => AM n (SBD) = O,. LT— £L —^C 
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b. ( hon mat phang phu (SHI)> dura SI). 

Goi N la giao diem cua AN va BI). suy ra: 

(SBD) (AMN) - VO 
Trong mat phang (SBD), la co; 

N.O, SI) = I), > SI) (AMN) = D,. 


Bai loan 5: Bai loan dune hinh 


Plir'ONC; PIIAP CHUNG 


Thuc hien theo bon bir<tc: 
Bifoc I Phan lu h 
Buoc 2: Cach dung. 
Biou J Cluing minh 
Budc 4: Hien hum. 


Vi du 1: Cho bai dirong thang a, b cheo nhau va mot di£m M khong thuoc hai 
dirong thang do. Hay dung mot dirong thang qua M cat ca hai a, b. 

Giai 

a. Phan rich: Gia su dung duqc dirong thiing d qua M c£t a, b theo thu tir tai A va 
B, khi do: 

M, A thuoc d, nen d e (M, a). 

M, B thuoc d, nen d e (M, b). 

Suy ra d = (M, a) n (M, b). 

b. Cach dung: Ta lan lirot thuc hien: 

■ Dung mat phang (M, a). 

■ Dung mat phang (M, b). 

■ Xac dinh giao tuyen d cua hai mat phang (M, a) va (M, b). 

Khi do d la dirong thang can dung. 

c. Chung minh : Ta thay: 

d = (M, a) r\ (M, b), nen d di qua M. 
d, a thuoc (M. a), nen chung co the 1 cat nhau tai A. 

d. b thudc (M, b), nen chung co the* cat nhau tai B. 

Vcty, d di qua M co the cat ca a va b. 

d. Bien Inqn: Nhan tha'y: 

■ Neu d cat a va d cat b, ta co ngihiem duy nhat. 

■ Neu d // a hoac d // b, bai toan v6 nghiem. 



A\ B M 



Bai toan 6: (Bai ro .n quy licit): Tim tap hop giao di6m cua hai dirong thang di ddng. 

PHlfONG PHAP CHUNG 

Goi M la giao diem hai dirong thang di dong d, t d 2 . De tim tap hop cac di£m \ 
ta thuc hien theo cac bade sau: 

Budc I: Phan liman: Tim hai mat phang co dinh lan lucrt chura d, va d 2 . M d 
dong tren giao tuyen co dinh d cua hai mat phang do. 
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Budc 2: Gicfi han (neu c6) duoc tap d. 

Budc 3: Phan duo: Cioi M la diem bat ky tren d, ta di chi'rng minh M la giao 
diem cua hai ducmg thing d, va d 2 . 

Budc 4: Ket lmin. 

Chu y: Ne'u d di dong nhtmg luOn di qua diem c6' djnh A va cat dutmg thing c6 
djnh a khbng qua A thi d thudc mat phing c6 djnh (A, a). 

Vi du 1: Trong mat phing a, cho tur giac ABCD co AB va CD kh6ng song song. 
S la m6t diem khdng thuOc a, M la diem di d6ng tren canh SB. Mat phang (ADM) 
cat SC tai N. Tim tap hop giao diem cua AM va DN. 

Giai 

Phan tlwan: Ta co: 

AM c (SAB) - cd djnh. 

Mat khac, vl DN di qua difi’m c 6 dinh D va 
cat ducmg thing c6' djnh SC n£n: 

DN c (SCD) - c6' djnh. 

Gia sir AB cat CD tai O, ta co ngay: 

(SAB) n (SCD) = SO. 

Vay, tap hop giao di£m P cua AM va djnh nghia thuoc ducmg thing SO. 

Gi&i han: Khi M di chuy6n trdn canh SB thi P di chuyfi’n trfin doan SO. 

Phan dao: Goi P la di6m bit ky trfin SO. 

* N6'i AP cit SB tai M. 

■ Nd'i DP cit SC tai N, N la giao di&n cua mat phing (ADM) vdi SC va P 
chtnh la giao diem cua AM vi DN. 

Ket luan: Viy tip hop cac didm P la doan SO. 

Vl du 2; Trong mat phing a, cho tur giac ABCD, AB va CD keo dai cit nhau tai 
E, AD va BC keo dai cit nhau tai F va AD < DF. S la mdt diem kh6ng thu6c a. Goi 
I, J lin luot la trung diem cua SA, SB. a la mat phing di d6ng qua IJ. a cit SC, SD 
lin luqt tai M, N. 

a. Chung minh ring IJ, MN, SE d6ng quy. 

b. M chuye’n d6ng trftn phin nao cua canh SC ? 

c. Ttm tip hop giao dift’m cua IM va JN. 

d. Tim tip hop giao die’m cua IN vi JM. 

Giai 

a. Goi K = IJ n MN, ta c6: 

K e IJ c (SAB) => K e (SAB). 

K e MN c (SCD) => K e (SCD). 

Do do K e SE = (SAB) n (SCD). 

Viy, ba ducmg thing U, MN, SE dong quy tai K. 

b. N6'i KD cit SC tai M„. V) N chay tren canh SD nen tia 

A 

KMN quet goc SKD, do do M chay tir S de'n M,, vi khi do 
a moi cit canh SC, SD. 



S 
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c. Goi P = IM IN la di tim tap hctji diem P. 

Phan thmur. l a co: 

P e IM (SAC) : P (SAC). 

PeJN (SHI)) : P (SBD). 

Do do: 

P € SO = (SAC) (SBD). 

A 

Gioi hin\ Noi DJ cat SO tai P . V't N chav tren canh SD nen tia JPN quet goc SJD, 
do do P chav tir S den P, vi khi do a mai cat canh SC, SD. 

Phan ddo . Goi P la diem bat ky tren SP 0 . Noi JP ciit SD tai N. noi IP c&t SC ta 
M. M, N la giao diem cua mat phang (IJMN) qua IJ vdi cac canh SC, SD va P chint 
la giao diem cua IM va JN. 

Kei hum: Vay tap hop cac diem P la doan SP„ tren SO. 

d. Goi Q = IN r\ JM. Ta di tim tap h(Tp diem Q. 

Phan thuan : Ta co: 

Qe IN c (SAD) =>Qe (SAD). 

Q € JM c (SBC) -o Q e (SBC). 

Do do: 

Q e SF = (SAD) n (SBC). 

Gidi han: Vi AD < DF, nen tia lx song song voi SF va cdt canh SD tai N () . Vay b 
chay tir S tai N„. Noi IN,, cat SF tai F,„ do do Q chay tir S den F 0 . 

Phan ddo: Goi Q la diem bat ky tren SF () . Noi IQ cat SD tai N, noi JQ cat SC tai M 
M, N la giao diem cua mat phang (IJMN) qua IJ voi cac canh SC, SD va Q chinh li 
giao di&n cua IN va JM. 

Kei hum: Vay tap hap cac diem Q la doan SF 0 tren SF. 

BAI TAP Dfi NGHI 

Bai tap 1: Cho tir dien A BCD. Goi M, N la hai diem phan biet cimg thuoc dirdnj 
thang AB; P, Q la hai diem phan biet cung thudc duong thing CD. Xet vj tri tircmj 
dtfi cua hai duong thing MQ. NP va vi trt tuimg ddi cua hai dudng thing MP, NQ. 

Bai tap 2: Cho hai mit phing (P) va (Q) cat nhau theo giao tuyS'n A. Tren (P) ch( 
ducmg thing a va tren (Q) cho duong thing b. Chung minh ring ne'u a va b cit nhai 
thi hai giao diem phai nim tren A. 

Bai tap 3: Cho ducmg thing a nim trong mit phing ex va mdt ducmg thing b cit a ta 
diem O. Chumg minh ring neu diem O khong thu6c a thi a va b cheo nhau. 

Bai tap 4: Chumg minh ring co vd s 6 dudng thing cit ca 3 ducmg thing cho trued 
doi mot cheo nhau. 

Bai tap 5: Trong mit phing a, cho AABC, D la m6t diem khdng thude a. Goi I, J lit 
luot la trung diem cua AC va BC. K la diem tren canh BD sao cho KD > KB. Tun gia< 
tuyen ciia mat phing (1JK) voi cac mat phing (ACD) va (ABD). 
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Bai tap 6 : Cho hinh binh hanh ABCD nam trong mat phiing (P) va mot didm S 
nam ngoai mat phiing (P). Goi M la didm nam giura S va A; N la didm nam giua S 
va B; giao didrrrciia hai ducmg thang AC va BD la O. Xac djnh giao tuydn ciia hai 
mat phang (SAD) va (CMN). 

Bai tap 7: Trong mat phang a. cho AABC. D la mot didm khong thuoc a. O la diem 
bdn trong ABCD. M la didm tren AO. 

a. Tim giao tuydn ciia (MCD) vdi cac mat phang (ABC) va (ABD). 

b. I. J la hai diem tren BC va BD. Tim giao tuyen cua (IJM) va (ACD). 

Bai tap 8: Cho hai ducmg thang a va b cat nhau tai diem O va dtrctng thang c cat 
mp(a, b) a didm I khac O. Goi M la didm di dbng tren c khac 1. Chung minh rang 
giao tuydn ciia cac mat phang (M. a), (M, b) nam tren mot mat phang co djnh. 

Bai tap 9: Cho hai didm A va B nam trong mat phang a va mot didm O nam ngoai 

a. La'y M, N theo thur tu thuoc OA va OB, vbi M O, M * A. N * O, N * A. Gia 
sir MN cat a tai C. Chirng minh rang ba didm A, B, C thang hang. 

Bai tap 10: Chirng minh rang neu ba ducmg thang phan biet cat nhau timg doi mot 
thi chung dbng quy hoac cimg nam trong m6t mat phang. 

Bai t&p 11: Trong mat phang a, cho goc xOy. A la didm ngoai a. M, N la hai diem 
di dbng l^n luat tren Ox, Oy. 

1. Gia sir OM = ON. Chdng minh rang trung tuyen AP ciia /?AMN luon nam 
trong m6t mat phang c6 dinh. 

2. Goi d la ducmg thang cb dinh qua A va cat a tai mot dibm khdng thubc Ox, 
Oy. MN di d6ng nhimg lubn cat d. 

a. Chirng minh rang MN luon di qua m6t diem cb dinh. 

b. Goi B la di^m cb djnh tr6n d, B * A va khbng thubc a. AM va BN cat 
nhau tai Q. Chung minh rang Q thubc dbng thcri hai mat phang cb' djnh. 
Suy ra Q thubc mbt ducmg thang cb' dinh. 

Bai Up 12: Cho hinh chop S.ABCD. Goi I, J la hai didm cb dinh tren SA va SC vbi 
'SI < IA va SJ > JC. Mbt mat phang P quay quanh IJ cat SB tai M, SD tai N. 

a. Chumg minh rang IJ, MN va SO dbng quy; (O la giao didm ciia AC va BD). 
Suy ra each dung di£m N khi bidt didm M. 

b. AD cat BC tai E, IN cat MJ tai F. Chdrng minh S, E, F thang hang. 

c. IN cat AD tai P, MJ cat BC tai Q. Chirng minh rang PQ lubn di qua mbt 
didm cb djnh. 

Bai tfip 13: Trong mat phang a, cho td giac ABCD, S la mbt didm khbng thubc a. Goi 
M ia mbt didm nam trong ASCD. 

a. Tim giao tuydn ciia hai mat phang (SBM) va (SAC). 

b. Tim giao didm ciia ducmg thang BM va mat phang (SAC). 

c. Xac djnh thidt didn ciia hinh chbp khi cat bdi mat phang (ABM). 

Bai tap 14: Cho hinh chbp S.ABCD. Goi M la mbt didm nam trong ASCD. 

a. Ttm giao tuydn ciia hai mat phang (SBM) va (SAC). 

b. Tim giao didm ciia dubng thang BM va mat phang (SAC). 

c. Xic djnh thidt didn ciia hinh chbp khi cat bai mat phang (ABM). 
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Bai lap 15: ('ho hon diem \. li. ( . I) khong dong phing. Lay L J Ian I trot la hai 
diem hon tmng \ABC va Y\BI) \1 la diem tuv \ iron ( I) Tim giao diem ciia I.) va 
(ABM). 

Bai tap 16: (’ho hmh ehdp N ABC!) day la hinh hmh hanh. Goi M la trung diem 
SB. (i la irong lam \SAI) 

a. Tim giao them I cua CM va mat phang (ABCD). Chung minh rang ('I) nam 
irong mal phang (('CM >. 

h. Chung minh rang (('CM) tli qua trung diem cua SA. Tim thiet dien cua 
hmh chop cat hai ((XTM). 
c. Tim thiet dien cua hmh chop cat hoi (ACM). 

Bai tap 17: Cho hon diem A. B. C. D khong dong phang. Goi L J la hai diem c6 
dinh tren AB, AC va I I khong song song vai BC. a la mat phang quay quanh IJ. a 
cat CD. Bl) Ian luot tai M. N. 

a. Chung minh rang MN luon di qua mot diem co dinh. 
h. Tim tap hop giao diem cua IM va JN. 
c. Tim tap hop giao diem cua IN va JM. 

Bai tap 18: I rong mat phang a cho hai dudng thang d, d’ cat nhau tai O. A, B la 

hai diem co dinh d ngoai a va AB khong song song vai a. Mot mat piling (5 quay 

quanh AB cat d tai M va d’ tai N. Chung minh rang: 

a. MN luon di qua mot diem co dinh. 

b. Giao diem I cua AM va BN a tren duong thing co dinh. 

c. Giao diem J cua AN va BM a tren dirang thing co dinh. * 

d. IJ luon di qua mot diem co dinh. 

Bai lap 19: Trong mat phing a, cho hinh thang ABCD co cac canh day la AB va CD 
vai AB = 2CD. S la mot di^m khong thuoc a. Cioi I la trung diem cua SA, J la mot 
diem tren canh SC vdi JS > JC. 

a. (3 la mat phitjg quay quanh IJ, cit SD, SB theo thu tu tai M, N. M, N di dong tren 
phin nao cua doan SD, SB ? Pirn tap hap giao diem cua IM va JN. 

b. y la mat phing quay quanh IJ cit AD tai P. Tim giao dic*m Q cua y va canh 
CD va tap hap giao diem cua IQ va JP. 



CHU DE 2 

HINH CHOP 

I. KI&N THCfC CO BAN 

1. DjNH NGHlA 

Trong mat phang a cho da giac A,A 2 ...A n va cho diem S nam ngoai a. No'i S vdi 
cac dinh A,. A 2 .A n ta duoc n mien tarn giac SA,A 2 , SA,A,,.... SA„-|A n . 

Hinli tao bdi n mien da giac do va mien da giac A, A 2 ...A n duc/c goi Id hinh chop 
S.A,A 2 ...A„. 

Trong do: 

■ Die’m S goi la dinh cua hinh chop. 

■ Cac doan thang A,A 2 , A 2 A,. A n ,A n 

goi la cac canh day cua hinh chop. 

■ C£c doan thang SA,, SA 2 . SA„ goi la 

cac canh hen cua hinh chop. 

■ Cac mien tarn giac SA,A 2 , SA 2 A,,..., SA^Ap 
goi la cac mat hen cua hinh chop. 

Ne'u day cua hinh chop lit mdt mi£n tarn gi&c, tur giac, ngu giac,.. thi hinh chop 
tuong ting goi la hinh chop tarn giac, hinh chop tur giac, hinh chop ngu giac,... 

Chu y: Hinh chop tarn giac con goi la tur dien. 

2. THlfTDlfiN 

Dinh nghia : Thiet dien cua hinh chop cat bdi mat phang a la mdt da giac phang tao 
bdi cac doan giao tuye'n cua a vdi cac mat ben hay mat day cua hinh chop. 

II. CAC DANG TOAN LlfiN QUAN 

Bai toan 1: Thiet dien cua hinh chop. 

PHCONG PHAP CHUNG 

De’ tim thiet dien cua mdt hinh chop vdi mdt mat phang a, ta thirc hien theo cac 
budc sau: 

Budc I: Tir diem chung cd san, xac dinh giao tuyen dau tien cua a vdi mot 
mat cua hinh chop (co the’ la mat phang trtlng gian). 

Budc 2: Cho giao tuy£n vira tim duoc cat cac canh cua mat do cua hinh chop, 
ta se duoc cac diem chung mdi cua a vdi cac mat khac. Ttr do xac 
dinh duoc giao tuye'n vdi cac mat nay. 

Budc 3: Tie'p tuc nhu tren tdi khi cac giao tuyen khep kin ta duoc thiet dien 
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V i du 1: Cho lir then \H( l> Cioi II. K Ian lirot lit trung diem cac canh AC, BC 
Trong \BCD ia\ diem \1 sao c In> hai dirong (hang K\1 va Cl) cat nhau. Tim thiei 
dicn cua tir dien un mat phang ( UKVI). 

(iltll 


Coi I = KM Cl) l a co hai trirdng hap: 

Irironx h'/p /: Diem I thuoc (loan CD (Hinh a). Khi do ta diroc ha doan giao tuyen 
la I IK. Kl va III Dodd thiet dicn can tun la AH1K. 


(a) 


A 



A 



Tnfcfng lu/p 2: Diem I a ngoai (loan CD (H'inh b). Khi do: 


■ Coi M, = KM r> liD. 

- N6i meat AD tail,. 

Ta diroc 4 doan giao tuven la HK, KI va 1H. Do do thiA dien can tim la tur giac 
HKM,1,. 

\ ; i du 2: Cho hinh chop SABCD day la hinh binh hanh tam O. Goi M. N, P lar 
lutn la trung diem SB. SD va OC. 

a. Tim giao tuyen cua (MNP) veri (SAC) va tim giao diem cua SA vdi (MNP). 


b. Tim thiet dien cua hinh chop vdi (MNP) 

c. Ttnh ty so mat phang (MNP) chia cac canh SA, BC va CD. 

Giai 

a. Ta lin lirat there hien: 

■ Noi MNeiit SOtaiO,. 

■ Noi 0,P cat SA tai S,. 

Vay, ta diroc: 

(MNP) n (SAC) = PS,. 

(MNP) n SA = S,. 

b. Ta I5n luot thirc hifin: 

■ Noi S,N keo dai cat AD tai D,. D, 

■ Noi S,M keo dai cat AB tai B,. 

■ Ndi B|D, cat CD, CB theo thur ttr tai D 2 , B 2 . 

Khi do, ta diroc 5 doan giao tuyen la S,M, MB 2 , B 2 D 2 , D 2 N va NS,. Do do thie 
dien cSn tim la da giac S,MrTD ; N. 

c. Ta Idn lum co: 

■ MN la dirdng trung binh cua ASBD nen O, la trung diem SO, suy ra: 



PO,//SC ^ - |S - 
S, A 


PC i 
PA ” 3 ‘ 
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Xet ASAD vdfi S,, N, D, thang hang, theo dinh If Melelaus, ta diroe: 
NS DjD S, A _ { S 

ND'D.A'S.S" n As, 

=> ■ a) yf \ 

D > A 3 DTD A 

Xet ASAB vdi S M M, B, thang hang, theo dinh If Melelaus, ta dune: 
MS B,B S { A _ | S 

MB B.A ' S.S “ L 


B, A 3 

Tir(l), (2), suy ra: 1 

BD // B|D, => BjD, la ducmg trung binh cua ACBD 
=> nen B,. D, theo thur tu la trung dieim BC, CD 

do do: 



D 2 D , 
—— = 1 va 
D,C 


M = 1 . 


Chu y: Dinh If Melelaus co noi dung nhu sau: " Tren cac canli AB. BC, CA cua 
AABC (hoar tren plidn keo dai cua cluing) lay car diem C,, A h B, tlii C h A h B, 

A,BB,CC,A 

thang hang ktu vacluklti: -——- = / . 

A,C B,A C,B 


Bai toan 2: Dien tfch cua thiet dien. 

PHUONG PHAP CHUNG 
Ta thtrc hien theo cac buPc sau: 

Buck I: Xac djnh thiPt dien. 

Buck 2: Dien tfch thiet dien dupe tinh thPng qua dien tfch tarn giac va tu giac 
dang dac biet. 

Vi du 1: Cho tdr dien ABCD. dp dai cac canh bang 2a. Goi M. N l£n lupt la trung 
difim cac canh AC, BC, goi P la trong tam ABCD. Tinh dien tfch thiet dien cua tu 
dien vPi mat phang (MNP). 

Gidi 


a. Xdc dinh tliiet dien. 

Trong ABCD, ta thay ngay N, P, D thang hang. Suy ra 
MND la thiet dien c^n dung. 

b. 7 inh dien ticli thiet dien. 

Xet AMND, ta co ngay: 

MN = — AB = a, vi MN la duPrig trung binh. 
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V> 


ND = 

H 

> C| 

r j 

i v 3 . \i 

1 )N 1; 

t duong trung tuyen trong tarn giac deu. 

MI) = 

i -J 

II 

a v 3 . v i 

DM 1 

a dirong trung tuyen trong tarn giac deu 


nhir va\ WIND can lai !). goi I i lit chan dirong cao ha tir D, la dirqc: 



BAI TAP DfiNGHI 


Bai tap 1: Cho hinh chop tir giac S.ABCD. Ba diem A’, B', C lan luot nam tren ba 
canh SA, SB, SC nlnrng khong iriing voi S. A, B, C. Xac dinh # thiet dien cua hinh 
chop khi cat boi mat phang (A BC). 

Bai tap 2: Thiet dien cua mot hinh tur dien co the la tarn giac, tur giac hoac ngu 
giac hay khong ? 

Bai tap 3: Cho hinh chop S.ABCD. Goi M la mot diem nam trong ASCD. 

a. Pirn giao tuyen cua hai mat phang (SBM) va (SAC). 

b. Tim giao diem cua dirong thing BM va mat phang (SAC). 

c. Xac dinh thiet dien cua hinh chop khi cat boi mat phang (ABM). 

Bai tap 4: Cho tir dien A BCD va ba diem I, J, K Ian luot nam tren ba canh AB, 
BC, CD ma khong trung v6i cac dinh. Xac dinh thiet dien cua hinh tur dien ABCD 
khi cat boi (UK). 

Bai tap 5: Cho tur dien ABCD va ba diem E, F, G lin luot nim tren ba canh AB, 
BC, CD ma khong trung voi cac dinh. Xac dinh thiet dien cua hinh tur dien ABCD 
khi ait t>di (EFG). 

Bai tap 6: Cho hinh chop S.ABCD day la hinh vuong canh bang a, SA = SB = SC 
= SD = b. Goi M la trung diem SB, G la trong tarn ASAD. 

a. Tim giao diem 1 cua GM va mat phang (ABCD). Chumg minh rang CD nam 
trong mat phang (CGM). 

b. Chumg minh rang (CGM) di qua trung diem cua SA. Tim thiet dien cua hinh 
chop cat boi (CGM) va hay tinh dien tich thiet dien nay. 

c. Tim thiet dien cua hinh chop cat boi (AGM) va hay tmh dien tich thiet dien 
nay. 

Bai tap 7: Cho tur dien deu ABCD co canh bang a. Goi G la trong tarn AABC. Cat 
tur dien boi mat phang (GCD), hay tinh dien tich cua thiet dien. 

a. Tim thiet dien cua tur dien voi mat phang (GCD). 

b. Tinh dien tich thiet dien. 

Bai tap 8: Thiet dien cua mot hinh tir dien co the’ la tarn giac, tur giac hoac ngu 
giac hay khong ? 

Bai tap 9: Cho hinh chop S.ABCD. Goi M la diem thuoc mien trong cua tarn giac SCD. 

a. Tim giao tuyen ciia hai mat phang (SBM) va (SAC). 

b. Tim giao diem ciia dirong thang BM voi mat phang (SAC). 

c. Tim thiet dien cua hinh chop cat boi mat phang (ABM). 
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Bai tap 10: Cho hai hinh thang (khong blnh hanh) A BCD va ABEL co chung day 
Idn AB va khong cung nam irong mot mat phang. 

a. Xac dinh giao tuyen cua cac cap mat phang: 

(ACE) va (BDF): (BCE) va (ADI'). 

b. Lay diem M tren doan DF. Tim giao diem cua dudng thang AM vdi mat 
phang (BCE). 

c. Chumg minh rang hai dudng thang AC va BE khong cat nhau. 

Bai tap 11 : Cho tu dien ABCD. Goi G,, G, lin luot la trong tarn cac tarn giac BCD, 
ACD. 

a. Chung minh AG, va BG> cat nhau. Goi giao diem nay la I. Tfnh cac ti so 

1A IB 

IG |' IG, ‘ 

b. Chting minh I la trung diem doan thang ndi cac trung diem cua AB va CD. 

c. Chung minh cac dudng thang di qua dinh cua tu dien va trong tam cua mat ddi 
dien ddng quy tai mot diem, diem nay goi la trong tam cua tur dien. 

Bai tap 12: Cho hinh chop S.ABC. Goi I. H theo thu tu la trung die’m cua SA va 
AB. Lay diem K tren doan SC sao cho CK = 3KS. 

a. Tim giao diem dudng thang BC vdi mat phang (IHK). 

b. Goi M la trung diem cua IH. Tim giao diem cua dudng thang KM vdi mat 
phang (ABC). 

Bai tap 13: Cho hinh chop S.ABCD, M la mot die’m tren canh BC, N la mot diem 
tren canh SD. 

a. Tim giao die’m 1 cua BN va (SAC) va giao diem J cua MN va (SAC). 

b. DM cat AC tai K. Chung minh S, K, J thang hang. 

c. Xac djnh thiet dien cua hinh chop S.ABCD vdi mat phang (BCN). 

Bai tap 14: Cho hinh chop S.ABCD, day la hinh thang ABCD vdi AB // CD va 
AB > CD. Goi I la trung didm cua CS. Mat phang a quay quanh AI cat cac canh SB, 
SD l£n lucrt tai MvaN. 

a. Chung minh MN ludn di qua didm cd‘ djnh. 

b. IM keo dai cat BC tai P, IN keo dai cat CD tai Q. Chung minh PQ ludn di 
qua mdt die’m cd' djnh. 

c. Tim tap hop giao diem cua IM va AN. 

Bai tap 15: Cho tu dien ABCD. Goi I la diem nam tren dudng thang BD nhtmg 
khdng thudc doan BD. Trong mat phang (ABD). ta ve mdt dudng thang qua I va cat 
hai doan AB, AD theo thur tir tai K va L. Trong mat phang (BCD), ta ve mdt dudng 
thang qua I va cat hai doan CB, CD theo thu tu tai M va N. 

a. Chting minh rang 4 diem K, L, M, N ddng phang. 

b. Goi O, la giao die’m cua hai dudng thang BN va DM, 0 2 la giao didm cua 
hai dudng thang BL va DK, va J la giao die'm cua hai dudng thang LM va 
KN. Chung minh rang ba diern A. J, O, thang hang va ba die’m C, J, 0 2 
thang hang. 

c. Gia sir hai dudng thang KM va LN cat nhau tai H. Chung minh rang H 
thuoc dudng thang AC. 
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( HU DU .1 

HAI Ul/CJNG THANG SONG SONG 

1. KIUN Till < ( <> II \\ 

1 DINH NGHIA 

Hai thorn# thrill# son# son# Iri Inn thorn# thrin# 
run# nrim fron# mot nun plum# vri khrin# co them 
rhun# 

2. C AC DINH I ! 

Dinh h I Qua mot them nrim ngorii mot thorn# thrin# cho tnorc ta dun# chore mot vri 
chi mot thorn# than# son# son# vo'i thorn# thrin# da cho. 

Tire la: vai B $ a thi 3! h qua B va h // a. 

He qlid /: Iron# mat plum# a cho during thrin# a vri diem B & a. Nett tif B ta dun# 
horn# thrin# h son# son# veri a thi h nrim tron# mat plidn# ex. 

Tire la: 

! B e a 

l 

B £ a e a o be a. 

B g b//a 

Dinh li 2 : Cho hat thorn# thrin# son# son#. Mat plidn# into cat thorn# than# nay dt 
ohdi cat thorn# kia. 

Tire la: 

a//b 

=>anb = B. 

ana = A 

Dinh li 3: Hat thorn# than# plidn hiet cun# son# son# veri mot thorn# than# thu ha 
thi son# son# vtti nhau. 

Tire la: 

a // c 


b//c 


=> a // b. 


Dinh li 4: Neu ha mat plidn# cat nhau tlieo ha giao tuyen plidn hiet thi ha giao 
tuyen ay hocic don# t/uy liodc doi mot son# son#. 

Turc la, vai a, p, y phan biei va ihoa man: 
any = a 

Pny = b 


a n p = c 


r a // b // c 

a,b,c dbngquy 


He qua 2: (Ye giao tuyen ) Neu hai mat phan# cat nhau vri Ian hurt chua hai duern# 
than# son# son# cho tnorc thi giao tuyen cua cluing son# son# veri hai dudng than# ay. 
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Tire la: 

a e a va h g P 
<a//b =>c//a//b. 

a np = c 

II. CAC DANG TOAN LIEN QIJAN 


Bai loan 1: Chumg minh hai duemg thing song song. 


PHHONG PHAPCHUNG 

06 chumg minh hai duemg thang song song vdi nhau ta co the sir dung mot trong 
cac each sau: 

Cdeli I: Chumg minh 2 duemg thing do dong phing, r6i ap dung phuemg phap chumg 
minh song song trong hinh hoc phing (nhir tinh chat dirt mg trung binh cua 
tarn giac, dinh If Talet dao, tinh chat song song cua hai duemg thing ciing 
vuong goc vdi duemg thing thur ba,...). 

Cach 2: Chung minh 2 dirong thing do cung song song voi duimg thing thi'r 3. 

Caclt 3: Ap dung dinh If ve giao tuyen (dinh If 4 hoac he qua 2). 

Vi du 1: Cho htnh chop SABCD. Goi I, J lin lupt la trong tarn ASAB va ASAD. 
Chumg minh ring IJ // BD. 

Goi M, N theo thur tu la trung diem cua AB, AD, ta co: //[\\\ 

//\\\ 

SM 3 SN 3 _ /} / \ \ „ 


Mat khic, trong AABD ta co MN la duemg trung binh \ / / i 1 \ / 

nin: NX / | A/ 

MN//BD. (2) \L^M B 

Tir (1) va (2) suy ra MN // BD. A 

Vi du 2: Cho htnh chop SABCD day ABCD la hinh thang vdi cac canh day AB 
va CD (AB > CD). Goi M, N lan luot la trung di^m cua SA, SB. 

a. Chumg minh ring MN // CD. 

b. Tim giao di£m P cua SC va mat phing (ADN). 

c. Kio dai AN va DP cit nhau tai I. Chumg minh ring SI // AB // CD. Tir giac 
SABI la hinh gi ? 

Giai 

a. Trong ASAB, ta co: 

MN // AB - tinh chat dudng trung binh. (1) 

Mat khac: 

AB // CD - vi ABCD la hinh thang day AB, CD. (2) 

Tir (1) va (2) suy ra MN // CD. 
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b. CioiH = AD BC. 

p = sc i:n (ADN) 

=> P = SCn (ADN). 

c. Ta co: 

AB e (SAB) va CD e (SCD) 

< AB//C I) 

(SAB) n( SCD) - SI 
Nhan xet rang: 

MN = - SI va MN -= - AB => 5 

i 


S I 



= AB SABI la hinh b'inh hanh. 


Bai toan 2: Tim giao tuyen cua hai mat phang. 

Thiet dien chura mot duemg thang song song vdi mbt duemg ■ aang 
cho trude. 

PH CONG PHAP CHlfNr 

De tim giao tuyen cua 2 mat phang ngoai phircmg phap " Tim 2 diem cluing cua 
2 mar phang ", ta sir dung dinh It 4, nhu sau: 

Budc I : Chi ra rang a, p lan lirot chua hai duemg thang song song a va b. 

Bi(dc 2: Tim mot di6m chung M cua hai mat phang. 

Btfdc 3: Khi do: 


a n p = Mx // a // b. 

Thiet dien cat boi mdt mat phang chura m6t duemg thang song song v<’i mbt 
duerng thang cho trude duoc xac djnh bang each phbi ht^a hai each xac Uj giao 
tuyen da biet. 

Vi du 1: Cho htnh chop S.A3CD day ABCD la hinh binh hanh. Tren doan SA lay 
di£m M sao cho 2SM = MA, tren doan SB lay diem N sao cho 2SN = NB. 

a. Tim giao tuyen cua hai mat phang (SAD) va (SBC). 

b. Chung minh rang MN // CD. 

c. Die’m P nam tr6n canh SC khbng trung veri S. Tim giao tuy£n cua hai n at 

phang (MNP) va (SCD). 0 

Giai 

a. Ta co: 

AD e (SAD) va BCe(SBC) 

AD// BC 

(SAD) n (SBC) = Sx 

b. Tir gia thiet, ta co: 


Sx//AD//BC. 


SM 


2 


= - va 


SN 


2 


MN // AB. 


MA 2 NB 
Mat khac, vi ABCD la hinh binh hanh nen AB // CD. 
Tir (1) va (2) suy ra MN//CD. 
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c. Ta co: 


MN e (MNP) va CD e (SCD) 

-MN//CD => Py // MN // CD. 

(SAB) n (SCD) = Py 



VI du 2: Cho hinh chop S.ABCD, day ABCD la hinh thang, cac cauih d£y AD = 

a. BC = b. Goi I, J 15n luot la trong tarn cac ASAD, ASBC. 

a. Tim giao tuyd'n cua (SAD) vdi (SBC). 

b. Tim giao tuyd'n cua (BCI) vdi (SAD). 

c. Tim giao tuyd'n cua (ADJ) vdi (SBC) 

d. Tim dd dai doan giao tuyd'n cua hai mat phang (ADJ) va (BCI) gidi han bdi 
hai mat phang (SAB) va (SCD) 

Gidi 

a. Ta co: 

AD e (SAD) va BC e (SBC) 

AD//BC => Sx // AD // BC. 

[(SAD) r* (SBC) = Sx 

b. Ta co: 

AD e (SAD) va BC e (BCI) 

AD//BC =>Iy//AD//BC 

^(SAD)n(BCI) = Iy 

va Iy cat SA, SD theo thur tu tai M, N. 

c. Ta co: 

AD e (ADJ) va BCe(SBC) 

AD//BC Jz // AD // BC 

[(ADJ) n (SBC) = Jz 
va Jz cat SB, SC theo thur tu tai E, F. 

d. Gia su AE cat BM tai H va CN cat DF tai K, va ta c5n di tfnh d6 d&i HK. 

2 

Ban doc tuIdm difa Iren dinh UTa - let, dip s6' HK = — (a + b). 

5 

VI du 3: Cho hinh ch6p S.ABCD day la hinh thang vdi cAc canh ddy la AB, CD. 
Goi I, J ltin luot la trung didm cua AD va BC va G la trong tarn ASAB. 

a. Tim giao tuyfiin cua (SAB) va (IJG). 

b. Xac dinh thifi't difin cua hinh chop vdi mat phang (IJG). Thid't diCn la hinh gi ? 
Tim didu kidn ddi vdi AB va CD dd thid't didn ia hinh binh hanh. 

Gidi 

a. Ta co: 

ABe(SAB) va IJ e (IJG) 

AB//IJ => Gx // AB// IJ. 

(SAB)n(lJG) = Gx 
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h. Ciia sir Gx cat SA, SB then tint tu tai M, N. Khi do ta duoc 4 doan giao tuye'n la 
IJ, IM. MN va NJ. Do do thiet dien la hinh thang MNJI. 

Ta co: 


MN // AB 


AB 


SG 2 .... 2 AD 

= - « MN = — AB. 

SB 3 3 


II = — (AB + CD) tinh chat doan trung binh. 

2 

De hinh thang MNJI la hinh binh hanh dieu kien la: 

MN = IJ <=> 2 AB = - (AB + CD) o AB = 3CD. 
3 2 



S 


x M 

/An 

\N 

4 

/ ° \ N 

1 M \ j/j 


D 


Vi du 4: Cho tur dien ABCD, cac canh bang nhau va bang 6a. Goi 1, J l&n luot la 
trung diem ciia AC, BC. Goi K la mot diem tren canh BD vdi KB = 2KD. 

a. Xac dinh thiet dien ciia tur dien vdi mat phing (UK). Chirng minh thiet dien 
la hinh thang can. 

b. Tinh dien tfch thiet dien theo a. 

Gidi 

a. Ta co: 

ABe(ABD) va IJ e (UK) B 

AB// IJ =>Kx//AB//lJ. 

k (ABD)n(IJK) = Kx 

Gia sir Kx cat AD theo thur tu tai H. Khi do ta duoc 4 doan giao tuy£n la IJ, IH, 
HK va KJ. Do do thiet dien la hinh thang IJKH. 

Mat khac, ta tha'y ngay: 

AACD = ABCD => IH = JK. 

Vay, thiet dien IJKH la hinh thang can. 

b. Trong AABC, ta co: 

1 



IJ= — AB = 3a. 
2 

Trong AABD, ta c6: 
HK KD 




- => HK = - AB = 2a. 
3 3 


I 


AB BD 
Trong ABJK, ta co: 

BJ = 3a, BK = 4a ^ 

JK 2 = BJ 2 + BK 2 - 2BJ.BK.COSKBJ = (3a) 2 + (4a) 2 - 2.3a.4a.cos60’ = 13a 2 
=> JK = aVl3. 

Xet hinh thang IJKH, ha dutmg cao KP, ta c6: 

aV5l 


KP = VjK 2 - PJ 2 = , JK 2 - 


IJ-HK 


\ 2 


o 1 i1 , aV51 5a 2 VsT 

Sijkh ~ “ (U + HK).KP - — (3a + 2a). - — - 

4m0 4* 4m 
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Nhdn xiV. Trong IPi giai cau b), vi thife't difen IJKH la hinh thang can nfen vifec ti'nh 
difen ti'ch cua no kha dcm gian. Trong nhin xet nay, chung ta cimg xem xfet mdt dfe 
xua't khac d£ ti'nh dupe difen ti'ch thifet difen va no dac bifet co ich trong truPng hop 
ihife't difen la nhChig da giac khdng co dang dac thu. 

Keo dai IH va JK, chung cat nhau tai Q. 

K li do: S| JKH = S^u — S,^ yHK . 


BAI TAP NGHI 

Bai tap 1: Cho tur difen ABCD. Goi I, J lin lupt la trong tarn cic AABC va AABD. 
Chumg minh rang IJ // CD. 

Bai tap 2: Cho hinh chop S.ABCD day la hinh binh hanh. Goi M, N, P, Q theo thur 
tu la trung difem cua SA, SB, SC, SD. Chumg minh rang MNPQ ia hinh binh hanh. 
Bai tap 3: Cho tur difen ABCD. Goi M, N, P, Q, R, S lin lupt la trung di£m cua 
AB, CD, BC, AD, AC, BD. Chtrng minh MNPQ ia hinh binh hanh. Tfir d6, suy ra 3 
doan MN, PQ, RS cat nhau tai trung difem m6i doan. 

Bai tap 4: Cho tur difen ABCD. Goi M, N, P, Q, R, S ia bon di&n lin lupt li'y trfen 
bdn canh AB, BC, CD, DA. Chumg minh rang nfe'u 4 difem P, Q, R, S d6ng phang 
thi: 

a. Ba duomg thang PQ, SR, AC ho|c d6i mpt song song hoac d6ng quy. 

b. Ba duPng thing PS, QR, BD hoac ddi mOt song song hoac d6ng quy. 

Bai tap 5: Cho AABC nim trong mat phing a. Goi Bx, Cy ia hai nira ducmg thing 
song song va nim vfe cung m6t pht'a ddi vPi a. M vi N ia hai di^m di ddng lin lupt 
trfen Bx, Cy sao cho CN = 2BM. 

a. Chumg minh ring duPng thing MN ludn di qua mdt dife’m cd dinh I khi M, N 
di ddng. 

b. E thude doan AM vi 3EM = EA, IE cat AN tai F, Goi Q li giao di£m cua 
BE vi CF. Chumg minh ring AQ song song vPi Bx vi Cy vi (QMN) chura 
mdt duPng thing cd dinh khi M, N di ddng. 

Bai tap 6: Cho hinh chop S.ABCD day li hinh binh hinh. Goi M, N, P, Q li cac 
dife’m lin lupt trfen BC, SC, SD, AD sao cho MN // BS, NP // CD, MQ // CD. 

a. Chdng minh ring PQ // SA. 

b. Goi K li giao dife’m cua MN va PQ. Chumg minh ring di£m K nim trfen mdt 
duPng thing cd dinh khi M di ddng trfen BC. 

c. Qua Q dung cic duPng thing Qx // SC vi Qy // SB. Tim giao di&n cua Qx 
vPi (SAB) va cua Qy vPi (SCD). 

Bii tap 7: Cho hai duPng thing cheo nhau a vi b. Co thfe’ dung hai duPng thing 
song song cit ca a vi b khdng ? 

Bai tap 8: Cho hai duPng thing chfeo nhau a vi b. Chtfng minh ring tit ca cic 
duPng thing song song vpi a vi cit b dfeu nim trong mdt mat phing. 

Bai tap 9: Cho tir difen ABCD. Goi M, N theo thur tu li trung dife’m cua AB vi AC. 
Trfen doan BD li'y dife’m P . 

a. Tim giao tuyfen cua (DMN) vpi (BCD). 

b. Tim giao tuyfe'n cua (MNP) vpi (BCD). 
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Bai tap 10: Cho hinh chop S.ABCD day ABCD la hinh binh hanh. Goi I, J Lin lupt 
la trong tarn ASAB va ASAD. M la trung diem CD. Xac dinh thiet dien cua h'inh 
chop vcfi mat phang (1JM). 

Bai tap 11: Cho hinh chop S.ABCD day ABCD la hinh binh hanh. 

a. Tim giao tuy&n cua hai mat phang (SAB) va (SCD). 

b. Lay di^m M tuy y tren canh SC nhtmg khong trung voi S, mat phang (ABM) 
cat SD tai N. Tuf giac ABMN la hinh gi ? 

Bai tap 12: Cho hinh chop S.ABCD, day ABCD la hinh vuong canh a, tarn O. Mat 
ben SAB la tarn giac dSu. Ngoai ra SAD = 90". Goi Dx la duong thang qua D song 
song voi SC. 

a. Tim giao diem 1 cua Dx voi mat phang (SAB). Chung minh AI // SB. 

b. Tim thiet dien cua hinh chop v6i mat phang (AC1). Tinh dien tich cua thie't 
dien. 

Bai tap 13: Cho hinh chop S.ABCD, day ABCD la hinh vudng canh bang a, mat ben 

SAB la tarn giac d£u. Cho SC = SD = a yfi . Goi H, K lin lupt la trung diem cua SA, SB. 
M la mot die’m tren canh AD. Mat phang (HKM) cat BC tai N. 

a. Churng minh HKMN la hinh thang can. 

b. Dat AM = x (0 < x < a), tinh dien tich cua ttr giac HKMN theo a, x. Tinh x 

dien tich nay nho nha't. 

c. Tim tap hop giao diem cua HM va KN; cua HN va KM. 

Bai tap 14: Cho hinh chop S.ABCD day ABCD la hinh binh hanh. I, J Hn lupt la 
trung die’m cua SB, AB. M la mpt diem bat ky tren nira duong thang Ax chura C. 
Bien luan theo vi tri cua diem M tren Ax cac dang cua thie't dien cua hinh chop cat 
boi mat phang (IJM). 


CHU DE 4 

Dl/^NG THANG VA MAT PhAnG SONG SONG 

i. ki£n THITC CO BAN 

1. DINHNGHlA 

Mot dudng thang va mdt mat phang goi 1a song song 
v&i nhau neu chung khong co diem chung. 

2 . cActinhchAt 

Dinh U /: Dieu kien can va du de mdt ducrng thang song 
song v&i mot tnat phang la du&ng thang do khdng nam 
trong mat phang va song song v&i mot du&ng thang nao 
do chua trong mat phang. 

Tire la, v6i d <z a thi n£u: 
d // a c a => d // a. 
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Dinh li 2: Neu du&ng thing d song song v&i mat piling 
a thi bat ky mdt mat piling ndo chua d ma cat a thi se 
cat mat phing do theo mdt giao tuyen song song v&i d. 

Ttic U: 


d//a 

d cz pna = a 


=> d // a. 



He qua : Cho du&ng thdng d song song v&i mat phdng a. Neu tut mdt diem M cua a 
dung du&ng thdng a song song v&i d thi du&ng thdng a nam trong mdt phang a. 

' Tiic la: 

dll a 

■ M e a => a <z a. 

M g a//d 

Dinh li 3: Neu hai mat phang cat nhau cung song song v&i mdt du&ng thdng thi 
giao tuyen cua chung song song v&i du&ng thdng do. 

TiicUl: 

an{3 = c 

• a//d =>d//c. 

P//d 

Dinh li 4: Cho hai du&ng thdng cheo nhau. Qua du&ng thdng nay, ta dung duac 
mdt va chi mdt mat phdng song song v&i du&ng thdng kia. 

Tite lk, vdi a, b ch^o nhau thi: 




3! a: 


a c a 
a//b ' 


Hi qua : Cho hai du&ng thdng cheo nhau. Tit mdt diem bat ky khdng thudc mat 
phdng ch&a du&ng thdng ndy song song v&i du&ng thdng kia, ta dung duac mdt va 
chi mdt mdt phdng song song v&i 2 du&ng thdng da cho. 


II. CAC DANG TO AN LlfcN^UAN 

B&i toan 1: Chung minh du&ng thing song song vdi mat phing. 

PHt/ONG PHAP CHUNG 


E)£ chumg minh du&ng thing d song song v&i mat phing a ta churng minh d 
khdng nim trong a va song song v&i mdt du&ng thing a chura trong a. 

Chu y: N&u a khdng c& sin thi ta chon mdt mat phing (3 chura d va nhin a 1km giao 
tuy&n cua a vk p. 

Vi du 1: Cho tur didn ABCD. Goi G, va G 2 theo thur tu lk trong tkm AABD va 
AACD. Chiing minh G,G 2 song song v&i cac mat phing (ABQ vk (BCD). 

Giai 


Ta c 6 th6 lua chon mdt trong hai each sau: 
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Cdch I : Goi M, N, I. K thc*o thu tir la trung diem cua AB, AC, CD, BD. 
Trong AABD, ta cd ngay: ^ 

AG, 2 , IX 


AK 3 3 DM 


i _ 


Trong AACD, ta cd ngay: 
AG; 2 , DG; 2 

AI " 3 ' a DN 3 

Tir do, ta lan I urn cd: 


AG, 
AK 
DG, 


AG; 
AI 
DC], 



= - => G,C, 2 // KI c (BCD) => G,G 2 // (BCD). 


> G,G; // MN c (ABC) => G,G 2 // (ABC). 

DM DN 3 

Cdch 2: Goi E la trung didm cua AD. 

Trong AABD, ta cd ngay: 


A 


BG, 

BE 


2 

3 


Trong AACD, ta cd ngay: 
2 

3 


CG 2 2 


CE 

Tir do, ta cd: 
BG, 


BE 


^ = - => G,G 2 // BC 
CE 3 


C 



Vi BC thude (BCD) va (ABC) nen G,G 2 // (BCD) va G,G 2 // (ABC). 

Vi du 2: Cho chop S.ABCD cd day A BCD lit htnh binh hanh. Goi M, N Un luoi 
la trung didm cac canh AB, CD. Goi P la trung didm cita SA. 

a. Chumg minh MN song song vdi cac mat phang (SBC) va (SAD). 

b. Chting minh rang SB song song vdi (MNP). 

c. Chung minh rang SC song song vdi (MNP). 

d. Goi G, va G, theo thur tir la trong tarn AABC va ASBC. Chung minh G,G ; 
song song vdi (SAD). 

Gidi 


a. Trong hinh binh hanh ABCD, ta cd MN la dudng trung binh, do dd: 

MN // BC c (SBC) => MN // (SBC). S 

MN // AD c (SAD) => MN // (SAD). 

b. Trong ASAB, ta cd MP la dudng trung binh, do dd: 

SB // MP c (MNP) SB // (MNP). 

c. Ta cd thd lira chon mdt trong hai each sau: 

Cdch I: Ta cd: 

AD e (SAD) va MN e (MNP) 

•AD//MN => Kx // AD // MN. 

(SAD) n (MNP) = Px 



( 
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Gia sir Px cat SD tai Q, suy ra Q la trung difim SD. 

Trong ASCD ta co NQ la ducmg trung binh, do do: 
SC//N'^c (MNP) => SC // (MNP). 

Cach 2: Goi O la trung dife’m MN, suy ra O la trung diem AC. 
Trong ASAC, ta c6 OP la ducmg trung binh, do do: 

SC//OPc (MNP) => SC//(MNP). 

1 Goi K la trang difim SB. Ta co: 


2 , CG 2 
— va —- 

3 CM 


= ^ =>G,G 2 //MK. (1) 



Mat khic, t ong ASAB, ta co MK la ducmg trung binh, do do: 

MK // SA. 

Tir(I) va (2) suy ra: 

G,G 2 // SA c (SAD) => G,G 2 // (SAD). * 


Bai toan 2: Tim giao tuyin cua hai mat phing. 

Thifi't diftn song song vdi mdt ducmg thing cho trudc. 

PHl/ONG PHAP CHUNG 

1. Tim phucmg giao tuy£n bang dinh If 2 hoac djnh U 3. 

2. Ttr do xac dinh thid't difin cua hinh chop cat bdi mat phang song song vdi 
mdt hoac hai dudng thing cho trudc theo phucmg phap da bid't. 

du 1: Cho hinh ch6p S.ABCD. M, N la hai didm hit ki trfin SB va CD. a la 
mat phang qua MN va song song vdi SC. 

a. Tim cic giao tuyfi'n cua a vdi cac mat phing (SBC), (SCD) va (SAC). 

b. Xic dinh thid't difin cua S.ABCD vdi mat phing a. 

Giai 

a. Nhin x6t ring: 

SC//a 

< Mx e (SBC)na 

Ny g (SCD)na 

Mx // SC va Mx cit BC tai E. 

Ny // SC va Ny cit SD tai F. 

Goi K li giao di£m cua EN vdi AC, ta cd: 

SC//a 

SC c (SAC) =>Kz//SC 
Kz e (SAC) "'i a 
va Kz cit SA tai H. 

b. Nd'i MH, FH ta duoc ngu giac MENFH chrnh li thid't didn cua S.ABCD vdi mat 
phing a. 
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Vi du 2: Cho tir dien dcu ABCD. Goi H la diem nam trong AABC. Mat ph&ng a 
qua I. song song voi cac dtrong (hang AC va BD. Xac dinh thiet dien cua A BCD voi 
mat phang a. Thiet dien la hinh gi ? 


Gicii 

Ta hin lucrt co: 
r AC // a 

AC c (ABC) > Ex // AC 
fix e (ABC)na 

va Ex cat AB va BC theo thur tu tai M va Q. 
BD//a 



pMy // BD va My cat AD tai N. 
Mye(ABD)na => L Q2//BDviQzcitCDt , jp . 

Qz € (CBD)oa 


Ba mat phang a, (ABC) va (ACD) cat nhau theo ba giao tuyen MQ, AC, NP va 
MQ // AC nen MQ // NP. 

Vay, thiet dien MNPQ la hinh binh hanh. 

Vi' du 3: Cho hinh chop S.ABCD day ABCD la hinh thang co day 16n BC = 2a, 
AD = a, AB = b. Mat ben SAD la lam giac d6u. a la mat phang qua diem M tren canh 
AB va song song voi SA va BC, a cat CD, SC, S B lan luot tai N, P, Q. 

a. Chung minh MNPQ la hinh thang can. 

b. Tinh dien tfch thiet dien theo a, b va x = AM, (0 < x < b). Ti'nh gia tri 1cm 
nhat ciia dien tich. 

Giai 

a. Ta lan lucrt co: 

SMI a 

■ SA c (SAB) => MQ // SA. 

MQ e (SAB)not 

BC // a 

• MN e (ABCD) na => MN // PQ // BC. 

PQ e (SBC)na 



Nhan xet rang: 


MQ _ BM BQ _ CN CP 
SA BA BS _ CD ~ CS 


Mp SA=SD 

— MQ = NP. 
SD 


Vay, thie't dien MNPQ la hinh thang can. 
b. Gia su AB cat CD tai I, ta co: 

11 1 

AD = - BC => AD la ducmg trung binh cua AIBC 

a— 


105 









0 


do dd IA = AB = b vik: 

MN = ]M _ 1A +AM 
BC " IB IA + AB 
Trong ASBC, ta co: 

PQ SQ AM 
~ SB ~ 


b + x 


2b 


=> MN = 


a(b + x) 


BC SB AB 
Trong ASAB, ta c6: 

MQ BM b - x 


PQ = 


=> MQ = 


2ax 


a(b-x) 




N 


H M 


SA AB b b 

Xet hinh thang can MNPQ, ha ducmg cao QH, ta cd: 


QH = VMQ 2 - MH 2 = . MQ 3 


Smnfq = ~(MN + PQ).QH = i 


( 


MN-PQ 


2 

a(b + x) 


+ 


2ax 


V3a(b-x) 
' 2b 

V3a(b- x) 
~2b 


Si 


4b 


.(b + 3x)(b - x). 


Ta bien d6i: 


Smnhq - 


Si 


a 


4b‘ 


4b 3 


:S- 


S 


S> 


a 


4b- 


4b 2 

3 


a^_ 

S' 


a' 


Vay (SmnhqIm,, = -j=, dat duoe khi: 

s 


:S 


= 0o x = 


_b_ 

S 3 

BAI T^P d£ NGHI 

Bai tap 1; Cho hai ducmg thing phan biet a, b va mat phing a. 

a. Gia su a // b va b // a, cd the’ k£t luan gl vi vi tri tucmg ddi cua a vdi a. 

b. Gia sir a // a va b // a, c6 the’ kit luan gl vi vi tri tucmg ddi cua a vdi b. 

Bii tap 2: Cho tti dien ABCD. G la trong tam tarn giac ABD. M la mdt diim tren 
canh BC sao cho MB = 2MC. Chung minh MG song song vdi (ACD). 

Bai tap 3: Cho hai hinh binh hanh ABCD va ABEF khdng cung nim trong mdt 
mat phing. 

a. Goi O va O’ lin luot la tam cua ABCD va ABEF. Chung minh OO’ song 
song vdi cac mat phing (ADF) va (BCE). 

b. M, N theo thd tu la trong tam cua cic tam giac ABD va ABE. Chung minh 
MN song song vdi (CDEF). 

Bii tap 4: Cho tur dien ABCD. goi O, O’ lin luot la tam dudng trdn ndi tiefp cac 
tam giac ABC va ABD. Chung minh ring: 
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a. Dieu kicn can va tin de ()()' song song voi (BCD) la: 

BC AB f AC 
BD ’ AB + AD 

h. Dit*u kicn can va du do ()()' song song voi 2 mat phing (BCD) va (ACD) la 
BC = BD va AC = AD. 

Bai tap 5: Cho hinh chop S.ABCD. M. N la 2 diem tren AB, CD, a la mat phang 
qua MN va song song voi SA. 

a. Tim cac giao tuyen ciia a voi (SAB) va (SAC). 

b. Xac djnh thiet dien cua hinh chop voi mat phang a. 

c. Tim di6u kien cua MN de thiet dien la hinh thang. 

Bai tap 6: Cho hinh chop S.ABCD day la hinh binh hanh. Mat phang a chuyen 
ddng luon song song vdi BC va d6ng thdi di qua trung die’m C, cua canh SC. 

a. Mat phang a cat cac canh SA, SB, SD lan lurot tai A,, B,, D,. Thiet dien 
A,B|C,D, la hinh gi ? 

b. Chumg minh a ludn chura mot ducmg thang cd" djnh. 

c. Xac djnh thiet dien ma a cat hinh chop S.ABCD. Djnh M de thiet dien la 
hinh binh hanh. 

d. Goi M la giao die’m cua A,C, va B,D,. Chumg minh rang khi a thay d6i thl 
M chuyen ddng tren mdt ducmg thang c6 djnh. 

Bai tip 7: Cho hinh chop S.ABCD, day ABCD la hinh binh hanh tarn O. M la mdt 
di&n di ddng tren SC, a la mat phang qua AM va song song vdi BD. 

a. Chumg minh a ludn dura mdt ducmg thing cd djnh. 

b. Dm cic giao diCm H va K cua a vdi SB, SD. Chumg minh ring 

SB SD SC . .. ; ... 

— + — + — co gta tri khdng ddt. 

SH SK SM 

c. Thiet difen cua^linh ch6p vdi a co the la hinh thang dupe khdng? 

Bai t$p 8: Cho tur dien d£u ABCD canh a. M va P la 2 di£m di ddng tren cic canh 
AD va BC, sao cho AM = CP = x, (0 < x < a). Mdt mat phang qua MP va song song 
vdi CD cat tur dien theo mdt thiet dien. 

a. Chumg minh thiet dien thdng thuemg la hinh thang can. 

b. Tilth dien tich thiet dien. Tim x d<* dien ttch thiet dien nho nha't. 

Bai tap 9: Cho hinh chdp S.ABCD, day ABCD la hinh binh hanh. M la di^m 
chuyen ddng tren canh SC va a la mat phang chura AM va song song vdi BD. 

a. Chumg minh ring mat phang a ludn chura mdt dudng thing c6 djnh khi M 
chuy^n ddng tren canh SC. 

b. Mat phing a cit SB, SD theo thur tu tai E va F. Hay trinh bay each dung 
di^m E va F. 

c. Goi I la giao diem cua ME va CB, J la giao die’m cua MF va CD. Chumg 
minh ring ba diem I, J, A thing hang. 
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Bai tap 10: Cho hinh chop S.ABCD, day ABCD la hinh thang. M la di£m bat ki 
trfen canh AB va a la mat phang qua M song song vdi AD va SB. 

a. Mat phang a cat hinh chop theo thife't difen la hinh gi ? 

b. Chumg minh rang a song song vdi SC. 

Bai tap 11: Cho tu difen ABCD co AB = CD = a, BC = AD = b, AC = BD = c (a > b > c). 
Mdt mat phang a song song vdri AB va CD, cat tu difen theo mdt thife't difen co chu vi p va 
difen ti'ch s. 

a. Dinh a dfe p ldn nhat, nho nhat. 

b. Djnh a dfe s ldn nhat. Tfnh difen tich a'y. 


CHU DE 5 

HAI MAT PhAnG SONG SONG 

I. KlfcN THtfC CO BAN 

1. DINHNGHlA 

Hai mat phang goi la song song vdi nhau neu cluing 
kliong co diem chung . 

2. cActinhchAt 



Dinh li 1: Neu hai mat phang a va P song song vdi nhau thi moi dudng thang a 
iidm trong a deu song song vdi p. 

TOC ft: / 


a 6 a 


. 1«»P " 3//P - A _/ 

Dinh U 2: Neu mdt mat phang chiia hai dudng thang cdt nhau va hai dudng thang 
nay cung song song vdi mot mat phang cho trudc thi hai mat phang do song song 
vdi nhau. 


Tire la: 


a,b g a 
a cat b 
a//p va b//p 



=>a//p. 



He qua 1: Neu mot mat phang chita hai dudng thang cdt nhau Ian h«rt song song vdi 
hai dudng thang cua mdt mat phang khac thi hai mat phang do song song vdi nhau. 

Ttic la: _ 


a,b g a 
a cat b 


=> a // p. 



!a//a, c P va b//b, c P 
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Dinh li 1: Qua mot them ( ) he'll k\ ndm ngodi mat phalli’ a hao pur cung dung dupe 
mot vd clii mot mat phdng song song vdi mat phdng a. 

Tire la: 

[(.) € P 

() •/ (X > l!|l: 

| a // p 

Cdch dung: 

• Trong (x dimg a, h cat nhau. 

• Qua O dimg a, // a, b, // b. 

• Mat phang (a,, b,) la mat phang qua O va song song veti ex. 


He qua 2: Neu duhng lhdng a song song vdi mat phang a thi qua a co mot va chi 
mot mat phdng P song song vdi mat phdng a. 

He qua 3: Hai mat phdng phan hiet cung song song vdi mat phang tint ha thi song 



He qua 4. Neu tii mot diem A ndm ngoai mat phang a ta dung mot difdng thdng song 
song vdi a thi dudng thdng nay ndm trong mat phdng qua A vd song song vdi a. 


Turc la: 


a//p 

A e.p => Ax c p. 
Ax//a 


Dinh li 4: Neu hai mat phdng song song hi cat hdi mot mat 
phdng thu ba thi hai giao tuyen song song vdi nhau. 

Tire la: 

a//p 

• a = any => a//b. 
b = Poy 

Dinh li 5: Hai mat phdng song song clidn tren hai cat 
tuyen song song nhung doan thdng bang nhau. 

Tire \k: 

a//pva a//b 

■ana = A, va anp = B,. => A,B, = A 2 B2. 
bna = A 2 va bnP=B 2 



Dinh li 6: (Dinh It Talet trong khong gian) Ba mat phdng song song clidn tren hai 


cat tuyen bat ky nhung doan thdng tiumg ifng ty le. 
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Tire la: 

a//p//y 

• ana = A, va a np = B, vA any = C, 
bna = A 2 vA bnp = B 2 va bny = C 2 

^ Mi = Ml 

B.C, B 2 C 2 ' 

II. CAC DANG TOAN LlfeN QUAN 



Bai toan 1: Chirng minh hai mat phAng song song. 


PHIT0NG PHAP CHUNG 

De chumg minh 2 mat phAng song song ta di chirng minh mat phAng nAy chura 
hai duemg thAng cat nhau song song vdi mat phAng kia (hoac song song vdi hai 
dudng thAng cat nhau nAm trong mat phAng kia). 

Chu y: 

1. Sir dung ti'nh chat: 

r«//p 


acp 


=> a//a 


ta duoc them mdt phuemg phap de chirng minh dudng thAng a song song vdi a. 

2. Sir dung dinh If Ta - let dao ta duoc them mdt phuong phap di chirng minh 
duemg thAng song song veri mat phAng, cu thd: 

Ba didm A,, B„ C, thude dudng thAng a va ba didm A 2 , B,, Q thude dudng thAng 
b (vdi a va b cheo nhau) thoa man: 


A, B 


i u i 


B|C, 


A 2 B 2 

b 2 c 2 


suy ra tdn tai. duy nha't bd ba mat phAng a, P, y song song lAn lucrt chura cAc doan 
thang A, A 2 , B,B 2 , C,C 2 , tir dd ta duoc cac ket qua: 

A, A 2 song song vdi P vA y. 

B, B, song song vdi a vA y. 

C, C 2 song song vdi a vA p. 

Di6u quan trong nha't cAn chi ra duoc su tdn tai cua mdt trong ba mat phAng. 

Vi' du 1: Cho hlnh chdp S.ABCD, day ABCD 1A hinh binh hAnh tAm O. Goi M, 
N lAn luot 1A trung didm cua SA vA CD. 

a. Chumg minh rang mat phAng (OMN) vA mat phAng (SBC) song song vdi nhau 
Goi I 1A trung didm SC, J 1A mdt di£m trdn (ABCD) vA cAch ddu AB vA CD. 
Chirng minh IJ song song vdi (SAB). 

Gia su hai tarn giac SAD, ABC ddu cAn tai A. Goi AE, AF1A cac duemg phAn giac 
trong cua cac tarn giac ACD vA SAB. Chumg minh EF song song vdi (SAD). 

Giai 

a. NhAn xet rAng: 

OM//SC ^ (0MN) h (SBC) 

ON//BC 


b. 


c. 
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IPQ) // (SAB) => IJ //(SAB). 



B 


h. Goi P, Q ihco thi'r tir la ti ling diem AD va BC\ suy ra J S 

thuoc dirong thang PQ. 

Nhan xet rang: 
f PQ//AB 

—S 

1IQ//SB 

c. Sir dung tinh c hat dircmg phan giac, ta co: 

HD AD _ AS I S 
EC ” AC ~ AH I B 

suy ra ton tai duy nhat bp ba mat phang song song lan 

lirot chua cac doan thang SD, EH, CD va ta thay ngay B 

mot trong ba mat phang do chtnh la (SAD), do do: 

EF // (SAD). 

Chu y: Neu cac em hoc sinh cam thay kho hieu trong Idi giai cua cau c) thi co the’ 
sir dung loi giai tuemg minh hem nhu sau: 



Dung EH // SD, H e SC. 

Nhan xet rang: 

HS ED AD AS 


FS 


AB FB 


HF // BC HF // AD. 


( 1 ) 

( 2 ) 


HC EC AC 
Tir(l) va (2) suy ra: 

(HEF) // (SAD) ^ EF // (SAD). 

V( du tiep theo se sir dung lai each trinh bay nay de’ giup cac em hoc sinh nam 
virng hem. 

Vi du 2: Cho tir dien ABCD. Goi I, J la hai diPm di dong lan lutrt tren cac canh 

^ . , , IA JB 

AD, BC sao cho lu6n co — = —. 

a. Chtrng minh rang IJ lu6n song song vdi mpt mat phang c6 dinh. 

b. Tim tap hop diem M chia doan IJ theo ti s6 k cho tructc (turc diP’m M thoa 

IM = k.MJ). A 


Giai 

a. Dong JH // AB, H e AC. 


Nhan xet rang: 
HA = JB 
~ JC 


= — = — => HI // CD. 


(1) 


( 2 ) 



D 


HC JC ID 

Goi a la mat phang chura AB va song song vdi CD, 
suy ra a la mat phang c6 dinh va (HIJ) // a. 

b. Giai sir (HIJ) cat BD tai K, di tha'y HIKJ la hinh binh hanh. Qua M ke PQ song 
song vdi AB (P e HI va Q e JK). Ta co: 

AP n BQ = E va EM n AB = F. 


Ill 






Nhan xet rang: 


ED 

PI 

MI 

EC ’ 

PH ‘ 

MJ 

FA 

MP 

MI 

FB ‘ 

MQ 

" MJ 


= k => E la diem chia CD theo ti s 6 k. 
= k => F la diem chia AB theo ti s 6 k. 


V$y, tap hop di6m M chia doan IJ theo ti sd k la doan EF vdi E, F ian luot la 
di^m chia CD va AB theo ti s 6 k. 


Bai toan 2: Tim giao tuyen cua hai mat phang. 

Thiet dien song song vdi mdt mat phang cho trude. 

PHUONG PHAP CHUNG 

1. Ta sir dung them dinh li 4 de’ xac djnh giao tuye'n cua hai mat phang. 

2. Thiet dien cua hinh chop cat bdi mot mat phang song song vdi mdt mat 
phang cho trucrc duoc xac djnh thOng qua viec tim duoc cac doan giao tuyen 
nhu tren. 

Vi du 1 : Cho hai mat phang song song a va p. A, B, C la ba diem kh6ng thang 
hang thuCc .. va MN la doan thang nam trong p. 

a. Tim giao tuyen cua (MAB) va P; giao tuyen cita (NAQ va p. 

b. Tim giao tuyen cua (MAB) va (NAC). 

Giai 

a. Ta co: / 

o//p / 

• AB = an(MAB) => Mx//AB. B 

Mx = pn(MAB) 

Ta c6: 

a//p 

• AC = an(MAC) => Ny//AC. 

Ny = Prs(MAC) 

b. Vi AB cat AC tai A nen 

Mx n Ny = D => (MAB) n (NAQ = AD. 

Vi du 2: Cho hinh ch6p S.ABCD day ABCD la hinh thang, day ldn AB = 3a, 
AD = CD = a. Mat ben (SAB) \k tam giac can dinh S vdi SA = 2a, a la mat phang di 
d6ng song song vdi (SAB), cat cac canh AD, BC, SC, SD theo thur tu tai M, N, P, Q. 

a. Chufng minh MNPQ la hinh thang can. 

b. Dat x = AM, vcri 0 < x < a. Dinh x de’ MNPQ ngoai tie'p duoc mdt dudng 
tr6n. Tinh ban kinh ducmg tron do. 

c. Goi I la giao diem cua MQ va NP. Tim tap hop nh&ng di^m I khi M di ddng 
tren AD. 

d. Goi J la giao diem cua MP va NQ. Chung minh IJ co phuong khdng ddi va J 
di ddng trong mdt mat phang cd' dinh. 
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Gicii 

a. Ta Idn 1 ircrt co: 

fa//(SAB) 


< MN = un(AIKT» MN//AB. 
AB (SAB), - 

Lap lu|n tirong nr la cling co: 

NP // BS, PQ // CD, QM//SA. 


Nhan xet rang: 

MN // PQ boi AB//CD. 
MQ _ DQ CP NP 
SA ~ DS _ CS “ SB 


SA = SB 

=> MQ = NP. 


S 



Vay, thiet dien MNPQ la hinh thang can. 
b. D6 MNPQ ngoai tiep dirac mot duang tron ciiSu ki^n la: 
MN + PQ = MQ + NP o MN + PQ = 2MQ. 

Trong ASAD, ta co: 

MQ DM a-x 


SA DA 


=> MQ = 2(a - x). 


Trong ASCD, la co: 

PQ SQ AM x 

CD SD AD a 

Gia su AB cat CD tai O va OD = y, ta co: 

OD CD a a 

-= — = — =>3y = a + yoy = - . 

OA AB 3a 2 


(1) 

( 2 ) 

(3) 


MN OM 


OD + DM _ 2 * 3 X 


AB 


OA OD + DA 


a 


=> MN = 3a - 2x. 


+ a 



N 


Thay (2). (3) va (4) vao (1), ta dirac: 

3a - 2x + x = 4(a - x) o x = - . 

3 

Vay, vdi x = -- thi MNPQ ngoai tiep duoc m6t dirCmg tr6n. 
Khi do, x£t hinh thang can MNPQ, ha dirdng cao QH, ta co: 

MN-PQV ax/7 


QH = 7 MQ 2 -MH 2 = JMQ 2 




1 


3 

a >/7 


suy ra ban kinh dircrng tron nbi tiep MNPQ la r = - QH = 

2 6 

Cau c) va cl) hoc sink tularn. 


(4) 

0 


H M 
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BAI TAP 1)6 NGH1 

Bai t$p 1: Cho hinh chop S.ABCD day la hinh binh hanh tim O. Goi M, N lin 
lum la trung didm cua SA, SD. 

a. Chumg minh ring (OMN) song song vdi (SBD). 

b. Goi P vi Q li trung diem cua AB vi ON. Chumg minh ring PQ song song 
vdi (SBC). 

Bai tip 2: Cho hai hinh vudng ABCD va ABEF 6 trong 2 mat phing khic nhau. 
Iren cac dudng cheo AC vi BF lin luot liy cac diem M, N sao cho AM = BN. 
Cic dudng thing song song vdi AB ve tit M. N lin luot cat AD, AF tai M\ N\ 

a. Chung minh ring (CBE) song song vdi (ADF). 

b. Chimg minh ring (DEF) song song vdi (MNN’M’). 

c. Goi I la trung didm cua MN, tim tap hop didm I khi M, N dOng. 

Bai tip 3: Cho tur dien ABCD co AB = AC = ^AD. Chiimg minh ring cic dudng 
phin giic ngoii cua cic gdc BAC, CaD, I5a 6 ddng phing. 

Bai tip 4: Trong mit phing a cho hinh binh hanh ABCD. Ta dung cic nua dudng 
thing song song vdi nhau va nim vi mot phia ddi vdi a lin luot di qua cic didm A, B, 
C, D. Mat phing P cit bdn nua dudng thing noi tren tai A„ B,, C„ D,. 

a. Chumg minh ring (AA,, BB,) song song vdi (CC,, DD,). 

b. Chumg minh ring A,B,C|D, la hinh binh hanh. 

c. Qning minh ring AA, + CC, = BB, + DD,. 

Bii tip 5: Cho hai nira dudng thing cheo nhau Ax, By, M va N li 2 diem di dong 

lin luot tr6n Ax, By sao cho AM = BN. Ve NP = BA. 

a. Chiing minh MP cd phuong khong ddi va MN ludn song song vdi mdt mat 
phing c d dinh. 

b. Goi I la trung di&n cua MN. Chung minh ring I nim trin mdt dudng thing 
c 6 dinh khi M, N di ddng. 

Bii tip 6: Cho hai dudng thing cheo nhau a va b. Tun tap hop cac didm I trdn doan 
thing MN va chia MN theo ti sd k cho trudc khi M, N di ddng lin luot trdn a, b. 

Bii tip 7: Cho hai dudng thing cheo nhau a vi b lin luot nim trdn hai mat phing 
song song (P) vi (Q). Chung minh ring neu diem M khdng nim tidn (P) vi khdng nim 
tren (Q) thl cd duy nhi't mdt dudng thing di qua M cit ca a vi b. 

Bii tip 8: Cho hai dudng thing cheo nhau. Chung minh ring cd dung hai mat 
phing song song vdi nhau lin luot di qua hai dudng thing dd. 

Bii tip 9: Cho hinh chop S.ABCD cd diy li mdt hinh binh hinh. Goi A’, B’, C, D’ 
lin luot li trung didm cua cac canh SA, SB, SC, SD. Chumg minh ring (A'CD ) // 
(ABC). 

Bii tip 10: Cho hai didm M, N lin luot thay ddi tren hai mat phing song song (P) vi 

IM 

(Q). Tun tip hop cac didm I thudc doan thing MN sao cho — = k, k * 0 cho trudc. 

Bii tip 11: Trong mat phing (a) cho hinh binh hinh ABCD. Qua A, B, C, D lin luot 
ve bdn dudng thing a, b, c, d song song vdi nhau vi khdng nim tren (a). Tren a, b, c 
lin luot liy ba die’m A’, B’, C’ tuy y. 

a. Hay xic dinh giao die’m D’ cua ducmg thing d vdi mat phing (A’B’C’). 

b. Chumg minh A’B’C’D’ li hinh binh hinh . 
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Bai lap 12: Cho hai hinh binh hanh ABCD va ABEF nam trong hai mat phang khac 
nhau. Lay diem M. N Ian lirttt thubc cac dircmg cheo AC, BP sao cho MC = 2AM; 
NF = 2BN. Qua M, N ke cac dtrong thang song song voi AB cat cac canh AD, AF 
lin I trot tai M, va N,. Chung minh rang: 

a. MN//DF. 

b. M,N, // (DBF). 

c. (MNN,M,)//(DEF). 

Bai tap 13: Cho hinh chop S.ABCD, day ABCD la hinh thang co cac canh day AB, 
CD vcri CD = p.AB (0 < p < 1). S,, la dien tich tam giac SAB. a la mat phang qua diem 

M tren canh AD va song song voi mat phang (SAB). Dat — = x, vcri 0 < x < 1. 

AD 

a. Xac dinh thiet dien cua hinh chop S.ABCD vcri mat phang a. Tfnh dien tich 
thi£t dien theo S,„ p, x. 

b. Tinh x de dien tich thiet dien bang mot nua dien tich tam giac SAB. 

Bai tap 14: Cho hai tia Ax va By nam tren hai ducmg thang cheo nhau. Mot die’m 
M chay tren Ax va mot diem N chay tren By sao cho AM = kBN (k > 0 cho trtrdrc). 

a. Churng minh rang MN song song vcri mot mat phang c 6 djnh. 

b. Tim tap hop cac diem 1 thuoc doan MN sao cho IM = kIN. 

CHU DE 6 

HiNH lAng tru vA hinh h6p 

• • 

l. KI^N THITC CO BAN 

1. HINH lAng TRU 

Dinh nghia: Hinh king tru la mot hinh da dien co hai mat nam trong liai mat 
ohdng song song goi la hai day va tat ca cac canh khong thudc hai day deu song 
song vcfi nhau. 

Trong do: 

■ Cac mat khac voi hai day goi la cac mat 
ben cua hinh lang tru. 

■ Canh chung cua hai mat b£n goi la canlt 
ben cua hinh lang tru. 

■ Tuy theo da giac day, ta c6 hinh lang tru 
tam giac, lang tru tu giac,... 

Tir djnh nghia cua hinh lang tru, ta kin luot suy 
ra cac tinh chat sau: 

a. Cac canh bfin song song va bang nhau. 

b. Cac mat ban va cac cac mat cheo la nhung hinh binh hanh. 

c. Hai day Ik hai da giac co cac canh tuong img song song va bang nhau. 

2. HINHH0P 
Dinh nghia: 

a. Hinh lang tru co day Id hinh binh hanli goi la hinh hdp. 

b. Hinh hop co tat cd cac mat ben va cac mat day deu la hinh chit nhat goi la 
hinh hop chit nlidt. 
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c. Hinh hdp co tat ca cac mat ben va cac mat day deu Id liinh vudng goi la 
hinh lap phuctng. 



Chu y: Cac ducmg ch6o cua hinh h6p cat nhau tai trung di£m m6i dudng. 
U. CAC DANG TOAN LlfiN QUAN 


Bai toan 1 : Su dung ti'nh chat cua hinh lang tru - Thiet dien. 


PHUONG PHAP CHUNG 

1. Nam vflng dinh nghla vk cac ti'nh chat cua hinh lang tru da ve hinh va chung 
minh mOt s 6 ti'nh cha't khkc. 

2. Viftc xac dinh thift't difen cua hinh lang tru cat bcri mdt mat phang cung tiefn 
hknh tucmg tu nhu d<5i vdi hinh chdp. Luu y rang " Hai day hinh lang tru 
song song, do do giao tuyen cua mat phang cdt 2 mat do, neu co, la hai 
doan thang song song 

Vi du 1: Cho lang tru tarn gikc ABC.A,B,C,. Goi M, M, theo thur tu la trung 
di^m cua ckc canh BC va B,C,. 

a. Chdng minh ring AM//A,M,. 

b. Tun giao di&n cua mat phang (AB,C,) vdi dudng thang A,M. 

c. Tim giao tuytfn d cua hai mat phang (AB,C,) va (BA,C,). 

d. Tim giao didm G cua dudng thing d vdi mat phang (AMA,). Chting minh 
ring G Ik trong tarn AAB,C,. 

Gidi 

a. Tir gia thitft, ta dw?c: 

II II D M 

MM, = BB, = AA, Bl |r-- p —^i C i 

<x> AMM,A, Ik hinh binh hknh 

=> AM // A,M,. X/W / 

b. Chon mat phang phu (AMM,A|) chiia A,M. / 

Nhan x6t ring: ^ \ \ C 

(AMM,A,) n (AB,C,) = AM, 

AM, nA,M = I A 

suy ra A,M n (AB,C,) = I. 
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c. Goi O = AB, n A,B. khi do ta nhan diroc: 

(AB|C,) n (BA,C ,) = OC,, chinh la dirong thing d cin tim. 

d. Chon mat phang phu (AI i, C’,) chi'ra d (dura OC,). 

Nhan xet rang: 

(AMA,) n (AB,C,) = AM, 

AM, n OC, = 0 
suy ra d n (AMA,) = G. 

Dc thay G la trong tarn AA8,C,, boi trong AAB,C, tht G la giao diem cua hai 
ductng trung tuyen. 

Vi du 2; Cho lang tru tam giac ABC A,B,C,, day \h tam giac d6u canh a. Cac 
mat ben ABB,A,, ACC,A, la hinh vuong. Goi 1, J la tam cac mat b£n noi trfcn va O 
la tam dirong tron n 6 oai tiep tam giac ABC. 

a. Chiing minh IJ song song vdi mat phang (ABC). 

b. Xac dinh thifit dien cua lang tru voi mat phang (IJO). Chumg minh thi^t dien 
la thang can. TTnh dien tich cua no theo a. 

Gidi 

a. Nhan xet rang: 

IA, = JA, = i 
IB JC 

=* IJ // BC c (ABC) => IJ // (ABC). 

b. Ta lin lirot c6: 

IJ e (IJO) va BC e (ABC) 

•IJ//BC => Ox //IJ// BC. 

(IJO)n(ABC) = Ox 

va Ox cat AB va AC theo thti tir tai E va F. 

N6i El cat A,B, tai H va n6i FI cat A,C, tai G. Nhu vay, thifit dien la tti giic 
EFGH. 

Nhan xet ring: 

(ABQ/AA.B.C,) . ^ 

< (IJO) n (ABC) = EF => EF // GH => EFGH la hlnh thang. 
(IJO)n(A 1 B,C 1 ) = GH 

VI AABCnen AA,B,B = AA 1 C l C,dodoEH = FG. 

Vay, thie't dien EFGH la hlnh thang can. 

" Trong AABC, ta c6: 

— = — => EF = —. 

BC 3 3 
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■ Trong AA,B,C„ ta c6: 

HG A,H BE 1 a 

B,C, A,B, BA 3 3 


■ Trong AIBE, ta c6: 

IE 2 = BI 2 + BE 2 - 2BI.BE.cos IBE 




. — .cos45° = 
3 


5a^ 

18 


=> IE = 


aVlO 

6 


=> EH = 2IE = 


aVlO 

3 


Khi d6, x£t hlnh thang can EFGH, ha dudng cao HM, ta co: 



Chit ji: Trong ldi giai trftn: 

1. d cau a), chung ta c6 th£ sir dung nhan x£t: 

IJ la dudng trung blnhcua AA,BCo U = |BC (tac6 IJ = |). 

2. Khi d6, trong cau b), chung ta c6 the tinh dd dai HG dira trfin tinh chat IJ la 
dudng trung blnh cua hlnh thang EFGH nhu sau: 

U= ~(EF + HG)=>HG = 2U-EF = 2.- - — = 

2 2 3 3 


to6n 2: Su dung tfnh chat cua hlnh hOp - Thie't difin. 

PHl/ONG PHAP CHUNG 

1. Nam vtfng dinh nghla va c4c tinh chat cua hlnh hOp di ve hlnh v4 chung 
minh mOt s 6 tinh chat kh4c. 

2. Vide x4c dinh thi^t diftn cua hlnh hdp cat bdi mdt mat phang cung tift'n hanh 
tuong tu nhu ddi vdi hlnh lang tru. 

V< du L Cho hlnh hQp A BCD. A,B,C,D,. 

a. Owing minh rang(BDA,)//(B,D,Q. 

b. Chiing minh dudng ch£o AC, di qua c4c trong tarn G, G, cua AA,BD va 
ACB,D, va G, G, chia doan AC, lam 3 phan bang nhau. 
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c. Xac dinh thiet dien cat hoi mat pliang (A,8,0,) voi hinh hop da cho. Thic 
dien la hinh gi ? 

(1. Goi O, K lan lirot la tarn cac hinh b'inh hanh ABCD va BCC,B,. Xac din 
thi£t dien cat hoi mat pining (A,OK) voi hinh h()p da cho. 


D, 


Gicii 

a. Goi O, O, theo thir tir la tarn cua cac hinh hinh hanh 
ABCD va A,B,C,D,, ta co: 

(A.O//CO, 

1 1 =>(BDA,)//(B,D,C). 

[BD//B.D, 

b. Vi AC,. AO. CO, ciing nam trong mat phang 
(ACC,A|) nen goi: 

G = AC, r> A,0 va G, = AC, n CO,. 

■ Trong AA,BD. diem G thuoc (rung tuyen A,0 va vi AO // A,C, n^n: 



GO AO _ l 
GA, ” A,C, " 2 


do do, G la trong tam AA,BD. 

■ Chung minh tucmg tu G, la trong tam ACB,D,. 

Nhan xet rang OG, 0,G, theo thu: tu la duong trung binh cua AACG, va AA,C,( 
nfin ta co: 

AG = GG, = G,C, 

tiic la G, G, chia doan AC, lam 3 ph&n bang nhau. 

c. Keo dai B,G, cat CD, tai P, ta c6 P la trung di^m cua CD, vi G, la trong tarr 
cua ACB,D|. 

Ta co: 

A,B, e (A,B,G,) va C,D, e (CDD,C,) 

• A,B, //C,D, => Px // A^, // C,D, 

(A,B l G 1 )n(CDD,C 1 ) = Px 

gia su Px theo thti tu cat CC, va DD, tai M va N. 

Khi do, ta nhan duoc thiet dien A,B,MN la hinh binh hanh. 

d. Ta Bin luot c6: 

■ Trong (A,B,CD) gia su: 

A,K n DC = 1. 

■ N6i 10 cat BC va AD theo thir tu 
tai E va F. 

• N6i KE cat B,C, tai H. 

Ndi A,F va A,H nhan duoc thiet dien 
A,FEH ia hinh binh hanh. 
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yidMi Cho hinh lap phuong ABCD.AiBiQD, canh a. Goi M, N, P ldn lirot la 
trung di£m cua AB, B,C, va DD,. 

a. Chting minh (MNP) song song voi cac mat phang (AB,D,) va (BDC,). 

b. Xic djnh thifi't difin cua hinh lap phuctng vdi mat phang (MNP). Thie't dien la 
hinh gi ? Tfnh difin tfch cua no. 

Giai 

a. Goi O, O,, I theo thur tu la tarn cua cic hinh vudng ABCD, A|B,C,D, va BOC,B,. 

Nhan x£t rang: 

Hi II 1 // 1 // 

MO = -AD = — A,D, = — B,C, = NC, 

2 2 2 

o MOC,N la hinh binh hanh 

=> MN // OC|. (1) 

//I // 1 // 1 // 

NI = -BB, = -AA, = -DD, = PD 
2 2 2 

o NIDP la hinh binh hanh 

=> PN // DI. (2) 

Tit (1) va (2) suy ra (MNP) // (BDC,). 

Mat khac: 


D, C, 



AO, // C,0 
B,D,//BD 


=> (AB,D,) // (BDC,). 


Vay, (MNP) song song vdi cic mat phang (AB,D,) va (BIX!,), 
b. Tfir k£t qua cau a), ta nhan x6t: ^ 

(AB,D,)//(MNP) 

(AB,D,)n(A I B,C,D,) = B,D, A, 

(MNP)n(A,B,C,D,) = Nx 

suy ra Nx song song vdfi B,D, va cat C,D, tai F la trung 
dilmcua C,D|. 

(C,BD)//(MNP) 

(C,BD)n(ABCD) = BD 



[(MNP) n (ABCD) = My 

suy ra My song song vdi BD va cat AD tai Q la trung difim cua AD. 

K6o dai FN cat A,B, tai G, ndi GM cat BB, tai E. 

Vay, thiiSt diftn cua hinh lap phuong vdi mat phang (MNP) la luc giic MENFPQ. 

Dua theo tmh chat dudng trung binh ta thay ngay MENFPQ la luc giac dfiu co d6 

aV2 

dai canh bang-. 
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BA! TAP NCiHI 

Bai lap I: Cho hinh lang tru lam giac ABC.A'H'C. Goi I, J lin luat la trong tam 
cua cac tam giac ABC va A’B’C’. Tim thiet dien tao bai mat phang (AIJ) v6i hinh 
lang tru da cho. Thiet dien la hinh gi ? 

Bai tap 2: Cho hinh lang tru tam giac ABC.A BC. Goi H la trung diem cua canh A’B’. 

a. Chung mirth rang duong thang BC song song vcti mat phang (AHC). 

b. Tim giao tuyen d cua hai mat phang (A'B’C) va (A'BC). Chung minh rang d 
song song voi mat phang (BB'C'C). 

c. Xac dinh thiet dien cua hinh lang tru ABC.A'B'C khi cat bai mat phang (H, d). 
Bai tap 3: Cho lang tru tam giac ABC.A,B,C,. Goi M la trung difim cua trung 
tuyen AI cua day ABC. a la mat phang qua M va song song vdi cac ducmg thing 
AC, va B,C. Xac djnh thiet dien cua lang tru da cho voi a va tim ti s 6 ma thiet dien 
chia canh CC,. 

Bai tap 4: Cho hinh lang tru tam giac ABC.A'B'C. Goi G, G' lin luat la trong tam 
cua tam giac ABC va A’B’C’. Mot mat phang (a) cat cac canh AA', BB', CC\ GG' 
lin luot tai A,, B„ C, va G,. Chung minh rang: 

a. GG' song song va bang canh b£n cua hinh lang tru. 

b. G, la trong tam cua tam giac A,B,C,. 

c. G,G’ = - (A,A’ + B,B' + C,C), G,G = - (A,A + B,B + C,C). 

3 3 

Bai tap 5: Chung minh ring t6ng binh phuong tat ca cac ducmg cheo cua m6t hinh hbp 
bang tdng binh phuong tit ca cac canh cua hinh hop do. 

Bai tip 6: Cho hinh hOp ABCD.A'B’C'D'. 

a. Chirng minh ring mat phang (BDA') // (B'D'C). 

b. Churng minh ring dubng cheo AC' di qua cac trong tam G,, G 2 cua hai tam 
giic BDA’ va B’D’C. 

c. Chumg minh ring G, va G 2 chia doan AC' thanh ba phin bing nhau. 

d. Chirng minh ring cac trung di6m cua sau canh 
BC, CD, DD', D'A', A’B', B'B cung nim trOn 
mOt mat phing. 

Bai tip 7: Cho hinh hop ABCD. A’B’C’D'. 

a. Chirng minh ring hai mat phing (BDA’) va (B’D’C’) song song vdi nhau. 

b. Chumg minh ring ducmg cheo AC’ di qua trong tim G, va G 2 cua hai tam 
giic BDA’ va B’D’C. 

c. Chirng minh G, va G 2 chia doan AC’ thanh ba phin bing nhau. 
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d. Chumg minh ring cic trung didm cua sau canh BC, CD, DD', D'A', A'B', B'B 
cung nim trdn mdt mat phing. 

e. Goi O vi I lin luot li tarn cua cac hinh binh hinh ABCD va AA’C’C. Xac 
dinh thie't dien cua mat phing (A'lO) vdi hinh hdp da cho. 

Bai tip 8: Cho hlnh hdp ABCD.A’B'CD'. Ve thie't dien cua hlnh hdp tao bdi mat 
phing di qua hai trung diem M, N cua cac canh AB, AD va tarn O cua mat CDD'C. 

Bai lip 9: Cho hlnh hdp ABCD.A’B'CD'. Trfen ba canh AB, DD', C'B' lin luot lay 

ba diftm M, N. P kh6ng trung vcn cac dinh sao cho-=-=-. 

AB DD BC’ 

a. Chumg minh ring mp(MNP) va mp(AB'D') song song vdi nhau. 

b. Xic djnh thie't dien cua hlnh hdp khi cat bdi mat phing (MNP). 


CHU DE 7 

HINH CHOP CUT 

i. ki£n th(tc co bAn 

1. DINH NGHlA 

Cho hinh chop SA,A 2 ...A n . Mdt mat phing a song 
song vdi mat phing chura da giic day cit cac canh SA,, 

SA 2 .SA„ theo thur tu tai A’„ A’ 2 ,.... A’ n . Hlnh tao bdi 

thidt dien A’,A’ 2 ...A’ n vi day A,A 2 ...A„ cua hinh chdp 
cung vdi cic mat ben A|A 2 A’ 2 A’,, A 2 A,A’jA’ 2 , .... 

A^A)A’| A’„ goi li mdt hinh chop cut. 

Trong dd: 

■ Day cua hinh chdp goi li day lan cua hlnh chdp cut, 
con thidt dien goi la day nho cua hinh chdp cut. 

■ Cic mat cdn lai goi li cic mat ben cua hinh chdp cut. 

■ Canh chung cua hai mat ben kd nhau nhu A|A’,, A 2 A’ 2 , ...A n A’ n goi li canh 
b£n cua hinh chdp cut. 

Tuy theo diy li tarn giic, tu giic, ngu giic,.. ta cd hinh chdp cut tarn giic, hinh 
chdp cut ttf giic, hinh chdp cut ngQ giic,... 

2. tInhchAt 

Vdi hinh chdp cut, ta cd cic tfnh chit sau: 

1. Hai diy cua hinh chdp cut li hai da giac ddng dang. 

2. Cic mat bdn cua hinh chdp cut li cac hinh thang. 

3. Cach canh ben cua hinh chdp cut ddng quy tai mdt die’m. 


S 
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Cluing minh 

I Vi a // (A,.\;...A„) non (then dinh li " Ncu hoi mat phdng song song hi cat bd 
mot mat phdng tint ha tin Inn giao tuyen song song vcti nliau"): 

A,A 2 // A',AY 
AjA, // A j A i. 


'ViA „// A „ | A 

non hai da giac A, A 2 ...A n vi A’, A\ ...A’,, d6ng dang voi nhau. 

2. 14 p luan nhir I) ta thay ngay cac mat ben cua h'mh chop cut la cac hinh thang. 

3. Cac canh ben cua hinh chop cut d6ng quy tai mot di£m theo djnh nghia. 

II. VI DIJ MINH HOA 

Vi du 1: Cho h'tnh chop cut ABC.A,B,C, trong do ABC la day Ion. Goi M, N, 1 
theo thur tu la trung didm AB, BC, CA va M„ N,, P, theo thur tu la trung di£m A,B, 
B|C|, C|A|. 

a. Chung minh rang cac ductng thang MM,, NN„ PP, d6ng quy. 

b. Chumg minh rang MN // M,N,, NP// N,P,, PM // P|M,. 

Giai 

a. Goi S la didm d6ng quy cua cac duong thing AA,, BB,, CC, ( 

AB//A.B, 

M, M, theo thur tu la trung di^m cua AB, A,B, 
suy ra S e MM,. 

I’uctng tu, ta cung co S e NN, va S e PP,. 

Vay, cac dudng thing MM,, NN„ PP, d6ng quy tai S. 

b. Theo tlnh chit dudng trung binh, ta co: \ 

MN// AC 
M,N, // A,C, 

ngoai ra, theo tlnh chit hinh chop cut AC // A,C, nen MN // M,N,. ° 

Tuong tu, ta cung co NP // N,P,, PM // P,M,. 

BAI TAP NGHI 

Bai tip 1: Cho hinh ch6p cut ABC.A’B’C co day 16n ABC vi cac canh bin AA' 
BB', CC. Goi M, N, P lin lucrt la trung di^m cua cic canh AB, BC, CA vi M', N', F 
lin luqt la trung dii’m cua cic canh A'B', B'C, CA'. Chumg minh MNP.M'N'F li 
hinh ch6p cut. 

Bii tip 2: Cho hinh ch6p S.ABCD. Goi A, la trung di^m cua canh SA vi A 2 li 
trung didm cua doan AA,. Goi (a) va (P) la hai mat phing song song vdi mat phinj 
(ABCD) vi lin luqt di qua A„ A 2 . Mat phing (a) cit cic canh SB, SC, SD lin luq 
tai B,, C,, D,. Mat phing (p) cit cac canh SB, SC, SD lin luqt tai Bj, Q, D 2 . Chtinj 
minh: 

a. B,, C|, D, lin luqt li trung di£m cua cic canh SB, SC, SD. 

b. B,B 2 = B 2 B,C i C 2 = C 2 C,D 1 D 2 = D 2 D. 

c. Chi ra cac hinh chop cut c6 mdt day li tir giac ABCD. 



12: 








Bai tap 3: Cho hinh chop cut ABCD.A,B|C|D, trong d6 ABCD la day ldn co dien 
tfch bang s, va A.BiQD, la day nho cd dien tfch bang s 2 . 

a. Goi S la die’m ddng quy cua cac dudng thing AA„ BB,, CC,, DD,. Chung minh 
rang: 

SA, SB, SC, = SD, 

SA SB ~ SC _ SD 

b. Goi M la trung diem AA,, mat phing a qua M va song song vdi mat phing day 
(ABCD). Xac dinh thiit dien cua hlnh chop cut vdi mat phang a. Ti'nh dien tfch 
thiit dien theo s, va Sj. 


CHU DE8 

PHEP CHlfu SONG SONG 

I. KlfiN THOt CO BAN 

1. PHEP CHlliU SONG SONG 


Cho mat phang a va mdt dudng thing / khdng song song voi a. 

Vdi m6i die’m M trong khdng gian, ducmg thing qua M 
song song vdi / se cit a tai di^m M\ Diem M’ dupe goi la 
hinh chieu song song cua di£m M trfen mat phing a theo 
phuong /. 

Mat phing a goi li mat phang chieu. 

Phep dat tuemg ting m6i di£m M trong khdng gian vdi hinh chi£u M’ cua nd trftn a 
dupe goi li phep chieu song song len mat phang a theo phuemg l. 

CM y: N£u a // / thi hinh chi£u cua a fcn a la mdt die’m tren a (chinh la giao diem cua 
a vdi a), do viy ede tfnh chit trong phin sau chi xet nhutig doan thing hoac dudng 
thing khdng song song vdi /. 



2. CACTINHCHXt CUA PHEP CHltfu SONG SONG 

Dinh U1: Phip chii'u song song bie'n ba diem thang 
hang thanh ba diem thang hang va khdng lam thay 
dSi thu tu cua ba diem d6. 

Hi qud : Hinh chii'u song song cua dudng thang la 
dudng thdng, cua tia Id tia, cua doan thang la doan 
thang. 

Dinh li 2: Hinh chieu song song cua hai dudng thdng song song la hai dudng thdng 
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He qua Hinti chieu .sent’ song i mi mot lunli binh lidnli klidng ndm trong mat phang 
song song vo'i plnfirng clueu Id mot hinh binh hanh. 

Dinh liPhep i llicit song song klidng lam thay doi ti 
so do ddi cua Inn doan thang hope song song hope 
aing ndm teen mot dtfi'mg thang 

Tire la: 

AH AH 
BC H'C 

3. HINH BlfiU Dlf.N CUA MOT HiNH KHONG GIAN TRfiN MAT PHANG 

Ta thtrong ve cac limit khOng gian nhu hinh chop, hinh lang tru,... tren bang hay 
tren trang giay, cac hinh ve do goi la hinh bieu dien cua mot hinh khong gian tren 
mat phang. 

Dinh rtghia: Hinh bieu dien cua mot hinh H trong khong gian la hinh chieu song song 
cua H len mot mat pining ndo do iheo mot phuong chieu nao do. 

Cac yeu cdu doi v&i mot hinh bieu dien 

1 . Hinh bieu dien pliai dung: De ve dung chiing ta can quan tarn tori cac yeu td 
duoc bao toan sau: 

a. Su thing hang va thtr tu cua cac dtdm tr6n m6t dudng thing. 

b. Sir song song cua cac dtrcmg thing, cac tia hoac cac doan thing. 

c. Ti sd dd dai cua cac doan thing ciing phuong. 

Nhu vAy, cac tilth chat cua hinh khong thay doi qua pltep chieu song song 
deu dupe giua nguyen tren hinh bieu dien. 

2. Hinh bieu dien pliai noi: Giup chung ta dd tucmg tupmg. 

Chung ta co: 

■ Tam giac: Mot AABC co thd xem la hinh bidu didn cua mdt tarn giac bit ki 
(ddu, cin, vudng). 

■ Hinh binh hdnh: Mot hinh binh hanh ABCD co thd xem la hinh bidu didn 
cita cac loai hinh binh hanh nhu hinh vudng, hinh chO nhit, hinh thoi vi 
hinh binh hanh bit ki. 

■ Dudng tron: Dd bidu didn dudng tron chung ta sir dung mdt hinh Eltp. 

II. CAC VI Dll MINH HOA 

VI du 1: Hinh chidu song song ciia hai dudng thing chdo nhau cd thd song song 
vdi nhau hay khdng ? 

Gidi 

Tir hinh ve, ta thay hinh chieu song song cua hai 
ducmg thing cheo nhau a va b theo phuong chidu / 
trdn mit phing a co the’ song song vdi nhau. 

Trudng hop nay xay ra khi " Mat phang [3 song 
song vdi a va b se cliifa I hope song song vdi I ". 
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A 



Vi du 2: Cho tur dign ABCD. Goi G la trong tam AABC. 

a. Chung minh hinh chie'u song song K cua diem G tren mat phang (BCDXtheo 
phuong chi£u AD la trong tam ABCD. 

b. Goi M, N, P ldn lu<tt la trung diem cua cac canh AB, AC, AD. Tim hinh 
chid'u song song cua cac didm M, N, P trong phep chieu song song d cau a). 

n • f • 

jiai 

i. Til gia thigt, ta diroe: 

GK // AD, 

AG n DK = E la trung die’m BC, 

EK EG 1 

>uy ra: -=-= — => K la trong tarn ABCD. 

KD GA 2 

t>. Ta lan lirot thuc hign: B . : ^>D 

■ Trong (ABD) dung Mx song song vdi AD va 
cat BD tai M’, khi do M’ chi'nh la hinh chie'u 
song song cua didm M trong phep chieu song 
song d cau a). 

■ Vi N thudc AD n6n D chi'nh la hinh chieu song song cua die’m N trong phep 
chigu song song d cau a). 

■ Trong (ACD) dung Ny song song vdi AD va cat CD tai N\ khi dd N’ chi'nh 
la hinh chigu song song cua die’m N trong phep chieu song song d cau a). 

Vi du 3: Cho ba die’m A, B, C nam ngoai mat phang a. Gia su BC song song vdi 
a, cdn AB va AC cat a l£n luot tai D va E. Hay chon phuong chie'u / sao cho hinh 
:hie'u cua tam giac ABC tren a theo phuong / la met tam giac dgu. 

Gidi 

Thuc hign each dimg: 

■ Trong mat phang a, dung diem A’ sao cho AA’ED dgu. 

■ Dung hinh chieu B’, C’ cua B va C tren mat 
phang a theo phuong chigu AA’. 

Ta di chumg minh AA’B’C’ la tam giac dgu. 

That vay, ta cd ngay: 

E, A’,C’ thang hang 
D, A’, B’ thang hang 
ED // B’C 

suy ra AA’DE va AA’B’C’ ddng dang* tutc la AA’B’C’ la tam giac dgu. 



BAI TAP NGHI 

Bai tap 1: Vg hinh bidu dign: 

a. Mdt tur dign va trong tam cita no. 

b. Mdt tam giac vudng ndi tie'p trong mdt dudng tron. 

c. Mdt hinh vudng ndi tie'p trong mdt dudng trdn. 

d. Mdt luc giac dgu. 

Bai tap 2: Trong cac mgnh dd sau day, mgnh dg nao dung: 

a. Hinh chigu song song cua hai dudng thang cheo nhau cd the’ trung nhau. 

b. Hinh chieu song song cua hai dudng thang cheo nhau thi cat nhau. 
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c. I finh chieu song song cua hai dirctng thang cheo nhau c6 the song song vcti nhau. 

d. ITmh chieu song song cua hai throng ihang cheo nhau co the cal nhau, trung 
nhau, song song vdi nhau. 

Bai tap 3: Trong cac mcnh de sau day, mfenh do nao dung: 

a. ITmh chieu song song cua hai dirfmg ihang cal nhau co the song song vdi nhau. 
h. ITmh chieu song song cua hai dirctng ihang cal nhau thi cat nhau. 

c. ITmh chieu song song cua hai dudng thang cat nhau co the trung vdi nhau. 

d. Mot dudng thing co the song song vdi hinh chieu song song cua no. 

e. Mot dirdng thang luon cat hinh chieu song song cua no. 

f. Mot dudng thang co the trung vdi hinh chieii song song cua no. 

Bai tap 4: Tam giac ABC co hinh chieu song song la tam giac ABC. Chung 
ninh rang trong tam A ABC co hinh chieu song song la trong tam AA’B'C. 

a. Ve hinh bifeii difen cua mot tu difen va trong tam cua no. 

b. Ve hinh bieu difen ciia mot tam giac vuong noi tife'p trong mot dudng tron. 

c. Ve hinh bifeu difen cua mot hinh \oiong noi tife'p trong mot dudng tron. 

d. Vc hinh bieu difen cua mot luc giac deu. 

e. Cho hinh hop ABCD.A’BCD. Tim diem i trfen dudng cheo B'D va diem J 


trfen dudng cheo AC sao cho IJ // BC. Tinh ti so 


. ID 


IB’ 


Bai tap 5: Cho hinh hop ABCD.A^QD,. Tun difem I trfen dudng cheo B,D va difem J 


rfen dudng cheo AC sao cho IJ // BC,. Tinh ti so 


. ID 


IB, 


BAl TAP LAM THfiM 

Sai tap 1 : Cho tur dien d6u ABCD canh a. Goi I, J la trong tam cac tam giac ABC va 
3BC. Mat phAng a qua IJ cat cac canh AB, AC. DC, DB tai M, N, P, Q. 

a. Chtmg minh MN, PQ, BC dong qui hoac song song. 

b. Dat AM = x, AN = y. Chung minh rang a(x + y) = 3xy. 

c. Tinh di^n tich tur giac MNPQ theo a. x va y. 

Bai tap 2: Cho hinh chop S.ABCD, day ABCD la hinh vudng canh a, tam O. 
SA = SB = SC = SD = a. Goi M la mot di6m tren doan AO; a la mat phang qua M 

/a song song vcri AD va SO. Dat = k. vdi 0 < k < 1. 

AO 


a. Chung minh thi£t difen cua hinh chop da cho cat bdi a la hinh thang can. 

b. Tinh cdc canh cua thitft dien theo a va k. 

c. Tun k d6 thifit dien tren ngoai tie'p dupe mdt dudng trdn. Trong trudng hop 
nay hay tinh dien tich thie't dien theo a. 

Bai tap 3: Cho hinh chop S.ABC, O la mdt diem ben trong tam giac ABC. Qua O 
/e nhung dudng thang l£n luot song song vdi SA, SB, SC cat cac mat phang (SBC), 
SCA), (SAB) theo thtr tu tai A’, B’, C. 
a. Chi each dung cac diem A’, B\ C. 


b. 


Chtmg minh rang tong 


OA' OB' 

______ -f- - -p 

SA SB 


PC' 

SC 


co gia tri khdng ddi khi O di ddng 


trong tam giac ABC. 

c. Dinh O d^ OA’.OB'.OC’ co gia tri ldn nhat. 
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Bai t$p 4: Cho hinh hinh chop S.ABCD, day la hinh thang vdi AD // BC. M la mOt 
difim di ddng ben trong tur giac ABCD. Qua M ve nhdng dudng thang lin luot song 
song vdi SA, SB cat cac mat phing (SBC) va (SAD) theo thur tir tai N va P. 

a. Neu cdch dung cac didm N, P. 

, ™ , . , MN MP 

b. Chung minh-+-khOng ddi. 

SA SB 

c. Tim tap hop diem M sao cho dien tich tarn giac MNP co gia tri Idn nhai. 

Bai tap 5: Cho hinh chop S.ABCD. Tir giac day co AB va CD cat nhau tai E, AD 
va BC cat nhau tai F, AC va BC cat nhau tai G. a la mat phing cat SA, SB, SC lan 
luot tai A\ B’, C. 

a. Tim giao diem D’ cua SD vdi a. 

b. Tim di£u kien cua a d£ A’B’// CD’. 

c. Vdi dieu kien nio cua a thi A’B’CD’ la hinh hanh? Churng minh rang khi 

SA’ SC SB’ SD’ 

dd -+ — = — + —. 

SA SC SB SD 

Bai tap 6: Cho hinh chop S.ABCD day la hinh binh hanh. M va P la 2 diem lan 

MA PS 

luot di ddng tren AD va SC sao cho-= — = x > 0. 

MD PC 

a. Chung minh rang MP ludn ludn song song vdi mOt mat phang a cd dinh. 

b. Tim giao di£m I cua mat phang (SBD) vdi MP. 

c. Mat phang qua M va song song vdi a cat hinh chdp S.ABCD theo mdt thie't 
dien va cat BD tai J. Chirng minh IJ cd phuong khdng ddi. 

d. D|nh x A6 dien rich thi€?t dien bang k lin dien tfch ASAB, vdi k duong cho 
trude. 

Bai tdp 7: Cho lang tru ABC.A’B’C. Goi M, N, P la 3 di£m lin luot nim trdn ba 

. a d* *, u ,„ , AM C’N CP 

doan AB , AC va B C sao cho-=-=-= x. 

AB’ AC CB’ 

a. Dinh x de’ (MNP) // (A’BC’). Khi dd hay tinh dien tich cua thie't dien cat bdi 
mat ph4ng (MNP), bidt tarn giac A’BC’ la tarn giac ddu canh a. 

b. Tim tap hop trung di^m cua NP khi x thay d6i. 

Bai tap 8: Cho mat phang a va 2 dudng thang chdo nhau d,, d 2 cat a tai A, B. (A) 
la dudng thing thay d6i ludn ludn song song vdi a, cat d, tai M, d 2 tai N. Dudng 
thing qua N va song song vdi d, cat a tai N’. 

a. Tir giac AMNN’ la hinh gi ? tim tap hop diem N’. 

b. Xac dinh vi tri cua (A) de MN cd dd dai nho nha't. 

c. Goi O la trung die’m cua AB, I la trung die’m cua MN. Churng minh 01 la 
dudng thing cd' dinh khi M di ddng. 

d. ABMN vudng can tai B va BM = a. Tmh dien tich thie't dien cua hinh chdp 
B.AMNN’ vdi mat phing qua O va song song mat phing (BMN). 
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CHl/ONG III 

VECTO I KO^C; KHONG GIAN 
QIAN HE VLONG GOC 

CHU D§ 1 

VECTO TRONG KHONG GIAN 

si; d6ng phAng cu a cAc VECTO 

I. KitfN THlfC CO BAN 

1. VECTO TRONG KHONG GIAN 

Vector, cac phep toan vectcf trong khong gian dirge djnh nghla hoan toan 
giong nhir trong mat phang, chung co cac tinh chat da biet. 

Quy tdc hinh hop: Cho hinh hop ABCD.A^CiD,, ta lu6n co: 

AC^ = AB + AD + AA t . 

Trong tam cua ttidien: Diem G la trong tarn ciia tur dien A BCD khi va chi khi: 

GA + GB + GC + GD = 0. 

2. St/ DONG PHANG CUA CAC VECTO. Dl£u KlfiN Dfi BA VECTO E»6 nG PHANG 

Dinh nghia: Ba vector chare goi la dong phdng neu gia cua chung song song voi 
mot mat phdng. 

Dinh li l ( Die'u kien de ba vector dong phdng): Cho hai vector khong cung 

phuemg a va b . Khi do ba vector a , b , c dong plidng khi va chi khi co cac so 

m, n sao cho c = ma + n b. Hon m(a, cac »m, n la duy nhat. 

Dinh li 2: Neu ba vector a, b vac khong dong phdng thi vdi vecto d bat ki, ta 

deu tim duoc cac so m, n, p sao cho d = ma + nb + pc. Horn nita, cac som, n, 
p la duy nhat. 

II. CAC DANG TOAN LlfcN QUAN 

Bai toan 1: Chumg minh mpt dang thtre vecto. _ 

PHl/ONG PHAP CHIJNG 

Sir dung: 

■ Quy tdc ba diem : Ta c6: 

AB = AC + CB, xen di&n C. 

AB - AC = CB , hifiu hai vectcf ciing g6'c. 
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■ Quy tdc hinh binh hanh : Voi h'rnh blnh hanh ABCD lu6n co: 

AC = AB + AD. 

■ Quy tdc hinh hop : Cho hinh h6p ABCD.A,B|C,D,, ta luOn co: 

AC, = AB + AD + AA, . 

* Quy tdc trung diem: Voi diem M tuy y va I la trung di&n cua AB lu6n co: 

Ml = -(MA + MB). 

2 

■ T rong tam cua tam giac: Di&n G la trong tam cua AABC khi va chi khi: 

GA + GB + GC = 6. 

■ Trong tam cua tit die n: Di£m G la trong tam cua tir dien ABCD khi va 
chi khi: 

GA + GB + GC + GD = 0. 

■ Cdc tmh chal cua phep c6ng, trfir vecto va phep nhan m6t s 6 vdi m6t vecto. 
thuc hien phep bie'n d6i tucmg duong cho dang thuc can chiing minh. 

va khi do, ta lua chon m6t trong cac hudmg bie'n d6i sau: 

Huong 1: Bieh d6i m6t v€ thanh ve' cdn lai (VT => VP hofic VP => VT). Khi do: 

■ Ne'u xua't phat tii ve' phuc tap ta can thuc hien vide don 
gian bie’u thde. 

■ N£u xua't phat tCr ve' don gian ta can thuc hien viec phan 
tfch vecto. 

Huong 2: Bie'n d6i dang thuc can chdng minh v& m6t dang thurc da bi£t la 
lu6n dung. 

Hu&ng 3: Bi£n ddi m6t dang thuc vecto da bie't ia lu6n dung thanh dang 
thuc can chiing minh. 

Hu&ng 4: Tao dung cac hinh phu. 

Vf du 1: Di&n G la trong tam cua tti difin ABCD, chumg minh rang: 

MA + MB + MC + MD = 4 MG, vdi moi di£m M. 

3iai A 

Goi I va J theo thir tu la trung die’m cua AB va CD, 
sur dung quy tac ba diem bang each xen vao giua, ta ian 
lucrt c6: 

MA = MG + GA , MB = MG + GB , B 

MC = MG + GC, MD = MG + GD, 

suy ra: 

MA + MB + MC + MD = 4MG + (GA + GB + GC + GD ) 

= 4 MG , dpem. 
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Vi du 2: Cho h'rnh hop ABCD.A,B,C|D,. Goi P, R theo thu tu la trung dig’m 
cua AB, A|D,, goi P,, Q, Q,, R, theo thu tu la giao difi’m cua cac ducmg cheo cua 
cac mat A BCD. CDD,C,, A^C,!),. ADD, A,. 

a. Chung minh rang PP, + QQ, + RR, = 0. 

h. Chung minh hai tain giac PQR va P,Q,R, co trong tarn trung nhau. 

Gidi 

... . A, _ B, 

a. 1 a co: R / — 'G? 

pb = - bc , qcT = - 1 - cb~ , °’KJ /|c, 


suy ra: 


B, B. 


PP, + QQ, + RR, = i(BC + CB, + B,B)= i BB = 0. 



b. Goi G, G, theo thu tu la trong tarn cac tarn giac PQR va P,Q,R,, ta co: 
PP[ = PG + GG7 + , QQ, = QG + GG^ + G,Q, , 

RR^ = RG + GG^ + G, R, , 


suy ra: 


PP, + QQ, + RR, =(PG + QG + RG) + 3GG, + 

+ (G,P, + G,Q, + G,R, ) 

<=> 0 =3GG“ oGsG,. 


Bai loan 2: Xet tmh d6ng phang, khong d6ng phang cua ba vecta. 

. PHlfONG PHAP CHUNG 

1. D6 churng minh ba vecta a , b, c dong phang, ta di chung minh t6n tai cap 
s6' there m, n, sao cho: 

c = m a + n b . (1) 

Chu y: Trong trufrng hop bai todn ydu cdu xdc djnh di£u kifin cua tham s6' 

de’ ba vecta a , b , c d6ng phang ta se xua't phat tit dieu kifin (1). 

2. D6 chung minh ba vecta a, b, c kh6ng d6ng phang, ta di chung minh: 


ma + nb + pc = 0om = n = p = 0. 
VI dull Cho tur difcn ABCD. Goi M va N theo thti tu 
la trung di£m cua AB va CD. Chung minh rang ba 

vecta BC , MN , AD d6ng phang. 

Gidi 

Tir gia thig't, ta co: 

j _ AM DN _ AM BM AB 
" BM CN ^ DN CN ~ DC- 
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=> BC, MN, AD nam trfin ba mat phang song song 
=> ba vecto BC , MN , AD d6ng phang. 

YUhLb Cho tii diftn OABC. Ba difem M, N, P trong kh6ng gian thoa man: 
OM = OA + tOB - 20C, 


ON =(t+ l)OA + 2 OB + OC, 

OP = (t - 2)OB + 20C, t e R. 

a. Xdc dinh t dfe ba vecto OM, ON , OP ddng phang. 

b. Cho t = 0, hay bifeu difen vecto v = 50A + 10 OB - 150C theo ba 
vecto OM , ON , OP. 

Giai 

a. Dfe OM, ON, OP d6ng phang difeu kifen la t6n tai cap s6 thuc a, p, sao cho: 

> OM = a ON + pOP 

<=> OA + tOB -20C = a[(t + l)OA +20B + OC ] + 

+ p[(t-2)OB +20C] 
= a(t + l)OA + [2a + P(t - 2)]OB +(a + 2P)OC 

1 - a(t + 1) - - 

o Jt = 2a + p(t-2) =>4t 2 + t- 10 = 0<^>t = 

8 

— 2 = ot *f 2(3 

Vay, vdi t = thi OM, ON, OP d6ngphang. 

8 

b. Vdi t = 0, ta dtroc: 

OM = OA -20C, (1) 

ON = OA +20B + OC, (2) 

OP = - 2 OB +20C. (3) 

Giai he phuong trinh tao b6i (1), (2), (3) theo cdc <in OA, OB, OC, ta dupe: 

OA = i(30M +20N +20P), 

OB = —(-20M +20N -30P), 

10 


suy ra: 


OC = ^ (—OM + ON + OP), 


v = (30M + 2ON + 2OP) + (-2OM +20N -30P)- 

- 3(-OM + ON + OP) 

= 40M + ON - 40P. 
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I Bai loan 3: Bie’u diem mot vecto thanh tb hap vector. 

PHt ONG PHAP CHUNG 
Ta lua chon mot trong hai hirdng: 

Hifc'fng I: Tir gia thiet xac dinh dupe tinh chat hinh hoc, r6i tir do kha 
trien vector can bieu didn bang phuong phap xen di^m hoac hifii 
ctia hai vector cimg goc. 

Hiring 2: Tir gia thiet thiet lap dupe moi lien he vecto giura cac d6'i tuong 
rdi tir do khai trien bieu thurc nay bang phuemg phap xen difin 
hoac hicu ctia hai vecto cung gbc. 

vj dM 1; Cho hinh chop SABC. Day ABC co trong tarn G. Hay phan tic! 

vecto SA theo ba vecto SB. SG , BC . 

Gidi 
Ta co: 

SA = SG + G A. 

SB = SG + GB, 

SC = SG + GC, 

suy ra: 

SA + SB + SC =3SC. + (GA + C,B + GC) = 3SG 
<=>SA=3SG-SB-SC=3SG-SB-(SB + BC) 

= 3SC. -2SB - BC. 

Vi du 2: Cho tur dien ABCD. Goi A,, B,, C,, D, la cac di£m thoa man: 

A|A = -2\B, B^B = -2B^C, 

C^C=-2cjD, D/D = -2D^A. 

Dat AB = i, AC = j, AD = k. Hay bi£u difin c£c vecto A,B, , A,C, 



. A | D, theo ba vecto i, j, k . 

Gidi 

Ta l4n lupt co: 

Ap\ = -2 A^B =-2( A^A + AB) o A^A = -*■— AB = - — i. 

3 3 


B,B =-2B,C <=> B,A + AB = -2(B,A + AC) 

o B^A =--(AB + 2AC) = -— (i +2j). 

3 3 

C^C =-2C^D <=> C^A + AC = -2(C^A + AD) 

c* C^A =--(AC +2AD) = --(] +2k). 

3 3 



-2D, A = 


D,D = D,A + AD <=> D,A = - 
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TCr d6, ta Ikn lum c6: 

= A^A - B~A = - f i + \ (i + 2 j) = - - S + | j. 

r - 3 *3 3 3 

= A^ -c^\ =-|i + i(j +2k) = -| i + ± j + |k. 

A.D. = aTa - 5Ta = -- i + - k. 

1,1 1 3 3 

TSng qudt hod: Cho tiidiftn ABCD. Goi A,, B,, C„ D, lk cac di&n thoa man: 

A^A = t A^B, B^ = tB^C, cjc = tCj5, D^D = tD^A . 

vdi t * 0, 1. Dat AB = i, AC = j, AD = k. Hay'bi&i difin cac vectcf A,B| , 
. . + . . 

A,C,, A,D, theo ba vecto i, j, k. 

Bang phuong phkp tuong tu nhir da trinh bay trong ldi giai trfin, chung ta se 
nhkn duoc kfit qua: 

TIT 1 +1 • 1 • 

A.B. =-i-j. 

I ' 1-t 1-t 

-► f 1 t 

A.C. =-i + t— j-k. 

II i-t i-t i-t 

• t * 1 ■* 

A.D. =-i +-k. 

1 1 1-t 1-t 


B&i loan 4: Xac dinh di£m M thoa mdt dang thtte vecto cho tru6c. 

PHUONG PHAP CHUNG 

1. Ta bikn d6i dang thurc vecto cho trudc v6 dang 

OM = v, trong d6 di£m O vk vecto v da bi£t. 

2. N£u mu6n dung di&n M, ta Iky O 1km gdc dung m6t vecto bang vecto v, 
khi d6 di&n ngon cua vecto nky chmh Ik di&n M. 

VI du 1: ChohlnhhOp ABCD.A|B,C,D,. 

a. Chungminhrang AC, + A,C =2AC. 

b. Xic djnh vj tri cua di&n O sao cho: 

OA + OB + OC + OD + OA, + OB^ + OC^ + OD,' = 6. 

c. Chiing minh rang khi d6 vdi moi di&n M trong khOng gian ta lu6n c6: 

MA + MB + MC+MD + Ma7 + MB^ + MC7 + MD^ =8MO. 

Giai 

a. Ta cd: 

Aq + A^C =(AC + Cc7) + (a7a + AC) = 2 AC. 
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b. Gpi O la giao diem cua AC, va A,C. ta co ngay: 

OA + OB + or + 66 4 OA | 4 OB | 4 OC | 4 OD| = 

= (OA 4 OC'7 ) + (OB 4 067 ) 4 ( OC 4 6a7 ) 4 ( 66 4 6b7 ) = 

c. Ta co: 

MA 4 MB 4 MC 4 MD 4 MA," + MB,’ 4 Mc7 4 MD, = 

= ( MO 4 OA ) 4 ( MO 4 OB ) 4 ( MO 4 OC)4 ( MO 4 66)4 

4 ( MO 4 Oa 7 ) + ( MO 4 OB^ ) 4 ( MO 4 6c7 ) 4 ( MO 4 OD, 
= 8 MO. 


Bai loan 5: Tim quv ti'ch diem M thoa man dieu kien K. 

PHUONG PHAP CHUNG 
Vdi cac bai toan quy ti'ch ta can nhd rang: 

1. Neu | MA | = I MB I, voi A, B cho triroc thi M thu6c mat phang trun 
true cua doan AB. 

2. I MC | = k | AB |, voi A, B, C cho truoc thi M thude mat c4u tarn C 
ban kinh bang k.AB. 

3. Ne'u MA = k BC , voi A, B, C cho truoc thi: 

■ Vdi k e R didm M thubc dudng thang qua A song song voi BC. 

■ Voi k e R + diem M thubc nua dudng thang qua A song song voi B< 

theo hudng BC. 

■ Voi k 6 R diem M thubc nua dudng thang qua A song song vdi B< 
nguqc hudng BC. 

Vi' du 1: Trong khdng gian, cho ba diem A, B, C c 6 djnh khdng thang hanj 
tim tap hop cac diem M sao cho: 

I MA 4 MB 4 MC I = 12 MA - MB - MC I. (1) 

Gidi 

Goi G la trong tam AABC, ta bie'n d6i duqc (1) v6 dang: 

13 MG I = 13 MA - 3 MG I <=> I MG I = IGAI 
<=> M thude mat c^u tam G, ban kfnh GA. 

Vi d a 2; Cho tu dien ABCD, hai die’m M, N thoa man 

MA 4 t MC = 6, NB 4 t ND = 6. 

Chting to rang khi t thay ddi thi trung di&n I ciia 
MN di chuye’n tren mdt dudng thing cd dinh. 

Gidi 

Goi E, F theo thu tu la trung die’m cua AB va CD, ta cd: 

2IE = IA 4 IB = IM 4 MA 4 IN 4 NB 
= MA 4 NB, 


A 



13 


to 





2 IF = IC + ID = IM + MC + IN + ND = MC + ND , 

suy ra: 

2( IE + t lF ) = MA + t MC + NB'+ t ND =6 « I e EF. 

Vay, khi t thay d6i thl trung difi’m I cua MN di chuy^n trfin duong thing EF 

BAI TAP f)i NGHI 

Bai 1. Trong khdng gian, cho hai tam giac ABC va A,B|C| theo thu tir co cac 
trong tam la G va G,. Chung minh ring: 

AA7 + BB^ + CQ = 3GG7 . 

Bai 2. Cho tti di6n ABCD. 

a. Goi I, J theo thti tu la trung diim cua AC, BD. Chting minh ring: 

__ _ _ • 

AB + CD = AD + CB = 2 U . 

b. Goi E, F li hai di£m thoa man EA = t EB , FC = t FD , vdi t * 0, 1. Chung 
minh ring: 

AC = tBD + (1 - t)EF. 

Bai 3. Cho tu: didn ABCD. Goi E li trong tim ABCD, I, I„ J, J„ K, K, theo thur tu 
li trung di£m cua AB, CD, CA, BD, AD, BC. Di&n G thoa man he thuc: 

GA + GB + GC+GD = 0. 

Chung minh ring: 

a. + JJj + KK; =2 AG. 

b. GA + 3GE = 6. 

Bii 4. Cho hinh h6p ABCD.A,B,C,D,, goi I li giao didm cua AC, vdi mat 
{riling (BDA,). Chung minh ring: 

a. AC j + A j C = 2 AC. 

b. ACi" - A^C = 2CC7 . 

c. KB + KD + KAT = 6. 

Bii 5. Cho ti3r diftn ABCD, lay cic di&n A„ B„ C„ D, theo thur tu thu6c cic 
canh AB, BC, CD, DA. Gia sCr t6n tai diim O sao cho: 

• OA + OB + OC + OD = 5X7 + OB^ + OC^ + OD^ . 

Chung minh ring: 

AA j _ BB j CC j ^ DD j 

AjB BjC CjD Dj A 
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Bai 6. Trong khong gian cho \.\BC. 

a. Churng minli rang non diem M thuoc mat phang (ABC) thi c6 ha s6 x, y, 
/ ma x + y + / = 1 sao cho OM xOA t yOB + zOC vcVi moi diem O. 
h. Nguoc lai. neu cd mot diem () trong khong gian sao chc 
OM = x()A f vOB • /OC . trong do x + y + z = 1 thi diem M thuoc mat 
phang (ABC). 

Bai 7. Trong khong gian, cho ha vecto a , b , c khac vecto khong. 

a. Neu a -3b - 4c = 0 thi ha vecto a , b, c cod6ng phang khong ? 

b. Gia sir ta co: 

ct a + P b + y c = 0 . 

Vdi dieu kien nao cua a. p, y de ba vecto a , b, c 

■ Dong phang. 

■ Khong d6ng phang. 

Bai 8. Cho tu dien OABC, dat: 

a = OA + OC , b = (1 — t)OA + tOB + tOC , 

c = OA + OB + t 2 OC . 

Xac dinh t de’ ba vecto a , b, c d6ng phang. 

Bai 9. Trong khong gian, cho bon dieim A, B, C, D trong do kh6ng c6 ba die’m 
nao thang hang. O la diem ba't ky, Chung minh rang 4 diem A, B, C, D d6ng 
phang khi va chi khi t6n tai bd'n sd a, p, y, r\ sao cho: 

aOA + POB + yOC + r|OD = 5 
a + p + y + r| = 0 

Bai 10. Cho tut difin OABC, goi A,, B |( C,, D, la cac die’m thudc AB, BC, CD 
DA sao cho: 

Aa 7 _ BB|~ _ CC^~ DD^ _ t 

A^B Bjc cjD dJa 

a. Churng minh rang vdi diem O ba't ky trong khdng gian ta lu6n c6: 

OA + OB + OC + OD = OA7 + OB^ + OCj - + OD^ . 

b. Xac djnh gia tri cua t de’ bon die’m A,, B,, C,, D, d6ng phang. 

Bai 11. Cho tur dien ABCD, goi G la trong tarn AABC, dat DA = i, DB = j 

EX: = k. Hay bi^u dien c£c vecto GA, GB, GC theo ba vecto i, j, k. 

Bai 12. Cho hinh lap phtrong ABCD.A|B|C,D, co tarn O, goi I ia tarn cua mai 
CDD,C|. Hay phan ttch cac vecto AO, A1 theo ba vecto AB, AD, AA t . 

Bai 13. Cho tur dien vudng OABC, vudng tai O va OA=OB=OC. Di^m M thot 
man IOM l=OA, nua ducrng thang OM tao vcri tia OC mOt goc bang 45° va tac 
vdi hai tia OA, OB thanh hai goc nhon bang nhau. Hay phan tfch vecto OM 
. theo ba vecto OA, OB, OC. 
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Bai 14. Cho hinh hdp chur nhat ABCD.A,B|C,D,. Dat B,A,=i, B|B = j, 
B|C| = k. M, N la hai did’m theo thur tu thudc AC,, CD, va thoa man: 

MA =aMcj , NC=pND^. 

a. Hay bi£u didn c£c vector B, M , B,N theo ba vector i, j, k va a, p. 

b. Xic dinh a, p drr MN//B,D. 

c. Tinh db dai doan thang MN. 

Bai 15. Cho hinh hdp ABCD.A,B,C,D,. Chumg minh rang hinh hdp nay la hinh 
hdp chu” nhat khi va chi khi: 

IAaT + AB + ADI = I-AA7 + AB + ADI 
= I Aa 7 +AB-ADl 
= lAA^-AB + ADl. 

Bai 16. Cho tir didn ABCD. Tim diOm G sao cho: 

GA + GB + GC+GD = 0. 

Chumg to rang did’m G d6 ia duy nhat va khi do G goi la trong tam cua tu 
diin ABCD. 

Bai 17. Cho hinh chop SABCD. Tim di&n O sao cho: 
oa+ob+oc+od+os=6. 

Bai 18. Trong khdng gian, cho ba did’m A, B, C c 6 dinh khdng thang hang, M ia 
did’m di ddng. 

a. Chirng minh rang vector v =2 MA + MB -3 MC ia mdt vecta khdng phu 
thudc vao vi tri cua di&n M. 

b. M,, ia diOm thoa man AM 0 = v va gia sur dudng thang AM,, cat BC tai N. 
Chumg minh rang NB=3NC. 

c. Goi (P) ia mat phang di qua tarn dudng trdn ngoai tidp AABC va vudng 

gdc vdi v. Chumg to rang khi M di chuyd’n trong mat phang (P) thi tdng 
sau cd gia tri khdng d6i: 

S=2MA 2 +MB 2 -3MC 2 . 

Bai 19. Cho tti didn ABCD. Goi E la trong tarn ABCD, I, I„ J, J„ K, K, theo thu tu la 
trung di&n cua AB, CD, CA, BD, AD, BC. Di&n G thoa man hd thirc: 

GA + GB + GC + GD = 0. 

Chung minh rang: 

a. n, + Jjj + Kk7 -2 AG. 

b. Ba di£m A, E, G thang hang. 

Bai 20. Cho ba tia Ax, By, Cz song song, cung hudng va khdng cung nam trong 
mdt mat phing. Goi M, N, P la ba did’m di ddng theo thtf tu trdn cac tia Ax, By, 

Cz sao cho AM = BN = CP. 

a. Tim tap hop trung did’m I cua MN. 

b. Tim tap hop trong tarn G cua AMNP. 
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CHU DE 2 

HA1 DliCfNG THANG VUONG GOC 


I. KlfiN THlfC CO BAN 


1. GOC gilTa hai di/Ong thAng cAt nhau 

Cho hai ducmg thing a, h cat nhau tai O. Chting tao thanh bOn goc 

Dinh nghia: S6 do ciia goc nho nhat trong bon goc do 
duoc goi la so do cita goc hop hoi liai dieting ihdng a, h 
hay don gian la goc gii'fa hai dieting thang a vd h. ki hi6u 
la (a, b) hay (b, a). 

Dae biet: 

■ Khi a va b trung nhau thi (a, b) = 0". 

■ Khi a va b vuong goc thi (a, b) = 90". 
nhu vay, ta luon co 0 < (a, b) < 90". 

2. GOC GILfA HAI DUtlNG THANG BAT KI TRONG KHONG GIAN 



Dinh nghia: Goc giita hai dieting thang a, h la goc giita 
hai dieting thang cat nhau a , b' Ian liept song song vtii a 
vd b, ki hifiu la (a, b) hay (b, a). 

Chu y: xac dinh (a, b) ta co the la'y di£m O nim ngay 
trdn m6t trong hai ductng thang d6. 

3. HAI DLfONG THANG VUONG GOC 

Dinh nghia: Hai dieting thang goi Id vuong goc vtii nhau 
neu goc giita chung bang 9(f. 

Nhu vay: 

a 1 b o (a, b) = 90". 



b 


4. LlfeN Hfi GlCfA QUAN H$ SONG SONG VA QUAN Hfi VUONG GOC CUA HA 
DLfONG THANG 


Dinh U: Cho hai dating thang song song. Dating thang ndo vudng goc vtii dating 
thang tliie nhat thi vuong goc vtii dating thang tliit hai. 

Ttic la: 

fa//b 

•{ => c 1 b. 

[c la 

Chu y: 

1. Trong khdng gian, hai duong thang \u6ng goc thi hoac cat nhau hoac cheo nhau. 

2. Trong mat phing. hai duong thing phan biet citng vudng g6c vdi ducmg thing thi 
ba thi song song vdi nhau, nhung trong khong gian thi khdng cdn dung. 
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II. CAC DANG TOAN LlfcN QUAN 


Bai toan 1: Tinh goc giura hai ducmg thing cheo nhau. 


PHITONG PHAP CHUNG 

E)£ U'nh g6c giQa hai ducmg thing cheo nhau a va b, ta thuc hiftn theo cac buPe sau: 

Bade 1: Tim goc bang vide liy mdt di6m O nao do (thdng thuemg O e a hoac O 
e b). Qua O dung a’ va b’ theo thur tu song song veri a va b. 

Khi do, g6c nhon hoac vuOng tao boi a’va b’ la goc giura a va b. 

Bude 2: Tinh goc: Su dung ty sd luong giac cua g6c trong tam giac vudng hoac 
dung dinh li ham s6 cdsin trong tam giac thu6ng d6 xac djnh s6' do 
g6c giQa a’ va b\ 

Vi du 1: Qio tu difin ABCD. Goi M, N lin luot la trung didm cua cac canh BC, AD. 

a. Hay tinh cosin cua g6c giua AB va DM, bi£t ABCD la tur didn d6u co canh 
bang a. 

b. Hay tinh goc giQa AB va CD, bieft AB = CD = 2a va MN = a V3. 

Gidi 

a. Goi E la trung di£m cua AC, ta c6: 


EM // AB va EM = -. 

2 

do d6 (AB, DM) = (MD, ME). 

X6t ADEM, ta c6: 

aV3 

DM = DE =-, trung tuy£n trong tam giac dfiu 

2 

dm 2 + em 2 -de 2 1 S 

cosDME =-= — j= = —. 

2DM.EM 2V3 6 


V IV 


V4y, ta duoc cos(AB, DM) = —. 

6 

b. Goi O la trung di&n cua BD, ta c6: 

ON // AB va ON = a 
OM // CD va OM = a 
do d6 (AB, CD) = (OM, ON). 

Goi I la trung di&n MN, trong AIME vudng tai I, ta c6: 

sinM6l = Mdl = 60*’ 

OM 2 

=> M6N = 2M6i = 120° => (OM, ON) = 180° - 120° = 6(f. 
Vay, ta dupe (AB, CD) = 60°. 
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Vi du 2: (Tio hinh chop SAIK I ) co day ABO) la hinh binh hanh voi AB = a, AD = 2a, 
SAB la tarn giac vuong can tai A. M la diem tren canh AD (M khac A va D). Mat ph&ng 
a qua M song song voi mat phang (SAB) cat BC, SC, SD l&n ItfOt tai N, P, Q. 

a. Chifng minh rang MNPQ la hinh thang vuong. 

b. Dal AM = x. Tmh dien tich cua MNPQ theo a va x. 

Giiii 

a. Ta co: 

a //(SAB) 

< an (SAD) - MQ MQ // SA. (1) 

(SAB) n (SAD) = SA 

a//(SAB) 

< an(ABCI)) - MN MN // AB. (2) 

(SAB)n(ABCD) = AB 

Tir (1) va (2) suy ra NMQ = 90°. 

Mat khac, ba mat ph&ng (ABCD), (SCD) va a cat nhau theo ba giao tuy£n MN, 
CD, PQ co: 



MN // CD => MN // PQ => MNPQ la hinh thang vu6ng. 
b. Ta co: 

S MNIV = j(MN + PQ).MQ. 

Ta co ngay MN = AB = a. 

Trong ASAD, ta co: 

MQ DM AD-AM 2a-x 2a-x 

-—- =-=-=- => MQ =-. 

SA DA DA 2a 2 

Trong ASCD, ta co: 

PQ = SQ = AM = . f)Q _ x 

CD SD AD 2a 2 ' 

Thay (4), (5), (6) vao (3), ta diroe: 

Smnhq= r (a + ^ )~~~~ = ~ (4a 2 - x 2 ). 

2 2 2 8 


(3) 

(4) 

(5) 

( 6 ) 


Bai toan 2: Chung minh hai dircmg thing vudng goc vdi nhau. 

PHITONG PHAP CHUNG 

De chung minh a vuong goc voi b, ta lira chon theo htrdrng: 

Hu&ng I : Chung minh (a, b) = 90°. 

Hu&ng 2: Sir dung ket qua vi lien he giua quan he song song va quan he vudng 
goc cua hai duong thing. 
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/( du 1: Cho hinh tur didn ddu ABCD canh bang a. Goi O la tam ducting tron 
igoai tid'p ABCD. 

a. Chung minh rang AO vudng goc vdi CD. 

b. Goi M la trung didm CD. Tinh g6c giOra AC va BM. 


} idi 


BC = BD => 
MC = MD 



i. Qua O dung dudng thing song song vdi CD, cat BC, BD theo thur tu tai E va F, stuy ra: 
(AO, CD) = AOF. 

Ta c6: 

EF//CD 

BE = BF /RiXNN 

OE = OF‘ 

B< 

Xet hai tam giac AABE va AABF, ta co: 

BE = BF F' 

AB chung => AABE=AABF => AE = AF 

ABE = ABF = 60° 
o AAEF can tai A => AO 1 EF <=> AOF = 90° o AO 1 CD. 

V3 

). Hoc sinh tu lam - Dap s6 —. 

6 

Vi du 2: Cho hinh ch6p S.ABCD day ABCD la hinh binh hanh. SAB va SAD la 
:ac tam giac vuAng tai A. 

a. Chung minh ring SA vudng goc vdi BC va CD. 

b. Chung minh ring SA vudng goc vdi AC va BD. 
jidi 


i. Ta cd: 


BC//AD 


=> BC 1 SA. 


=> CD 1 SA. 



D 


AD ISA 

ICD//AB 
[AB 1 SA 

3. Trdn tia SA lay didm S’ sao cho AS = AS’, ta cd: 

AB, AD d£u la trung true cua SS’ 

=> BS = BS’ va DS = DS’ ASBD = AS’BD (c.c.c) 

=> OS = OS’ => AOSS’ can tai O => OA 1 SS’ o AC 1 SA. 

Trong (CSS’) ke Ox song song vdi SS 1 va cat SC, S’C theo thur tu tai E, F va la 
:rung did’m cua mdi dudng, ta co ngay: 

EF//SA. 
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Mat khac, vi: 


ASBC = AS'BC (c.c.c) HI , = BP => ABEF can tai B 
=>OBl F-:F<r> BD i SA. 

Chu y: De nghi cac cm hoc smh de xuat mot each giai khac de chirng minh SA 
vuong goc voi BD. 


BAI TAP NGHI 

Bai tap 1: 

a. Cho vecto n khac 0 va hai vecto a , b khong ciing phuong. Chimg minh 
rang neu vecto n vuong goc voi ca hai vecto a va b thi ba vecto n , a va 
b khong d6ng phang. 

b. Chimg minh rang ba vecto ciing vuong goc Voi vecto n khac 0 thi d6ng 
phang. Tir do suy ra. cac dtrbng thing ciing vuong goc veti m6t dirbng thing 
thi ciing song song voi mot mat phing. 

Bai tap 2: Cho hinh chop S.ABC co SA = SB = SC va ASB = BSC = CSA. 
Chung minh ring SA 1 BC, SB 1 AC, SC 1 AB. 

Bai tap 3: Cho hinh tur dien A BCD co AB = AC = AD va BAC = 60°, BAD = 60", 
CAD = 90°. Chirng minh ring: 

a. AB 1 CD. 

b. N£u I va J Ian lirpt la trung diCm cua AB va CD thi IJ 1 AB va U i. CD. 

Bai tap 4: M<5i khing dinh sau co dung khong ? 

a. Hai dudng thing ciing vuong goc veti dudng thing thur ba thi song song voi nhau. 

b. Hai duemg thing ciing vuong goc vdi dubng thing thur ba thi vubng goc voi nhau. 
Bai tap 5: Cho tur dien ABCD. Goi M, N lin luot la trung die’m ciia cac canh BC, 

AD. Hay ti'nh goc giOa AB va CD, biS't AB = CD = a va MN = a V2 . 

Bai tap 6: Cho hinh chop S.ABC co SA = SB = SC = AB = AC = a va BC = aV2 . Ti'nh 
goc giOa hai dubng thing SC va AB. 

Bai tap 7: Cho hinh tur dien ABCD c6 AB = AC = AD va BAC = 60f’. BAD = 60", 

CAD = 90° 

a. Hay ti'nh goc giira AB va CD 

b. Chung minh ring neu 1 va J lin lupt la trung diem cua AB va CD thi U 1 AB va 
IJ 1 CD. 

Bai tap 8: Cho hinh lap phuong ABCD.EFGH. Hay xic dinh goc giiJa cac cap 
vecto sau diy: 

AB vi EG . AF va EG . AB va DH . 

Bai tip 9: Cho S la dien tich AABC. Chimg minh ring: 

S= — VAB~.AC 2 -(AB.AC) 2 . 

2 
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Bai tap 10: Cho hinh chop S.ABC cd SA = SB = SC va ASB = BSC = CSA . 
Chumg minh rang SA 1 BC, SB 1 AC, SC 1 AB. 

Bai tap 11: Cho tur difen ABCD. 

a. Chumg minh rang AB.CD + AC.DB+ AD.BC - 0. 

b. Tir dang thifc trfen hay suy ra rang nfe'u tur difen ABCD co AB 1 CD va 

AC 1 DB thi AD 1 BC. 

Bai tap 12: Trong khdng gian cho hai tam gfac dfeu ABC va ABC’ c6 chung earth 
AB va nam trong hai mat phang khac nhau. Goi M, N, P, Q lan luot la trung difem 
cua cac canh AC, CB, BC, C’A. Chumg minh rang: 

a. ABICC. 

b. Tur gidc MNPQ la hinh chO nhat. 

Bai tap 13: Trong khdng gian cho hai hinh vudng ABCD va ABCD’ co chung canh 
AB va nam trong hai mat phang khac nhau, l£n luot c6 tam O va O’. Chumg minh 
rang AB 1 OO’ va tur giac CDD’C la hinh chir nhat. 


CHUDE3 

DtrdNG thAng vuOng goc v6i mAt phAng 


I. KI^N THtre CO bAn 


1. DpsiHUMdoAu 

Neu duerng thang d vuong goc voi hai ductng thang 
cat nhau a va b nam trong mat phang a thi no vudng goc 
v&i moi duerng thang ndm trong a. 


Nhu vay: 
(acatb 


[dla vadlb 


=> Vc c a !u6ncodlc. 


2. dlTGng thAng vuOng goc veil mAt phAng 


d 



Dinh nghla : Mdt du&ng thdng goi Id vudng goc voi mot mat phang khi no vudng 
gdc voi moi duemg thdng chvta trong mat phang do. 

Khi dudng thang a vudng gdc voi mat phang a, ta kf hifeu la a 1 a hay ala. 

Dinh U i: Tut mdt diem O cho (rude, ta dung ducrc mdt vd chi mdt mat phang vudng 
goc v&i mot du&ng thdng d cho tru&c. 

each dung: 

■ Qua O dung duerng thang d’ // d. 

■ Ltfy hai mat phang phan bifet (P) va (Q) cung di 
qua d\ Trong (P) dung duemg thang a qua O va 
vudng gdc vdi d\ Trong (Q) dung duemg thang b 
qua O va vudng gdc vdi d’ 

Khi dd (a, b) chinh la mat phang can dung. 
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He qua I: Cho tnftic diem () va difting than# a Neu qua O ta dung (lifting lining b 
vubng got' tv n a thi h dura (rang mat pining qua O vubng gdc vtii a. 

He qua 2: Cho Inii iluting lining vuong gbc vtii nhau. Khi do co mot va chi mot mat 
pining dura (lifting lining nay va vuong gbc vtii (lifting lining kia. 

Dinh h 2 7 if mol diem () cho tv if tic ta dung cl i few mot va va chi mot clifting lining d 
vuong gbc vtii mot mat pining a cho tnftic . 

Cach dimg: 

■ Lay throng thang a nam trong rx. 

■ Dimg mat phang (P) qua 0 vuong goc \6i a cat a 
theo giao tuyen h. 

■ Trong (P) dimg dirdng thang d qua O va vuong 
goc voi b 

Khi do d chinh la duong thang can dimg. 

3. LlfiN H$ GILfA QUAN Hfi SONG SONG VA QUAN Hfi VUONG GOC CUA DUCfNG 
THANG VA mAt phAng 



Chung ta co cac moi lien he sau: 

1. Cho hai (lifting thang song song. Mat pining nao 
vubng gbc vtii (lifting thang nay thi ding vubng 
gbc vtii (lifting thang kia. 

Tile la: 


a 

b 


/ 


/ 


a//b 

ala 


=> b 1 a. 


2. Cho hai mat plidng song song. Difting thang nao 
vubng gbc vtii mat phdng nay thi cung vubng gbc 
vtii mat phdng kia. 

Tire la: 


a//p 

ala 


alp. 



3. Hai mat phdng phdn biet cung vubng gbc vtii mot difting thang thi song song 
vtii nhau. 

Turc la: ^a\ ! 


ala 
a 1 P 


a//p. 


4. Cho hai (lifting thang phdn biet cung vubng gbc 
mot mat phdng thi song song vtii nhau. 

Turc la: 


ala 
b 1 a 


a // b. 
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a 


5 . 


Neu mot dtidng thang va mdt mat pitting (khdng 
chtia dtidng thang do) rung vudng gdc vat mdt 
dtidng thang thi song song vdi nhau. 

Tuc la: 


ja Id 

{aid 


=> a // a. 



t. PHEP CHlfiu VUONG GOC 

Jinh nghia: Pltep chieu song song trong do phuang chieu 
'udng gdc vdi mat chieu goi la phep chieu vudng gdc. 

ihu y: Phep chie'u vu6ng gdc co day dii c£c tinh chat cua 
)hep chi^u song song. 

5m/i U 3 (Dinh If ba dudng vudng gdc ): Clio dtidng thang a khdng vudng gdc vdi 
ntit phdng a. Mot dtidng thang b nam trong a vudng gdc vdi dtidng thang a klti va 
hi klti b vudng gdc vdi hinh cltieu cua a tren a. 

Tuc Ik, vdi a’ la hinh chidu vudng gdc cua a ldn a thi: 
albcaoa’lb. 

mAt phAng trung tri/c 




)inh nghia: Mat phdng trung trtic cua mdt doatt thang 
a mat phdng vudng gdc vdi doan thang do tai trung 
Hem cua no. 

'yinh li 4: Tap hop nhting diem each deu hai dau cua mdt 
torn thang la mat phdng trung trtic cua doan thang do. 

>. PHEP EX5l XlTNG QUA M0T MAT PHANG 

* 

Oinh nghia: Pltep dd'i xirng qua mat phdng a Id phep 
:ho ttiong ting vdi mdi diem M trong khdng gian mdt 
Hem M’ sao cho a la mat phdng trung trtic cua doan 
VIM’. 



[I. CAC DANG TOAN LlfeN QUAN 

Bai toan 1: Chimg minh dudng thang vudng gdc vdi mat phang - Mat phang 
trung true. 

Churng minh hai dudng thing vudng gdc vdi nhau. 

PHITONG PHAP CHUNG 

1. E)^ chumg minh dudng thing a vudng gdc vdi mat phing a, ta co the’ lua 
chon mdt trong cac each sau: 

Cach I: Chiing minh a vudng gdc vdi hai dudng thing cat nhau chua trong a. 
Cach 2: Chumg minh a song song vdi dudng thing b vudng gdc vdi a. 
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2. De churng minh mat phang o la mat phang (rung true cua doan AB ta di 
churng minh a vuong goc vdi AB tai trung diem I cua AB 

3. De churng minh hai dudng th&ng a, b vuong goc vdi nhau, ta co th i lira chon 
m6t trong cac each sau: 

Cdch I: Chung minh dudng thang a vuong goc vdi mot mat phang chura 
dudng thang b. 

Cdch 2: Su dung dinh h ba dudng vuong goc. 

Cdch 3: Neu hai dudng thang ay cat nhau thi co the ap dung cac phuong 
phap da hoc trong hinh hoc phang. 

VI du 1: Goi I la mot diem bat ki d trong dudng tron (O), tam O, ban kmh bang 
R. CD la day cung cua dudng iron (O) qua I. Tren dudng thang vudng goc vdi mat 
phang chura dudng tron (O) tai 1 ta lay diem S vdi OS = R. Goi E la di£m ddi tam 
cua D tren dudng tron (O). 

a. Chung minh rang ASDE vuong tai S 

b. Churng minh rang SD 1 CE. 

c. Churng minh rang ASCD vuong. 

Gidi 

a. Trong ASDE, ta co: 

SO la dudng trung tuye'n, 

so = R = - ,2R = - BD. 

2 2 

suy ra ASDE vu6ng tai S. 

b. Ta co ngay: 

CE 1 SI, vl SI vuAng goc voi day 
CE 1 CD, goc chan nira dudng tron. 



suy ra: 

CE 1 (SCD) => CE 1 SD. (1) 

c. Tir ket qua cau a), ta co: 

SE 1 SD. (2) 

Tir(l) va (2) suy ra: 

(SCE) 1 SD => SC 1 SD => ASCD vudng tai S. 

VI du 2; Cho tur dien OABC co OA, OB, OC d6i m6t vuOng goc vdi nhau. Goi 
H lk hinh chifi'u vu6ng cua didm O trfin mat phang (ABC). 


a. 

b. 

c. 

d. 
Gidi 


Churng minh rang BC1 (OAH), CA 1 (OBH), AB 1 (OCH). 
Churng minh rang H Ik true tam cua AABC. 


Chung minh rang —C = —T + + 

OH 2 OA 2 OB 2 OC 2 

Churng minh rang cac g6c cua tam giac ABC d£u nhon. 


1 


1 


1 


a. Tir gia thie't: 

OH 1 (ABC) OH 1 BC. 
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Ta co: 


0A10B 
OA IOC 


<=> OA J_ (OBQ => OA 1 BG (2) 


Tir (1) va (2) suy ra BC1 (OAH). 

Chumg minh tuong tu ta nhan dupe CA 1 (OBH), AB JL (OCH). 

b. Tir kdt qua cdu a), ta cd: 

BC 1 (OAH) => BC J_ AH. 

ACl(OBH)==>AC±BH. 

TCf (3) va (4) suy ra H la true tarn cua AABC. A 

c. Gia sir AH cat BC tai K, suy ra OK 1 BC. AN 

■ Trong AOBC vu6ng tai O, ta cd: / | \ 

1 = _L + J_ fois:;: 

OK 2 OB 2 + OC 2 ' 

■ Trong AOAK vudng tai O, ta co: B 

111 1 1 1 . 

-- _-- h-- —- — h-— h- — , a per 

OH 2 OA 2 OK 2 OA 2 OB 2 OC 2 

d. Gia sir OA = a, OB = b, OC = c. 

Xet AABC vudng tai O, ta co: 

AB 2 = OA 2 + OB 2 = a 2 + b 2 , 

BC 2 = OB 2 + OC 2 = b 2 + c 2 , 

AC 2 = OA 2 + OC 2 = a 2 + c 2 , 

» 

AB 2 +AC 2 -BC 2 a 2 +b 2 +a 2 +c 2 -(b 2 +c 


, dpem. 


cosBAC = 


(b^+c z ) 


2AB.AC 


2>/a 2 + b 2 .Va 2 +c 2 


=> g6c BAC nhon. 

Chumg minh tuong tur, ta dupe cac g6c ABt, ACB ddu nhon. 

Vay, cic gdc cua tarn giac ABC ddu nhon. 

Chu y. Vidu trdn da trinh bay each chumg minh c4c tfnh chit co ban cua tur didn vudng. 

V( du 3: Cho hinh ch6p S. ABCD cd ddy ABCD la hinh vudng tarn O, SA vudng 
g6c vdi mat phang (ABCD). Goi H, I, K lfin lupt la hinh chidu vudng gdc cua did’m 
A trdn SB, SC, SD. 

a. Chumg minh ding BC 1 (SAB), CD 1 (SAD). 

b. Chung minh rang (SAC) la mat phang trung true cua doan BD. 

c. Chumg minh rang AH, AK cung vudng gdc vdi SC. Tir dd suy ra ba dudng 
thing AH, AI, AK cung chiia trong mdt mat phang. 

d. Chumg minh rang (SAC) ia mat phang trung true cua doan HK. Tir dd suy ra 
HK 1 AI. 

e. Tfnh didn ti'ch tur giac AHIK, bid't SA = AB = a. 

Giai 

a. Tir gia thidt: 

SA 1 (ABCD) ==> SA ± BC. (1) 
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Mat khac, ta to: 

AB 1 BC, v'i A BCD la h'inh vuong. (2) 

I’Cr (1) va (2) suy ra BC i (SAB). 

Chung minh tuong tu ta duoc CD 1 (SAD). 

b. Tirgiathiet: 

SA -L (ABCD) => SA 1 BD. (3) 

Mat khac. ta co: 

AC 1 BD, vi ABCD la h'inh vuong. 

Tit (3) va (4) suy ra: 

BD 1 (SAC) tai (rung di£m O cua BD. 

VAy, (SAC) la mat trung true cua doan BD. 

c. Tu gia thidt va icdt hap vdi ket qua cAu a), ta duqc: 


AH 1SB 
AH 1 BC 


<=> AH _L (SBC) => AH 1 SC. 



Chung minh tuctng tu ta duoc AK 1 SC. 

Nhu vAy, vi AH, AI, AK cung vudng goc vdi SC ndn ba dudng thing AH, AI, 
AK cung chtfa trong mat phing qua A va vudng goc vdi SC. 

d. Gia su HK cit AI tai E. 

NhAn xet ring: 

ASAB = ASAD (c.g.c) => SH = SK. 

Trong ASBD, ta co: 

— = — => HK // BD va E la trung die’m cua HK. 

SB SD 

K£t hop vdi k£t qua 6 cAu a), suy ra: 

HK 1 (SAC) tai trung diem E cua HK. 

VAy, (SAC) la mat phing trung true cua doan HK. 

Tir kft't qua HK 1 (SAC) suy ra HK 1 AI. 

e. Ta c6: 


Sahik = ~ AI.HK. 
trong d6: 

■ Trong ASAC vudng tai A, ta duoc: 

1 1 1 11 AT aV6 

—- = —- +—- = — + —- AI =-. 

AI 2 SA 2 AC 2 a 2 2a 2 3 


(5) 

(6) 


■ Trong ASBD, ta duoc: 
SH SK 
SB ~ SD " 2 


=> HK li dtibrjg trung binh => HK = 


aV2 

2 


(7) 
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Thay (6), (7) vk> (5), ta dupe; 

1 aV6 aV2 a 2 V3 


'ahik — 


2 3 


Vi du 4: Cho hinh ch6p S.ABCD, d£y la hlnh vudng canh bang a. mat bdn SAB 
la tam gi$c ddu; SCD la tarn gidc vudng can dinh S. Goi I, J l£n lupt la trung diefm 
cua AB va CD. 

a. Trnh cac canh cua ASIJ va chumg minh rang SI 1 (SCD), SJ 1 (SAB). 

b. Goi H la hinh chi£u vudng gdc cua S trfin U. Chung minh rang SH 1 AC va tinli 
dpdaiSH. 

c. Goi M la mdt di£m thude dudng thing CD sao cho BM _L SA. Ti'nh AM theo a. 
Gidi 

a. X6t ASU, ta lin lupt c6: 

IJ = a, dufrng trung binh cua hinh vudng. 

b .^3 B 

SI =-, dudng cao trong tam gidc d4u 



I . , , 21 

SJ = — CD = —, trung tuy£n thude canh huy£n cua tam giac vudng. 


Nhftn xdt ring: 


SI 2 + SJ 2 = 


V 2 ) 


= a 2 = U 2 => ASU vudng tai S o SI 1 SJ. 


Khi dd, vdi: 

[CDISJ aisi 

o CD 1 (SIJ) => CD 1 SI => SI -L (SCD). 

[CD 1 U 

Oiling minh tuong tu, ta dupe SJ 1 (SAB). 

b. Ta cd: 

SH ± CD, theo ktft qui trong a) cd CD X (SIJ) 

SH 1U , theo gi& thidt 

suy. ra: 

SH 1 (ABCD) => SH 1 AC. 

Trong ASU ta cd: 

a>/3 a 

SASU = — SH.IJ = -SI.SJ => SH= — = i = — 
2 2 U a 4 

c. Didu kiftn di: 

BM 1 SA o BM 1 AH, theo dinh If ba dudng vudng gdc. 
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Ta co ngay VAN 1 va \BCM la hai tam giac vudng d6ng dang, suy ra: 


IH AI I 


CM BC 2 
Trong ASIH ta cd: 


> CM = 21! I 


m= vsr SI I 


i wj I W3 


III 2 


Thay (2) vao (1) ta dupe: 

CM = 2. — = — . 

4 2 

Khi do, trong AADM ta co: 



AM 2 = AD 2 + MD 2 = AD 2 + (CM - CD) 2 = a 2 + 


o AM = (tire la M = J). 
2 


M D 

, f3a 


a = 


Bai toan 2: Thiet dien qua mdt diem cho trude va vu6ng goc vdi mOt duett 
thing cho trude. 

PHl/ONG PHAP CHUNG 

De tim thiet dien cua khd'i da dien (S) vdi mat phing a, a qua didm M cho tru 
va vudng goc vdi mdt dudng thing d cho trude, ta lira chon mdt trong hai each sai 

Cach I: Dung mat phang a nhu sau: 

■ Dung hai dudng thang cat nhau cung vudng gdc vdi d, trong dd 
it nhat mdt dudng thang qua M. 

■ Mat phang xac djnh bdi hai dudng thing trdn chinh la a. 

■ Xac dinh thidl dien theo phircrng phip da hoc. 

Cach 2: N£u cd hai dudng thing cat nhau hay chdo nhau a, b chng vudng g 
vdi d thi: 

% 

a // a hay chura a 
a // b hay chua b 

Vi du 1: Cho hlnh tur dien S.ABC cd ABC ia tam gidc d£u canh bing a. SA * 
va vudng gdc vdi mat phang (ABC). Goi M ia mdt di£m tuy y trdn canh AC, a 
mat phing qua M va vudng gdc vdi AC. 

a. Tuy theo vi tri cua diem M trdn canh AC, cd nhftn xdt gl thidt dien tao t 
a vdi tur dien S.ABC. 

b. Dat CM = x, vdi 0 < x < a. Tinh dien tich S cua thidt dien trtn theo a va x 
xac djnh x de dien tich nay cd gia tri ldn nhat. Tinh dien tich ldn nhit dd. 
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Goi E la trung difim cua AC, ta co ngay BE 1 AC. Do d6, can xet hai truong hop 
Me nhau vfi vi trf cua difi’m M tren canh AC va trong do ta sir dung: 

SA 1 (APC) => SA 1 AC. „ 



A me M C 

'rudng hap J:\6iM thudc doan CE, ta thirc hifin: g 

■ Trong (ABC) dung Mx // BE va cat BC tai N (ta /' s v 

duoeMNlAC). \ \P 

* Trong (SAC) dung My // SA va cat SC tai P (ta . 
duocMPJ.AQ. 

Nhu v$y, trong trudng hop nay ta duoc thi£t di6n la g N 
iMNP vu6ng tai M. 

'fitting hap 2: Vdi M thudc doan AE (tru di^m E). ^ 

* Trong (ABC) dung Mx // BE va cat AC tai N (ta Np 

duoc MN1AQ. J\j qSv 

■ Trong (SAC) dung My // SA va cat SC tai P (ta q 1/ 

duoc MP1 AC)! C 

* Trong (SAB) dung Nz // SA va cat SB tai Q (ta 

duocNQTAQ. B 

Nhu vay, trong trudng hop nay ta duoc thifit difin la htnh thang vudng MNQI 
vudng tai M va N). 

». Ta xdt hai trudng hop cua di&n M 

"rating hap 1 : Vdi M thudc doan CE, ta cd 0 < x < ^ va dien tfch AMNP ia: 

S MW = i MN.MP. (1) 

2 

Trong ABCE, ta cd: 

MN CM x /r , 0 . 

-=-= — =>MN = xV3. (2) 

BE CE a 

2 

Trong ASAC, ta cd: 

= — => MP = x - Cach tinh thii nhat. (3) 

SA CA a 

Thay (2), (3) vao (1), ta duoc: 


>amnp 


= — .xV3 .x = 
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la co ngay: 


(‘SwiNI^Max ~ 


a | /■; 

0 ^ 2 R 

2 . a v 3 


? 


8 


dal diroc khi x 


Trtftmg hop 2: Voi M ihuoc doan AE, la co - < x < a va dien lich MNQP la: 


^ 1NyP = 3 (mp + nq).mn.. 
2 


Trong AABE, ta co: 

MN AM a-x 


BE AE 


=> 


a 


MN = yfl (a - x). 


(4) 


(5) 


Vi ASAC vuong can tai A ncn z\PMC vuong can tai N, do do: 

MP = CE = x - Cach tinh ilnfliai. 

Trong ASAB, ta co: 

a 


( 6 ) 


NQ _ BN ME 
SA BA EA 


x - 

a 

2 


=> NQ = 2x - a. 


(7) 


Thay (5), (6), (7) vao (4), ta dupe: 
1 




Smnqp = - (x + 2x - a). S (a - x) = — (3x - a)(a - x). 


ta b\€n d6i ti£p: 

SmNQH ~ “ 

suy ra (S^gp)^ = — 
T6m lai, ta duoc: 

[xV3 


3V3 f 2 4ax a 2 ^ 


* V 


x-+— 

3 3 


3V3 

2 

2a 


x - 


2a 


x 2 


S 


SlU = 


dat duoc khi x = 

6 3 


vdri 0 < x S 


, — (3x - a)(a - x) vdi — < x < a 
l 2 2 


v& (S, d ) M „ = —— dat dupe khi x = — . 

6 3 
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Vi du 2: Cho hinh ch6p S.ABCD c6 ABCD la hinh vudng canh hang a 
SA = a-s/2 vk vudng goc vdi (ABCD). Goi AH la ducmg cao cua ASAB. 

SH 

a. Tfnh ti s 6 — va dd dai AH. 

SB 

b. Goi a la mat phang qua A va vudng goc vdi SB, a cat hinh chop S.ABCI 
theo thifit didn Ik hinh gi ? Tfnh didn tfch cua thiet didn. 

Giai 

a. Trong ASAB vudng tai S, ta c6: 

SH = SH.SB SA 2 (aV2) 2 ^ 2 . 

SB SB 2 ~AB 2 +SA 2 a 2 +(aV2) 2 3‘ „/ \V 


1 1 1 1 1 = 3 

AH 2 ~ SA 2 + AB 2 “ (aV2) 2 + a 2 " 2a 2 


o AH = —. 

3 

b. Dung thidt didn: 

* Trong (SBC) dung Hx 1 SB va cat SC tai I. 

■ Nd'i D vdi I, ta dupe thidt didn la tur giac AHID. 
Nhkn xdt rang: 
fBCl AB 

=> BC1 (SAB) => BC1 SB. 

BCJ.SA 


Trong mat phang (SBQ, ta c6: 
jBCISB ^ JHI//BC//AD 


HI 1 SB 


Trong ASBC, ta cd : 


HI 1 AH 


AHID Ik hinh thang vudng tai A vk H. 


m _ SH _ 2 2a 

BC " SB ' 3 ^ 3 


Tirdd: 


= — (AD + HI).AH = - a + — . 


2a > aV6 5a 2 S 


Vi du 3: Cho hinh vudng ABCD canh bang a. Trftn dudng thang vudng g6c vd 

mat phkng (ABCD) tai A Iky didm S sao cho SA = aV2 . Goi a lk mat phang qua / 
vk vudng g6c vdi SC, a ckt SB, SC, SD lkn lupt tai M, N, P. 

a. Chitag minh rang AM J. SB, AP i. SD vk SM.SB = SN.SC = SP.SD = SA 2 . 

b. Chitag minh rang tur gikc AMNP ndi tidp dupe vk cd hai dudng chdo vudn; 
gdc vdi nhau. 

c. Goi O lk giao didm cua AC vk BD; K lk giao didm cua AN vk MP. Chita] 
minh rkng ba didm S, K, O thang hkng. 

d. Tfnh didn tfch tur gikc AMNP. 
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did i 

Dung thiet dien: 

■ Trong (SAC) dung AN 1 SC. 

■ Trong (SBC) dung Nx 1 SC va cat SB tai M. 

■ Trong (SCI)) dimg Ny 1 SC va cat SD tai P. 

Thay ngay A, M. N, P dong phang vi cung thuoc mat 

phang qua N (hoac A) va vuong gdc vdi SC. 
a. Ta co: 

(BC 1 AB 

\ => BC 1 (SAB) => BC ± AM. 

BC 1 SA 


S 



Mat khac, theo each dimg ta co: 

SC 1 (AMNP) => SC 1 AM. (2) 

Tir (1) va (2) suy ra: 

AM 1 (SBC) => AM 1 SB. 

Chumg minh tuong tu, ta duqc AP1 SD. 

Cac ASAB, ASAC, ASAD cung vudng tai A va Pin luot co cac duefng cao AN 
AN, AP, suy ra: 

SA 2 = SM.SB = SN.SC = SP.SD. (3) 

b. Ta co: 

AM 1 (SBC) _ fAMIMN 
' APl(SCD) ^ [AP1PN 


AMN = 90° 
APN =90° 


=> AMNP ndi ti6'p duemg tron dudng kr'nh AN. 
Nhan xet rang: 

BD1 (SAC) => BD _L AN. 

BD 1 SA 
Ddthay SB=SD, do do tir(3): 

Qi I QQ 

SM.SB = SP.SD « SM.SD = SP.SB « — = — 

SB SD 


=> MP//BD => MP i AN. 

Vay, tur giac AMNP ndi ti£p duoc va co hai dirdng chdo yudng gdc vdi nhau. 
c. Tacd: 


S,K,Oe (SAC) L ^ . _ 

=> ba didm S, K, O thang hang 

S,K,0€(SBD) 


d. Ta co: 

Samnp = — AN.MP. » 

trong dd: 

- Trong ASAC vudng tai A, ta duoc: 

j___L = J_ J_ 

AN 2 SA 2 AC 2 2a 2 2a 2 


(4) 


15 


=> AN = a. 


(5) 



(6) 


■ Trong ASBD, ta duoc: 

MP SM SM.SB SA 2 

BD ~ SB “ SB 2 " SA 2 + AB 2 
Thay (5), (6) vko (4), ta diroc; 

_ 1 2aV2 _ a 2 V2 

ahik ~ 2 a ' 3 “ 3 

Bai loan 3: Tap hop hinh chie'u cua mdt diem c6' dinh tr£n mdt duOng thing di 
ddng. 

PHlfONG PHAP CHUNG 

Vdi ygu ciu " Tim tap hop hinh chieu vudng goc M 
:ua diem c6 dinh A tren dudng thang d di dong trong 
nat phang a cd' dinh va ludn qua mot diem co dinh O ", 

;a thuc hien theo cac budc sau: 

Budc 1: Dung AH 1 a (H e a), theo dinh li ba 
duong vu6ng g6c ta c6: 

HM 1 d. ^ 

Budc 2: Trong mat phang a, vi HMO = 90° ndn M thudc duong trdn duong 
klnh OH chira trong a. 

Vi du 1: Cho hinh vudng ABCD tarn O; S Ik mdt diem di ddng tren tia Ax vudng 
gdc vdi mat phang (ABCD). 

a. Tim tap hop hinh chidu vudng g6c cua O tren dudng thing SB. 

b. Tim tap hop chan dudng cao vg tir dinh D trong ASDC. 

Giai 

a. Nhan tha'y dudng thing SB nim trong mat phing 
(SAB) cd dinh vk di qua difi’m B cd djnh. 

Ha OH 1 AB, til giai thie't: 

SA 1 (ABCD) => SA 1 OH => OH 1 (SAB). 

Goi M lk hinh chidu vudng g6c cua O tren dudng 
thing SB, suy ra: 

SB 1MH, theo dinh If ba dudng vudng gdc 

= 9(f => M thudc dudng trdn dudng kmh BH chda trong (SAB). 

Khi S di ddng tren tia Ax thi M thudc nira dudng trdn dudng kmh BH trong nira 
mat phing (SAB) bd AB. 

b. Nhkn thk'y dudng thing SC aim trong mat phing (SAC) cd dinh va di qua didm 
C cd dinh. 

Tacd: 





DO ± AC 
DO ISA 


=> DO 1 (SAQ. 
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Goi N la hinh chieu vuong goc cua D tren dirctng thang SC, suy ra: 

ON 1 SC, theo dinh h ha dircmg vuong goc 

=> (5Nfc = 90° > N thuoc difctng iron dirctng kfnh OC chura irong (SAC). 

Khi S di dong tren tia Ax tin N thude nira dirctng tron dudng kinh OC trong nira 
mat phang (SAC) bo AC. 


XlMM 1 rong mat phang a cho goc vuong xOy, d la dudng thang cd dinh trong 
a. d cat Ox, Oy kin hrot tai A va B. Goi Oz. la tia vuong goc vdi a, S la mot diem 
tren Oz. Goi AH. BF la dudng cao cua ASAB. 

a. Cho goc xOy c6 dinh, S di dong tren ta Oz. Tim tap hop cac diem E va F. 

b. Cho S co dinh, goc xOy quay quanh O. Chung minh rang true tarn cua 


ASAB cd dinh. Tim tap hop cac diem E va F. 

Gidi 

a. Ta lAn luot tim tap hop cac diem E va F. 

■ Tim tap lu/p diem E: Nhan thay dudng thang 
SB nam trong mat phang (yOz) cd dinh va di 
qua didm B cd dinh. 

Ta cd: 


AOl BO 
AO ISO 


=> AO 1 (xOz) 



=> OE X SB, theo dinh It ba dudng vudng goc => OEB = 90" 

=> E thuoc dudng tron dudng ki'nh OB chua trong (yOz). 

Khi S di ddng tren tia Oz thi E thude nua dudng trdn dudng kfnh OB trong 
nua mat phang (yOz) bd Oy. 

■ Tim tap hop diem F: Thuc hien tuong tu ta duoc F thuoc nua dudng trot 
dudng kinh OA trong nira mat phang (xOz) bd Ox. 

b. Gia sir AE n BF = H, suy ra H la true tAm cita ASAB va ta di chimg minh H cd dinh. 

Keo dai SH ca AB tai K, ta co: 

AB1SK 

< o AB 1 (SOK) => AB 1 OK => K cd dinh => El cd dinh. 

[ABXSO 

Trong mat phang (S, d) cd dinh va cd SH cd dinh va: 

■ Vi s£H = 90" nen E thude nira dudng trdn dudng kinh SH trong nira ma 
phang (SBK) bd SK. 

■ Vi SFfl = 90" ndn F thude nira dudng trdn dudng kfnh SH trong nira ma 
phang (SAK) bd SK. 


Bai toan 4: Tim tap hop hinh chieu vudng goc cua mdt didm cd dinh trdn 
mdt mat phang di ddng. 

PHirONG PHAP CHUNG 

Vdi ydu cAu: 

" Tim tap licrp hinh chieu vudng goc H cua mot diem co dinh A tren mat 
plidng adi dong ludn chua mot du&ng thang d cd dinh ", 
ta thuc hidn theo cac bude sau: 


157 







Bade 1: Xac dinh mat phang P qua A vuAng goc vdi 
d. Tim a = a D p 

Bade 2: Goi H la hinh chiAu vuAng g6c cua A lAn a, 
thi H cOng la hinh chiAu vuAng gdc cua A 
trAn a. 

Bade 3: Goi E la giao diAm cua d vdi p. Trong mat 
phang p, AHfe = 90° nAn H thuAc duOng 
tron duOng kinh AE. 

/i du 1: Trong mat phang a cho duOng tr6n (C), duOng kinh AB, SA vuong goc 
a. Goi M la mAt di£m di dAng trAn (C), H la hinh chiA'u vuAng goc cua diAm A 
rAn mat phang (SBM). Tim tap hop cac diAm H. 

~i • * • 

jiai 

Nhan tha'y mat phang (SBM) chura duOng thang SB c6 dinh. Ta di dung mat 
)hang qua A va vuAng g6c vdi SB bang each: 

■ Trong (SAB) ha AK 1 SB. 

* Trong (SBM) dung Kx 1 SB va cat SM tai H. 

Khi do: 

(AKH) 1 SB va (AKH) n (SBM) = KH. 

Ta di chumg minh AH 1 (SBM), that vay: 

{ BM ± AM sbiah 

« BM 1 (SAM) => BM 1 AH => AH 1 (SBM). 

BM 1 SA 

Trong (AKH), ta c6: 

AHIHKo AHK = 90° 

tAn H thuAc duOng trbn duOng kinh AK trong mat phang (AKH). 

yi du 2: Cho hlnh ch6p S.ABCDc6 day ABCDia hinh thoi tarn Ocanh a, ABC = 60", 
5A = a va vuAng goc vdi mat phang (ABCD). Goi M la mAt diAm trAn canh SB. 

a. Khi M la trung diAm cua canh SB, tlnh diAn tlch cua thiAt diAn cua hinh 
chdp S.ABCD vdi mat phang (ADM). 

b. Khi M di dAng trAn canh SB. Tim tap hop hinh chiA'u vuAng gdc cua S trAn 
mat phang (ADM). 

jiai 

t. Ta c6: 

AD e (ADM)va BC e (SBC) 

• AD// BC 

(ADM) n (SBC) = Mx 

. 

=> Mx // AD // BC 
/a Mx cat SC tai N. 

Khi dd, ta nhan duoc thiAt diAn AMND la hinh thang. 
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Trong hinh thang AMND ha AK 1 MN. ta diroe: 

S AMN1 ,= *-(AD+MN).AK (i) 

rong do: 

■ Trong ASBC co MN la dirong tiling b'inh nen: 

= 1 BC = a 
1 1 



I rong ASAB vuong tai A co AM la trung tuyen thuOc canh huy£n nen: 


AM = - SB = 


aV2 


1 vSA 2 + AB 2 = — 

2 2 


(3) 


Trong ASAC vuong tai A co AN la trung tuyen thupc canh huy£n nen: 

av2 


AN = - SC = - VSA' + AC 2 = 

2 2 2 

Trong AAMN can tai A, ta co: 

AK = V/\M 2 - MK 2 = 


a a 

Y~T6 




(4) 


(5) 


Thay (2), (5) vao (1), ta dupe; 


S 


1 


'AMND 


a 

a + - 
2 


a/7 3a : C7 


16 


). Nhan tha'y mat phang (ADM) chua duong thang AD c6 dinh. Ta di dung mat 
>hang qua S va vuong goc vcri AD bang nhan xet: 

AK 1 MN o AK 1 AD 

Khi do: 

(SAK) 1 AD va (SAK) n (ADM) = AK. 

Trong (SAK) ha SH 1 AK thi H cung la hinh chi£u 
,u6ng goc cua S tren (ADM). 

Trong (SAK), ta co: 

SH 1 AH <=> SHA = 90° 

ten H thupc ducmg tron ducmg ki'nh SA trong mat phang (SAK). 



Han che' qul tich - De nghi ban doc tif lam. 

BAI TAP NGHI 

liai tap 1: Cho hai ducmg thang a, b va mat phang (a). Cac menh de sau day dung 
tay sai ? 

a. N£u a // (a) va b 1 (a) tht alb. 

b. Ne'u a // (a) va b 1 a thi b 1 (a). 

c. N£u a // (a) va b // (a) thi b // a. 

d. N£u a 1 (a) va b i a thi b // (a). 

Sai tap 2: Khang dinh "Mot duong thang vuPng goc vcri hai ducmg thang phan 
liet trong mat phang (P) thi no vuong goc voi mp(P)" co dung kh6ng ? Vi sao ? 
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Bai tap 3: Cho tur dien ABCD co hai mat ABC va BCD la hai tam giac can co 
chung canh ddy BC. Goi I la trung di^m cua canh BC. 

a. Chirng minh rang BC vudng goc vdi mat phang (ADI). 

b. Goi AH la dudng cao cua tam giac ADI, chirng minh rang AH vudng goc 
vdi mat phang (BCD). 

Bai tap 4: Qio hinh chop S.ABCD co day la hinh thoi ABCD tam O va co SA = 
SB = SC’ = SD. Chirng minh rang: 

a. Dudng thang SO vudng goc vdi mat phang (ABCD). 

b. Dudng thang AC vudng goc vdi mat phang (SBD) va dirdng thang BD vudng 
goc vdi mat phang (SAC). 

Bai tap 5: Tren mat phang (a) cho hinh binh hdnh ABCD tam O. Goi S la mdt didm 
nam ngoai mat phang (a) sao cho SA = SC, SB = SD. Chirng minh rang: 

a. SO ± (a). 

b. Ne'u trong mat phang (SAB) ke SH vudng goc vdi AB tai H thi AB vudng 
gdc vdi mat phang (SOH). 

Bai tap 6: Cho hinh chop S.ABC co SA 1 (ABC) va AABC khdng vudng. Goi H 
va K Idn lirot la true tam cua cac AABC va SBC. Chirng minh rang: 

a. AH, SK, BC ddng quy. 

b. SC -L mp(BHK). 

c. HK 1 mp(SBC). 

Bai tap 7: Cho tur dien SABC co canh SA vudng gdc vdi mat' phang (ABC) va co 
tam gii»c ABC vudng tai B. Trong mat phang (SAB) ke AM vudng gdc vdi SB tai M. 

SM SN 

Tren canh SC lay diem N sao cho — = — . Chirng minh rang: 

SB SC 

a. BC 1 (SAB) va AM 1 (SBC). 

b. SB 1 AN. 

Bai tap 8: Cho hinh chop S.ABCD cd day la hinh thoi ABCD va co canh SA 
vudng gdc vdi mat phang (ABCD). Goi I va K D hai diem ian lucrt lay tren hai canh 

SI SK 

SB va SD sao cho — = —. Chirng minh: 

SB SD 

a. BD vudng gdc vdi SC. 

b. IK vudng gdc vdi mat phang (SAC). 

Bai tap 9: Cho tu difin ABCD. Tim di4m O each ddu bdn dinh cua tur dien. 

Bai tap 10: Cho hinh ttf dien ABCD cd AB, BC, CD ddi mdt vudng gdc va AB = 
a, BC = b, CD = c. 

a. TInh dd dai AD. 

b. Chi ra di£m edeh ddu A, B, C, D. 

Bai tap 11: Cho tur dien ABCD cd AB 1 CD, AC 1 BD. Chirng minh rang AD 1 BC. 
Vdy, ede canh ddi dien cua tur dien dd vudng gdc vdi nhau. Tur dien nhu the' goi Id tur dien 
true tdm. Chumg minh cac mdnh dd sau day la tuong ducmg: 

a. ABCD Id tur dien true tdm. 

b. Chan dudng cao ha ttr mdt dinh trung vdi true tam cua mat dd'i dien. 

c. AB 2 + CD 2 = AC 2 + BD 2 = AD 2 + BC 2 . 

d. Chumg minh rang bd'n dudng cao cua td dien true tdm ddng quy tai mdt 
diem. Diem dd goi Id true tdm cua tir dien noi tren. 
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Itai tap 1 2: 11 mil chop S.AB( I) co day ABC I) la h'inh vuong canh a, canh SA = a 
va vuong goc voi mat phang (ABC D). 

a. (Tu'mg minh rang cac mat Ivn cua hinh chop la nhimg tam giac vuong. 

b. Mat phang (a) di qua A va vuong gck vai canh SC Ian Inert c&t SB, SC, SD tai 
B\ C\ D\ Chimg minh IH)' song song vai BD va AB’ vuong goc voi SB. 

c. Tinh dien tich thiet dien AB'C'D’. 

Bai tap 13: Clio hinh chop S.ABC co ABC la tam giac deu canh a va SA = SB = SC = b. 
Goi (i la trong tam \ABC. 

a. Chung minh rang SG i (ABC). Tmh SG. 

b. Xet mat phang (P) di qua A va vuong goc vai dtrong thang SC. Tim he thuc 
lien he giua a va b de (P) cat SC tai diem C, nam giua S va C. Khi do, hay 
tmh dien tich thiet dicn cua hinh chop S.ABC khi cat bai mat phang (P). 

Bai tap 14: Cho h'inh tur dien S.ABC co ABC la tam giac d£u canh bang a, SA = 2a y/l va 
vuong goc vdi mat phang (ABC). Goi a la mat phang qua B va vu6ng goc vai SC. 
Tim thiet dien cua tu dien vdi a va tmh dien tich cua thiet diert nay. 

Bai tap 15: Cho h'inh tu dien S.ABC co ABC la tam giac vuong can dinh B, AB = a. 

SA = aV3 va vuong goc vcri mat phang (ABC). Goi a la mat phang qua trung diem 
M cua AB va vuong goc voi SB. 

a. Tim thiet dien cua tu dien voi a. Thiet dien la hinh gi ? 

b. Tmh dien tich cua thiet dien. 

Bai tap 16: Cho hinh tir dien S.ABC co ABC la tam giac vuong can dinh B, AB = a. 

SA = a\c3 va vudng goc vdi (ABC). Goi a la mat phang trung true cua SB, O la 
trung diem cua BC, d la duong thang qua O va vudng goc vcri (ABC). 

a. Tim giao didm K cua d voi mat phang a. 

b. Tmh do dai OK. 

c. M la m6t didm tuy y tren canh AB, dat AM = x, vdi 0 < x < a. Goi P la mat 
phang qua M va vudng goc vcri AB. Tim thiet didn cua tur didn vdi p va tinh 
didn tich cua no. 

Bai tap 17: Cho tam giac deu ABC co duong cao AH = a. Goi O la trung didm AH. 
Tr6n dudng thang vudng goc vdi mat phang (ABC) tai O, lay didm S sao cho OS = 
a. Goi I la mdt didm trdn OH. dat x = Al, vdi a < x < a. Goi a la mat phang qua I va 
vudng goc vdi OH. 

a. Tim thidt dien cua tur dien SABC vdi a. Thiet dien la hinh gi ? 

b. Tinh dien tich cua thiet dien theo a va x. 

Bai tap 18: Cho hinh tur dien S.ABC co hai mat ABC va SBC la cac tam giac d6u 

3 ■\/ 3 > » 

canh bang a va SA = —— . M lit mdt diem tuy y tren canh AB, dat AM = x, vdi 0 < x 

< a. Goi a la mat phang qua M va vudng goc vdi BC. 

a. Goi D la trung diem BC. Chung minh rang a // (SAD) 

b. Tim thiet dien cua tu dien SABC vdi a. Thiet dien la hinh gi ? 

c. Tinh dien tich cua thiet dien theo a va x. 
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Bai tap 19: Cho hinh chop S.ABCD co day ABCD la hinh thang vudng tai A va B 
vdi AB = BC = a, AD = a-s/2 , SA = a>/2 va vudng gdc vdi mat phang (ABCD). 
Goi M la mdt didim trdn canh AB, a la mat phang qua M, vudng goc vdi AB. Dat x 
= AM, vcri 0 < x < a. 

a. Tim thid't didn cua hinh chop S.ABCD vdi a. Thid't didn la hinh gi ? 

b. Tinh didn tich thiet dien theo a va x 

Bai tap 20: Cho hinh vudng ABCD canh bang a, tarn O. Trdn dudng thang vudng 
goc vdi mat phang (ABCD) tai O la'y didm S sao cho ASAC la tarn giac ddu. Goi a la 
mat phang qua A va vudng goc vdi SC, a cat SB, SC, SD lan lirqt tai M, N, P. 

a. Tinh dd dai doan AN. Chumg minh rang N la trung didm SC. 

b. Chumg minh rang MP // BD. Tir do. suy ra each dung M va P. 

c. Chumg minh rang tur giac AMNP co hai dudng cheo vudng goc vdi nhau. 
Tinh didn tich cua tur giac nay. 

Bai tap 21: Cho hinh thoi ABCD co tarn O vdi cac dudng cheo AC = 2a, BD = 2a. Tren 
dudng thang vudng goc vdi (ABCD) tai O ta la'y didm S sao cho SO = aV3 . Mat 
phang a qua A va vudng goc vdi SC cat SB, SC, SD lan luert tai M, N, P. 

a. Chumg minh tur giac AMNP co hai dudng cheo vudng goc vdi nhau. Tinh 
didn tich tir tur giac AMNP. 

b. Chumg minh rang MNP la tarn giac d£u. 

Bai tap 22: Cho hinh chop S.ABCD co ABCD la hinh vudng tarn O, SA vudng goc 
vdi mat phang (ABCD). Goi I la trung didm cua canh SC, M la mdt didm di ddng 
trdn canh AD. 

a. Tim tap hop cac die’m K, hinh chidu vudng goc cua I trdn CM. 

b. Tim tap hop chan dudng cao E ve tir dinh B trong ASBM. 

Bai tap 23: Cho AABC ddu, S la mdt diem di ddng trdn tia Ax vudng goc vdi mat 
phang (ABC). 

a. Tim tap hop hinh chie'u vudng goc cua A trdn SB. 

b. Goi N la hinh chie'u vudng goc .cua A trdn mat phang (SBC). Chumg minh 
rang dudng thang SN qua trung didm cua BC. Tim tap hcrp cac di£m N. 

c. Goi K la trung didm cua canh SC. Chumg minh rang BK d trong mdt mat phang 
cd' dinh. Turn tap hop cac hinh chidu vudng goc cua A trdn BK. 

Bai tap 24: Cho AABC ddu d trong mat phang a. Ve Bx va Cy la hai tia cung chidu 
va citng vudng gdc vdi a. Cho M, N la hai didm ldn luot di ddng trdn Bx, Cy. Tim 
tap hop chan H cua dudng cao AH cua AAMN khi M, N di ddng thoa mdt trong cAc 
didu kidn dudi day: 

a. BM = CN. 

b. 2BM = CN. 

c. BM + CN = 2a, vdi a la dd dai khdng ddi. 

Bai tap 25: Cho hinh tur didn S.ABC cd SI vudng gdc vdi mat phang (ABC) va I la 
trung didm cua canh AB. M la mdt didm di ddng trdn canh SC. Tim tap hop hinh 
chidu vudng gdc cua S trdn mat phang (ABM). 

Bai tap 26: Cho hinh chop S.ABC cd SA vudng gdc vdi mat phang (ABC), tarn giac 
ABC vudng tai B. Goi M la mdt didm trdn canh SA. Tim tap hop hinh chidu vudng 
gdc cua S trdn mat phang (MBC) khi M di ddng tir S dd'n A. 
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Bai tap 27: Trong mat phang a cho difang tron (y) tain O, A la diem co dinh tren 
(y) va BC la day cung di dong cua (y) luon vuong goc vai OA. Tren dirang thang 
vuong goc vai a tai A lay diem co dinh S khac A. Tim tap hap hinh chieu vuong 
goc cua A tren mat phang (SBC ). 

Bai tap 28: Cho hinh vuong A BCD tain G, tren tia Ax vuong goc vai mat phang 
(ABCD) lay diem S. 

a. Cho S di dong tren tia Ax. Tim tap hap hinh chieu vuong goc cua O tren mat 
phang (SBC). 

b. Cho S co dinh, M la mot diem di dong tren doan AC. Tim tap hap hinh 
chieu vuong goc cua A tren mat phang (SMB). 


CHUDE 4 

HAI MAT PHANG VUONG GOC 


I. KIEN THUC CO BAN 

1. HAI MAT PHANG VUONG GOC 

Dinh nghia: Hai mat phang gpi la vuong goc vai nhau 
nett mot trong hai mat phang do chua mot dudng thong 
vuong goc vai mat phang kia. 

Nlhu v&y: a 1 P <=> 3a € a: a 1 p. 

2. cActinhchat 



Dinh U l : Neu hai mat phang vuong goc vai nhau thi bat 
cu dudng thang ndo ndm trong mat phang nay va vuong 
goc vai giao tuyen thi vuong goc vai mat phang kia. 

Tufc la: 

(a 1 P va a n p = d 

< => a 1 p. 

(aea vaald 

Dinh li 2: Neu hai mat phang a va P vuong goc vai nhau 
va A Id mot diem ndm tren a thi dudng thang a di qua A 
va vuong goc vdi P se nam trong a. 

Turc la: 

a 1P va A e a 

< =>aea. 

Aea lp 

Dinh li 3: Hai mat phang cat nhau cung vuong goc vdi 
mar phang thu ba thi giao tuyen cua hai mat phang do 
vuong goc vdi mat phang thuba. 

Turc la: 

fanp = d 

\ => d e y. 

la 1 y va piy 





Dinh li 4: Qua mot dudng thang khong vuong goc vdi mot mat phang , ta dung duac 
mot vdi chi mot vd chi mot mat phang vuong goc vdi mat phang ay. 
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J. HtNH LANG TRU DLfNG 


Dinh nghia: Mdt hinh lang tru dupe goi Id hinh lang tru dung neu car canh ben 
vita no vuong goc vPi cac mat day. 

Nhan xet ring car mat ben cua hinh lang tru diirng Id nhdng hinh chu illicit vd 



Lang tru Lang tru dung Lang tru deu 

Ta co cac trucmg hop: 

1. Mot hinh lang tru dung co day Id mot mien da gidc deu dupe goi Id lang tru 
deu. Nhir viy, lang tru d£u co cac mat ben la nhirng hinh chu nhat bang nhau. 

2. Mot hinh lang tru ditng co day la hinh binli hdnh dupe goi Id hinh hop diaig. 
Nhu vay, hinh hdp dung c6 bon mat ben la nhung hinh chur nhat va hai day 
la hinh binh hanh. 

3. Mot hinh lang tru ddng co day la hinh chu nhat dupe goi la hinh hop chu nhat. 
, Nhu vay, hinh hdp chu nhat c<5 sau mat deu la nhung hinh chu nhat. 

4. Hinh hop co tat ca ede mat deu la hinh vuong goi la hinh lap phUffng. 

I. HtNH CHOP Dfiu 


Dinh nghia: Mot hinh chop dupe got la hinh chop deu neu day cua no la mien da gidc 
ieu vd chan duemg cao cua hinh chop trung v&i tarn cua da gidc deu do. S 

Nhan xet ring cac canh ben cua hinh chop deu (hi bang //mK 

'ihau vd cac mat ben cua no la nhdng tarn gidc can bang nhau. //h 

Doan thing nd'i dinh cua hinh chop vdi trung die’m cua /fr f 1 \ vx 
mdt canh day bit ki goi la trung doait cua hinh chop deu. / h \ /A 4 

5. HtNH CHOP CUT d6u M Aj Ai 

Dinh nghia: Mdt hinh chop cut dupe cdt ra tit mot hinh chop deu dupe goi la hinh 
chop cut diu. 

Khid<5: aJ~K 

■ Hai diy la hai da giac deu va ddng dang. / x 1 (I A ° 

■ Dudng nd'i tarn OO, cua hai diy goi la duemg cao /. 

cua hinh chdp cut deu. A,nV / o, \ / D, 

■ Cic mat ben cua hinh chop cut deu la nhung hinh M| 

thang can va bing nhau. 1 1 

■ Doan thing nd'i trung diem cua hai canh day thude mdt mat ben goi la trung 
doan cua hinh chop cut deu. 
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II. < AC DANG TOAN UKN 01 AN 

Bai loan 1: Chirng minh hai mat phang vuong goc. 

Chirng minh dirong thing vuong goc voi mat phang. 

PH l r ONG PHAPCHUNG 

1. De chirng minh hai mat phang vuong goc voi nhau ta di chirng minh ma 
phang nay chura mot dirong thing vu6ng goc voi mat phing kia. 

2. De chirng minh dirong thing vuong goc voi mat phing ngoai nhirng each t; 
biet. ta con co them hai each sail: 

Guch 1: Sir dung ket qua cua dinh If 1. 

Cach 2: Sir dung ket qua cua dinh It 3. 

Vi du 1 : Cho hinh chop S.ABCD co day ABCD la hinh thoi canh bing a v; 
SA = SB = SC = a 



B 


a. Chirng minh ring (SBD) 1 (ABCD). 

b. Chung minh ring ASBD vuong. 

Gidi 

a. Goi O la tarn cua hinh thoi, ta co: 

AC ± SO, vi AS AC can tai S 
AC 1 BD, vi ABCD la hinh thoi 

suy ra: 

(SBD) 1 AC e (ABCD) => (SBD) 1 (ABCD). 

b. Nhan xet ring: 

. ADAC = ASAC = ABAC (c.c.c) => OD = OS = OB 

=> ASBD vubng tai S vi co trung tuy£n bing nira canh huyfen. 

V( du 2: Cho htnh tur dign ABCT) co hai mat (ABQ, (ABD) cung vubng goc v6i m2 
phing (DBC). Ve cac dtrimg cao BK, DF cua ABCD va dubng cao DK cua AACD. 

a. Chirng minh ring AB1 (BCD). 

b. Chirng minh ring (ABE) 1 (ADC) vi (DFK) 1 (ADC). 

c. Goi O va H ldn luot la trie tim cita ABCD va AACD. Chung minh ring OH 1 (ACD). 
Gidi 

a. Ta co: 

(ABC)n(ABD) = AB 
(ABC) 1 (BCD) va (ABD) 1 (BCD) 

=> AB 1 (BCD). 

b. Ta c6: 

CD1 BE 



CD 1 AB 


=> (ABE) 1 CD e (ACD) => (ABE) 1 (ADC). 
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Ta c 6: 


DF1BC 


=> DF 1 (ABC) => DF1 AC. 


( 1 ) 


DF 1 AB 
Mat khac, ta lai co: 

DK 1 AC. (2) 

Tir(l) va (2) suy ra: 

(DFK) 1 AC e (ACD) => (DFK) 1 (ADC), 
c. Tfir kfi't qua trong b) la: 

(ABE) 1 CD => AE 1 CD => AE n DK = H. 

Ta c6: 

[(ABE)n(DFK) = OH ^ 0H1( ACD>. 

[(ABD) 1 (ACD) va (DFK) 1 (ACD) 

Cho AACD va ABCD nam trong hai mat phing vu6ng goc vdi nhau, 
AC = AD = BC = BD = a va CD = 2x. Goi I, J theo thu tu la trung diem cua AB va CD. 

a. Chung minh rang IJ vudng goc vdi AB va CD. 

b. Trnh AB va IJ theo a va x. 

c. Xac dinh x sao cho (ABC) 1 (ABD). 

Gidi 


a. X£t AACD va ABCD, ta co: 

CD chung 

AC = AD = BC = BD 

suy ra: 

AJ = BJ o AJAB can tai J => IJ 1 AB. 

X6t ACAB va ADAB, ta c6: 

AB chung 

AC = AD = BC = BD 

suy ra: 

DI = Cl <=> AICD can tai I => IJ 1 CD. 

b. Trong AAJC vudng tai J, ta c6: 

AJ 2 = AC 2 - a 2 = a 2 - x 2 => AJ = Va 2 - x 2 . 

Nh|n x6t rang: 

(ACD) 1 (BCD) 

■ (ACD) n(BCD) = CD => AJ 1 (BCD) => AJ 1 BJ. 

AJ 1 CD 

Trong AAJB vudng can tai J, ta cd: 

AB = AJ V2 = V2(a 2 -x 2 ) va IJ = — = . ) .. 

y 2 2 

c. Nhan x€t rang: 

(ABC) n (ABD) = AB 
Dll AB 


D 



166 



do do, de (ABC) 1 (ABI)) dien kien la: 

1)1 1 ( ABC) >1)1 1 Cl o AICD vudng tai dinh I 

i. \ 2(a x ’) I r- 

o I I = ( I)« -= — ,2x o a = x v3 . 

2 2 2 

f 


Vay, vcri a = x V3 tin hai mat phang (ABC) va (ABI)) vudng goc vdi nhau. 


Bai toan 2: Xac dinh mat phang p chira dirdng (hang a va vudng goc vdi mat 
phang (x (a khong vudng goc vdi a) - Thiet dien. 

PHCONG PHAPCHUNG 

Ta thirc hien theo cac bade: 

Btff'fc I: Chon mot diem A tren a sao cho qua A co 
the dung dupe dirdng thing b vudng goc 
vdi a mot each dd nhat. 

Bi((k 2: Khi do, mat phang (a, b) chinh la mat 
phang p can dung. 

Chit y: Neu co dudng thang d 1 a thi P // d hay P chua d. 

Vi du 1 : Cho hinh chop S.ABCD, day ABCD la hinh vudng tarn O va canh a, SA = 
a va vudng goc vdi mat phang (ABCD). 

a. Goi a la mat phang qua O, trung didm M cua SD va vudng goc vd 
(ABCD). Hay xac dinh mat phang a, mat phang a cat hinh chop S.ABCI 
theo thiet dien la hinh gi ? Tmh difn ttch thiet dien. 

b. Goi P la mat phang qua A, trung didm E cua CD va vudng goc vdi (SBC) 
Hay xac dinh mat phang p, mat phang P cat hinh chop S.ABCD theo thid 
didn la hinh gi ? Tinh dien tich thidt dien. 

Giai 

a. Ta lan luot thuc hidn: 

■ Xac dinh mat phang oc. Trong (SAD) dung Mx // SA va 
cat AD tai Q la trung diem cua AD, ta co: 

MQ1 (ABCD) => MQ <5 a. 

Vay a la mat phang (OMQ). 

■ Xac dinh thiet dien: Keo dai QO cat BC tai P la trung 
didm cua BC, ta cd: 

PQ e a va CD e (SCD) 

• PQ//CD => My // CD // F*Q 

a n(SCD) = My 

va My cat SC tai N la trung didm cua SC. 

Vay, mat phang a cat hinh chop S.ABCD theo thiet didn la hinh thang vudng MNPQ. 
* Tinh dien tich thiet dien: Ta co: 

Smnk, = ^ (MN + PQ).MQ 


S 
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trong do: 


suy ra: 


MN = - CD = -, vi MN la dudng trung binh cua ASCD, PQ = a. 
2 2 

MQ = — SA = —, vi MQ la dudng trung binh cua ASAD, 

2 2 


a 1 a 3a" 


Smnhj ~ ~ a + 


2 2 


b. Ta l£n luot thuc hi6n: 

■ Xac dinh mat phang P - . Trong (SAB) ha AH X SB va 
H la trung di£m cua AB, ta co: 
fBCl AB 

\ => BC1 (SAB) => BC 1 AH 

BC 1 SA 


Nhu vay: 

AH 1 SB 
AH 1 BC 


=> AH 1 (SBC) => AH e p. 



Vay p la mat phang (AHE). 

■ Xdc dinh thiet dietv. Keo dai AE cat BC tai K, n6i HK cat SC tai F. 

Vay, mat phang P cat hinh chop S.ABCD theo thiet di6n la tur giac AEFH. 

■ Tinh dien tich thiet dien: Ta c6: 

SaeFH = SahaK ~ SaekF 

1 1 « 1 1 AH 

= - AH.KH - - KE.KF.sin EKF = - AH.KH - - KE.KF. — . 


Trong ASAB, ta c6: j, 

AH=-SB=—. \ 

22 \ 
Trong AADE, ta c6: 

AE = VaD 2 + DE 2 = —. H- 

2 

Trong AKAB, ta c6: 

CE * - AB => KE = AE = — va AK = 2AE = a = a>/5 . 
2 2 

Trong AHAK vu6ng tai H, ta co: 

T/l T / A 2 A T r2 3aV2 


KH = VAK - AH = . 

2 

Trong ASBK, ta c6 SC va SH la hai dudng trung tuyen, do do: 
KF=-KH=aV2. 
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1 ir do. ta duoc: 


S 


av2 3a v 2 


Ml II 


a/2 

i 2 


1 a Vo 

.aV-. r 

2 2 a /5 


3 a' 
4 


a a 
4 ~ 2 


u 


Bai loan 3: I Imh hum tru dung. 


PHI ONG PIIAP CHUNG 


1. Nam vimg dinh nghla va cac tinh chat cua hinh lang tru dumg de ve hinh va 
chumg minh mot so tinh chat khac. 

2. Vice xac dinh thief dien cua hinh lang tru dumg cat hoi mot mat phang duoc 
there hien dira tren nhimg phirong phap da biet. 


Vi du 1: Cho hinh hop chu nhat ABCD.A^C,!), co AB = a, BC = b, CC, = c. 
Chimg minh rang cac dircmg cheo cua hinh h6p chu nhat bang nhau va bang 

/a 2 + b 2 +c 2 . 

Gicii 


Nh(tn xet rang hai hinh chu nhat AA,C,C va BB,D,D bang nhau. 


Suy ra: 

AC, = A,C = BD, = D,B 

tuc la, cac duong cheo cua hinh hop chur nhat bang nhau. 
Trong AABC vuong tai B, ta co: 

AC 2 = AB 2 + BC 2 = a 2 + b 2 . 

Trong AACC, vuong tai C, ta co: 

AC, = 7AC 2 + C,C 2 = Va 2 + b 2 + c 2 . 



Vi di l 2: Cho hinh lang tru dumg ABC.A,B,C t , day la tarn giac deu canh a, 

AA, = a-v/2 . Goi M, N lin luot la trung diem cac canh AB va A,G t . 

a. Xac djnh thiet dien cua lang tru voi mat phang a qua MN va vudng g6c vdi 
(BCC,B,). Thiet dien la hinh gi ? 

b. Tinh dien tich thiet dien. 

Giai 

a. Goi E, E, theo thur tu la trung diem cua BC va B,C,, 
ta co ngay: AE 1 BC => AE 1 (BCC.B,). 

A,E, 1 B,C, => A,E, ± (BCC,B,). 

AE = A,E,. 


Do do: 

■ Dung Mx // AE cat BC tai Q la trung die’m cua BE. 

■ Dung Ny // A,E, cat B,C, tai P la trung diem cua E,C,. 

Vi MQ // NP nen M, N, P, Q d6ng phang, do vay MNPQ chrnh la thiet dien can dung. 


B > A, 
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Nhan xet rang: 

MQ = - AE = - A,E, = NP => MNPQ la hinh b'inh hanh. 
*—■ 2 

MQ±(BCC,B,) => MQ 1 PQ. 

Vay, thi£t dien MNPQ la hinh chur nhat. 
b. Ta co: 

Smnhv = MQ.NP. 

■dJi 

Trong A ABC, ta co AE =--, vi AABC d6u va co canh bang a. 


Trong AABE, ta co MQ = 



aV3 

4 


, vi MQ la dtrdng trung binh. 


Trong AECC„ ta co PQ = EC, = ^EC 2 + C,C 2 


Tir do, ta duoc: 



aV3 a-s/5 




Bai toan 4: Hinh chop d6u - Hinh chop cut d6u. 

PHUONG PHAP CHUNG 

1. Nim vung dinh nghla va cac tfnh chat cua hinh chop d£u va hinh ch6p cut 
d£u dt? ve hinh va chting minh m6t s6 tfnh chat khac. 

2. Vi6c xac djnh thi£t difin cua hinh chop d6u va hinh chop cut deu cat boi 
m6t mat phing duoc thtre hien dtra tren nhiitag phuong phap da biet, 

Vf du 1: Cho hinh chop tur giac d£u S.ABCD. M6t mat phang a cat cac canh SA, 
SB, SC, SD cua hinh chop theo thur tu tai A,, B„ C„ D,. 

a. X& dac diem cua tur giac A,B,C,D| khi A,B, hoac A,C, hoac ca hai dudng 
thing do song song voi mat phing (ABCD). 


b. Chung minh ring —— + — 

SA, SC, 


1 

SB, + 


1 

SD, ' 


Giai 


a. Ta c6: 


S S 



Voi A,B, // (ABCD) Vcri A,C,//(ABCD) 


s 



Vcri A,B,II (ABCD) 
vd A,C, // (ABCD) 
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• Vdi A,n, //(ABCD) tin 

A H, // AB//CI) > A,B, //C,D, va A,D, = B,C, 

Dodd, tir giac A, H (' I), la hinh thang can. 

■ Vdi A,C, // (AHt'D) ihi 

A,(’,// AC. 

Mat khac. la lai co: 

(AC 1 BD 

1 -> AC i (SBD) => AC 1 B,D, => A,C, 1 B,D,. 

(AC ISO 

Do do, tu giac A,B,C,D| co hai dudng cheo vudng goc vdi nhau. 

■ Vdi A,B, // (ABCD) va A,C, // (ABCD) thi 

(A,B,C,D,) // (ABCD) 

Do do, tir giac A,B,C,D, la hinh vuong. 

b. Ban doc tu lam 

Hiring dan: Tlufc Itien phep tinh dien licit ASA|C, va ASB,D|. 

BAI TAP NGHI 

Bai tap 1: Cac menh de sau dung hay sai ? 

a. Hai mat phang ding vuong goc vdi mat phang thur ba thi song song vdi nhau. 

b. Hai mat phang ciing vuong goc vdi mat phang thur ba thi vudng goc vdi nhau. 

c. Qua mdt dtrdng thang cho trirdc co duy nhat co mdt mat phang vudng goc 
vdi mdt mat phang cho trudc. 

d. C6 duy nhat mot mat phang di qua mdt didm cho trudc va vudng goc vdi hai 
mat phang cat nhau cho trudc. 

e. Cac mat phang cung di qua mot didm cho trudc va vudng goc vdi mdt mat 
phang cho trudc thi ludn di qua mdt dudng thang cd' d|nh. 

f. Hinh lang tru cd hai mat ben la hinh chu nhat la hinh lang tru dung. 

g. Hinh chop cd day la da giac deu va ba canh ben bang nhau la hinh chop d6u. 
Bai tap 2: Cho hai mat phang (a), O) cat nhau va mot did’m M khdng thudc (a) 
va khdng thudc (P). Cht'mg minh rang qua did’m M cd mdt va chi mdt mat phang (P) 
vudng goc vdi (a) va (P). Ncu (a) song song vdi (p) thi kd't qua trdn se thay ddi nhu 
thd' nao ? 

Bai tap 3: Trong mat phang (a) cho A ABC vudng d B. Mdt doan thing AE 
vudng goc vdi (a) tai A. Chirng minh ring: 

a. Goc ABD la goc giQa hai mat phing (ABC) va (DBC). 

b. Mat phing (ABD) vudng goc vdi mat phing (BCD). 

c. HK // BC vdi H va K lin luot la giao di£m cua DB vi DC vdi mat phing (P) 
di qua A va vudng goc vdi DB. 

Bai tip 4: Cho hinh chop S.ABCD co diy ABCD la mdt hinh thoi cd canh a va cc 
SA = SB = SC = a. Chirng minh ring: 

a. Mat phing (ABCD) vudng goc vdi mat phing (SBD). 

b. Tam giac SBD la tarn giac vudng. 
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Bai tap 5: Cho h'mh chop S. ABCD c6 day ABCD la mdt hinh thoi tarn I canh a va co 


gdc A = 60°, canh SC = 



va SC vudng goc vdi mat phing (ABCD). 


a. Chumg minh mat phang (SBD) vudng goc vdi mat phang (SAC). 

b. Trong tarn gikc SCA ke IK vudng goc vdri SA tai K.Hay tfnh dd dai IK. 

c. Chumg minh goc BKD = 90" va tir do suy ra mat phang (SAB) vudng goc vdi 
mat phang (SAD). 

Bai tap 6: Cho hinh chdp S.ABCD, day ABCD la hinh vudng canh a, SA vudng 
goc vdi mat phang (ABCD), M va N la hai didm lin luot nam trdn cac canh BC, CD. 
Dat BM = x, DN = y. Tim hd thurc lidn hd giOa a, x, y dd’ hai mat phang (SAM) va 
(SMN) vudng gdc vdi nhau. 

Bai tap 7: Cho hinh thang ABCD vudng tai A va B, co AD = 2a, AB = BC — a. 
Trdn tia Ax vudng goc vdi mat phang (ABCD) lay mdt didm S. Goi C\ D’ lin luot 
la hinh chidu vudng gdc cua A trdn SC va SD. Chumg minh rang: 


a. SBC = SCD = 90". 


b. AD’, AC’ va AB cung nam trdn mdt mat phang. 

c. Chumg minh rang dircmg thing C’D’ ludn ludn di qua mot didm cd' djnh khi 
S di ddng trdn tia Ax. 

Bai tap 8: Cho hai mat phing vudng gdc (P) va (Q) cd giao tliyd'n A. Lay A, B cung 
thudc A va liy C e (P), D e (Q) sao cho AC 1 AB, BD 1 AB va AB = AC = BD. Xac 
dinh thidt didn cua tu didn ABCD khi cat bdi mat phing (a) di qua didm A va vudng 
gdc vdi CD. Tinh didn tich thidt didn khi AC = AB = BD = a. 

Bai tap 9: Cho tti didn OABC cd OA, OB, OC ddi mdt vudng gdc vdi nhau va 
OA = a, OB = b, OC = c. Goi H la hinh chidu cua O trdn mat phing (ABC). Tinh 
didn tich tarn giic HAB, HBC, HCA. 

Bai tap 10: Cho hinh cfidp S.ABCD, cd ABCD la hinh vudng canh a. SA = va 
vudng gdc vdi mat phing (ABCD). Goi a la mat phing chira AB va vudng gdc vdi 
mat phang (SCD). 

a. Hay xdc djnh mat phing a, mat phing a cdt hinh chdp S.ABCD theo thidt 
didn Id hinh gi ? 

b. Tinh didn tich thidt didn. 

Bhi tap 11: Cho hinh chdp S.ABCD, cd ABCD la hinh thang vudng tai A va D, 
AB = 2a, AD = DC = a. SA = a vk vudng gdc vdi mat phing (ABCD). 

a. Chumg minh ring (SAD) 1 (SCD) va (SAC) 1 (SBC). 

b. Goi a la mat phing chira SD vi vudng gdc vdi mat phing (SAC). Hay xac 
dinh mat phing a, mat phing a cit hinh chdp S.ABCD theo thidt didn la 
hinh gi ? Tinh didn tich thidt didn. 

Bai tap 12: Cho hinh chdp S.ABC, day ABC la tarn giac vudng can tai B, AB = a, 
SA = a-v/3 vudng gdc vdi mat phing (ABC). Goi E va F lin lum la trung didm cua 
SC va SB, M la mdt didm trdn canh AB, dat AM = x, vdi 0 < x < a. Goi a la mat 
phing chura EM vi vudng gdc vdi mat phing (SAB). 

a. Hay xac dinh ro mat phing a, mat phing a cit hinh chdp S.ABCD theo thidt 
didn la hinh gi ? 
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b. Chung minh rang I M = va • ax t x . Tinh dien tfch thiet dien theo a va x. 

c. Goi K la hinh chieii vubng goc cua S tren «. Tim lap hap cac diem K khi M 
di dong tren canh AH. 

Bai tap 13: Cho hinh lap phuong ABCD.A’B’C’D’ co f- va T lan luot la tiling diem 
cua eat canh AB va 1)1)' Hay xac djnh cac thief dien cita hinh lap phuong cat bcVi cac 
mat phiing (ITB), i il( ). (h!( ") va HTK ) vdi K la trung diem cua canh B'C". 

Bai tap 14: Cho hinh lap phuong ABCD.A'B’C’D' canh a. Chiirng minh rang cac 
khoang each tir cac diem IT C. I). A", B’. D’ den throng eheo AC deu bang nhau. 
Tinh khoang each do. 

Bai tap 15: Cho hinh lap phuong A BCD. A'B'CD’ co canh bang a. 

a. Hay xac dinh throng vubng goc chung ciia hai throng thang cheo nhau BD’ 
va B’C. 


b. Tinh khoang each cua hai dubng thang BD’ va B’C. 

Bai tap 16: Cho hinh lap phuong ABCD.A’B’CD’ canh a. 

a. Chung minh BC’ vubng goc vdi mat phang (A’B’CD). 

b. Xac djnh va tinh do dai doan vuong goc chung cua'AB’ va BC”. 

Bai tap 17: Cho hinh hop ABCD.ABCD'. Diem M nam gifra A va D, diem N nam 

^ . AM CN 

giua C va C sao cho-=-. 

MD NC 


a. Chi'mg minh rang dutmg thang MN song song vdi mp(ACB’).' 

b. Xac djnh thiet dien cua hinh hop khi cat boi mat phang di qua MN va song 
song vdi mp(ACB’). 

Bai tap 18: Cho hinh lang tru dilrng ABC.A|B,C, co day ABC vudng can tai A. 
Doan noi trung dibm M cua AB va trung didm N cua B,C, co do dai bang a, MN 
hop vdi day goc a va mat ben (BCC^,) goc (1 

a. Tinh cac canh day va canh ben ciia lang tru theo a va a. 


b. Chung minh rang cosa = V2.sinp. 

Bai tap 19: Cho hinh lang tru dung ABC.A’B’C co day ABC la tarn giac vudng tai 
dinh C, CA = a, CB = b; mat ben ABB'A' la hinh vudng. Goi (P) la mat phang di 
qua C va vubng goc vdi AB'. 

a. Xac djnh thiet dien cau hinh lang tru da cho khi cat boi (P). Thiet dien la 
hinh gi ? 

b. Tinh dien tfch thiet dien noi tren. 

Bai tap 20: Cho hinh lang tru dumg ABC.A|B,C|, day ABC la tam giac vubng can tai 
A va AB = a, AA, = a. Goi M, N Dn luot la trung die’m cac canh AB va A,C,. 

a. Xac djnh thiet dien ciia lang tru vdi mat phang a qua MN va vubng goc vdi 
(BCC,B,). Thiet dien la hinh gi ? Tinh dien tich thiet dien. 

b. Xac djnh thiet dien ciia lang tru vdi mat phang p qua A va vubng goc vdi 
B,C. Thiet dien la hinh gi ? Tinh dien tich thiet dien. 

c. Xac djnh thiet dien ciia lang tru vdi mat phang y qua B, va vubng goc vdi 
A,I, vdi I la trung diem ciia canh BC. Thiet dien la hinh gi ? Tinh dien tich 
thiet dien. 
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Bai tap 21: Cho hinh lap phucmg ABCD.A,B,C|D| canh a. Diem M thuoc AD, va 
did’m N thudc BD sao cho AM = DN = x, vdi 0 < x < a>/2 . 


avz 

a. Chumg minh rang khi x = —— thi MN ngan nhat. 

b. Chumg minh rang MN ludn luon song song vdi mat phang (A|D,BC) khi x 
bidn thidn. 

c. Khi MN ngan nhat, chumg minh rang MN la doan thang vudng gdc chung 
cua AD, va DB va MN song song vdi A,C. 

Bai tap 22: Cho hinh lap phucmg ABCD.A,B,C|D,, canh co do dai bang a. Didm M 
di ddng trdn canh AA’ la di£m N di ddng tren canh BC sao cho AM = BN = h, 
vdi 0 < h < a. 

a. Chumg minh khi h thay ddi thi MN lu6n cat va vudng goc vdi mdt dudng 
thang cd d|nh. 

b. Goi T la trung di£m cua .D,C,. Hay dung thid't dien tao boi mat phang 
(MNT) va hinh lap phucmg. 

c. Tinh h d6’ chu vi thi£t difin dat gia trj nho nha't. 

Bai tap 23: Cho lang tru luc giac d4u ABCDEF.A,B,C|D|E|F|, canh day a, ducmg 
cao 2a. Goi M la trung di6m cua DD,. Xac dinh thiet dien cua lang tru cat boi mat 
phang (ABM). Tfnh dien tt'ch cua thi£t dien. 

Bai tap 24: Cho hinh chop tarn giac deu S.ABC co SH la dudng cao. Chung minh 


SA 1 BC va SB 1 AC. 

Bai thp 25: Cho hinh chop tur giac d£u S.ABCD co canh day bang a, tarn O. Goi M 
va N lan lucrt la trung dig’m cua cac canh SA va BC. Bi£t rang goc giua MN va 
(ABCD) bang 60°. 

a. Tt'nh MN va SO. 

b. Tfnh goc giua MN va mat phang (SBD). 

Bai tap 26: Cho hinh chop S.ABCD co day ABCD la m6t hinh thoi co canh a va co 
SA = SB = SC = a. Chumg minh rang:* 

a. Mat phang (ABCD) vuOng goc vdi mat phang (SBD). 

b. Tam giac SBD la tarn giac vudng. 

Bai tap 27: Cho hinh chop td giac d£u S.ABCD co cac canh bfin va cac canh day 
d4u bang a. Goi O la tarn cua hinh vudng ABCD. 

a. Tt'nh dd dai doan thang SO. 

b. Goi M la trung didm cua doan thang SC. Chumg minh hai mat phang (MBD) 
va (SAC) vudng goc vdi nhau. 

c. Tt'nh dd dai doan OM va tfnh gdc giOa hai mat phang (MBD) va (ABCD). 

Bai t$p 28: Cho hinh chop S. ABCD co day ABCD la mdt hinh thoi tarn I canh a va co 


gdc A = 60", canh SC = 



va SC vudng gdc vdi mat phang (ABCD). 


a. Chdng minh mat phang (SBD) vudng gdc vdi mat phang (SAC). 

b. Trong tarn gidc SCA ke IK vudng gdc vdi SA tai K.Hay tfnh dd dai IK. 

c. Chumg minh gdc BKD = 90" va tir dd suy ra mat phang (SAB) vudng gdc vdi 
mat phang (SAD). 
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Rai tap 29: Mot tir dien diroc goi la gan deu neu cac canh ddi bang nhau timg doi 
mot. Vdi tir dicn AB( I), chirng to cac tmh chat sau la tuctng dircmg: 
a. IYr dicn A BCD la gan deu. 

h. Cac doan thang not trung diem cap canh doi dicn doi mot vuong goc vai nhau. 

c. Cac trong tuyen (doan nbi dinh veri trong tarn cua mat ddi dien) Bang nhau. 

d. l ong cac goc tai moi dinh bang 180". 

Bai tap 30: Cho tir dien ABCD. Cat tir dien do theo cac canh AB, AC, AD va trai 
cac mat ABC, ACD, ADB len mat phang (BCD). H'inh ph&ng gom cac A BCD, 
AA,BC. \A : CD, \A BD got la hinh khai trien cua tir dien ABCD tren mat phAng 
(BCD). 

a. Chirng to hinh khai trien cua tir dien gan deu ABCD tren mat phang (BCD) 
la mot tarn giac nhon. 

b. Dung bia cirng cat va dan de co mot tur dien gan deu. 


CHU DE 5 


KHOANG CACH 


I. Klf:N THtre CO BAN 

1. KHOANG CACH TU - MOT DI^M TOI MOT DUONG THANG 


Trong khong gian cho diem O va dircmg thang d, ke 
OH 1 d vdi H e d. 

Dinh nghia : Do ch'ii doan OH dtfac goi Id khodng each 
1 if diem O uri ditdng thang d. 

Nhan xet: 



■ Khoang each tir die^m O tdi dircmg thang d la be nhat so vdi khoang each tir 
O d£n moi diem cua d. 


■ Khoang each tir diem O tdi dudng thang d bang 0 khi va chi khi O e d. 


2. KHOANG CACH TL/ M0T Drf-M Tdi M0T MAT PHANG 


Trong khdng gian cho dic'm O va mat phang a. goi H 
la hinh chidu vudng goc cua O tren a. 

Dinh nghia: Do ddi doan OH difctc goi Id khodng each 
tir diem O tdi mat pining a. 

Nhan xtt: 

■ Khoang each tir diem O tdi mat phang a la be nhat so vdi khoang each tir O 
den moi dit'm cua a. 

■ Khoang each tir diem O tdi mat phang a bang 0 khi va chi khi O e a. 
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3. KHOANG CACH GILfA M0T DI/GnG THANG vA M0T MAT PHANG SONG SONG 

Trong khdng gian cho dudng thing d song song vdi 
mat phing a. La'y didm A bat ki iren d, goi H la hinh 
chidu vudng goc cua A trdn a. 

Dinh nghia: Do dai doan AH ditcrc goi Id khoang cadi 
tit ditirng tlidng d tin mat plidng a. 

Nhan xet: Khoang each tir dudng thing d tori mat phang a la be nhat so vdi khoang 
each tir mdt di£m tuy y thude d tori mdt digm bat ki cua a. 

4. KHOANG CACH GILfA HAI MAT PHANG SONG SONG 

Trong khdng gian cho hai mat phang a, P song song 
vdri mhau. 

Dinh nghia: Khoang cdcli tit mot diem tuy y clia a tin P 
ditcrc goi Id khoang each giifa hai mat plidng a vd p. 

Nhan xet: Khoang each gifla hai mat phang a va P la be nhat so vori khoang each tir 
mot diem tuy y thude a tori mdt didm bat ki cua p. 

5. DLfdNG VUONG GOC CHUNG VA KHOANG CACH GILfA HAI Dl/dNG THANG 
CHEO NHAU 

Dinh li: Cho hai ditang tlidng clieo nliau a vd h, liidn co 
duy nhat mot ditirng tlidng d cat cd a vd h, vd vudng goc 
vcri moi ditdng tlidng dy. Ditirng tlidng d ditcrc goi 1a 
ditirng vuong goc chung cua a vd b. 

Gia sir d cat a, b theo thur tir tai M va N. 

Dinh nghia: Doan MN ditcrc goi Id doan vudng goc chung cua a vd b. Do dai doan 
thang MN ditcrc goi Id kliodng each giifa hai ditirng tlidng clieo nliau a vd b. 

Nhdn xet: Khoang each giua hai dudng thing cheo nhau bang khoang each giua: 

■ Mdt trong hai dudng thing dd va mat phing song song vdi no chura dudng 
thing edn lai. 

a 


\ ■> 

■ Hai mat phing song song lin luot chura hai dudng thing do. 

Tir dd suy ra " Kliodng each giita hai ditirng tlidng cheo nhau la be nhat so vcri 
khoang each giifa hai diem bat ki Ian htert ndm tren hai ditirng tlidng ay 
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II. CAC DANG TOAN MI N QCAN 


IT ,M Wtrs tt. 1 .' 


Bai loan 1 : Khoang each nr mot diem tdi mot duefng thang 


PHI ONG PHAP CHUNG 



f)e tinh khoang each tir diem O t<ti dirong thang d, ta q 
thire hien thet> cat* hirdc sau: 

Bitch I : Trong mat phang (O, d) ha OH 1 d voi H e 

' —H- d 

Buck' 2: I hire hien vice xac dinh do dai OH dira tren he thurc lirong trong tarn 
giac, tir giac va dirong trdn. 

Chu y: 

1. Neu t6n tai dirong thang a qua O va song song 
voi d thi: 

d((), d) = d(A, d), voi A e d. 

2. Neu AOnd = I thi: 

d(Q,d) Ol 
d(A,d) ~ AI ’ 



Vi du.Jj Cho hinh chop S.ABCD co day ABCD la hinh vuong canh a, tarn O, 
SA = a va vuong goc veri mat phang (ABCD). Goi I, M theo thur tir la trung diem cua 


SC. AB. 


a. Chumg minh rang 011 (ABCD). 

b. Tinh khoang each tir I den duemg thang CM. tir do suy ra khoang each tir S 
tdi CM. 


Gidi 

a. Trong ASAC, ta co: 

OI la duemg trung binh 
=> 01 // SA => OI 1 (ABCD). 

b. Goi H la hinh chieu vuong goc cua I len CM, ta co: 

CM 1 HI CM j (I0H) ^ CM L QH 
CM 101 


S 



Trong AABC co K la trong tarn, ta co: 



Trong AOCK vubng tai O, ta co: 

1 __1_ _1_ _ 1 4 1 _ 20 ^ QH _ 

OH 2 ~ OK 2+ 0C 2 ~ (aV2/6) 2 ^ (aV2/2) 2 a 2 V20 ‘ 
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Trong AOIH vudng tai O, ta c6: 
IH 2 = OI 2 + OH 2 = 


a 

\2j 


+ 


J20 


3a 2 

10 


=> IH = 


iV30 

10 


Vay, khoang each tir I tori CM bang 


iV30 

10 


V! SI n CM = C ndn: 
d(S, CM) SC 


= 2 =* d(S, CM) = 2d(I, CM) = 2IH = 


aV30 


d(I,CM) IC 5 

VI du 2: Cho hinh chop S.ABC co SA = 2a va vudng goc vdi mat phing (ABC), 
AABC vudng tai C vdi AB = 2a, BAC = SO'CGoi M la mdt di&n di ddng tren canh 
AC, H la hinh chid'u vudng goc cua S tren BM. 

a. Chdng minh ring AH 1 BM. 

b. Dat AM = x, vdi 0 < x < V3 . Tilth khoang each tir S dd'n BM theo a va x. Tim 
cac gia tri cua x dd khoang each nay co gia trj nho nha't, ldn nha't. 

Giai 

a. Vi SA 1 (ABC) ndn AH la hinh chieu vudng goc cua 
SH trdn (ABC), do do: 

AH 1 BM, theo djnh li ba dudng vudng goc. 

b. Ta tha'y ngay khoang each tir S den BM chinh la SH 
va trong ASAH ta co: 

SH 2 = SA 2 + AH 2 . (1) 

Trong AABC vudng tai C co BAC = 30" ndn: 

BC = — = a va AC = AB.cosBAC = 2a.cos30" = a^3 . 

2 

Trong ABCM vudng tai C, ta co: 

BM 2 = BC 2 + CM 2 = BC 2 + (AC - AM) 2 

= a 2 + (a V3 - x) 2 = £ 2 - 2 V3 ax + 4a 2 

o BM = Vx 2 -2>/3ax + 4a 2 . 

Nhan xdt ring AAMH va ACMB la hai tarn giic vudng co AMH = CMB ndn 
chung ddng dang, suy ra: 

xa 



AH AM AIJ AM.BC 

- = - => AH = - = T . :: .=.— 

BC BM BM Vx 2 - 2-\/3ax + 4a' 

Thay (2) vi SA = 2a vao (1), ta duoc: 

SH 2 = 4a 2 + 


( 2 ) 


x 2 a 2 


5x 2 a 2 -Sy/la'x + 16a 4 
x 2 -2\/3ax + 4a 2 x 2 -2-/3ax + 4a 2 


o SH = 


[5x 2 a 2 - 8V3a’x + 16a 4 
x 2 -2V3ax + 4a 2 
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Tir he there (1) vdi SA = 2a khong dbi, ta c6 nh$n xet: 

■ SH dat gia tri Ion nhat khi: 

AH m .„ <=> AM Ma , M = C <=> x = a-v/3 . 

■ SH dat gia tri nho nhat khi: 

AH Mii , o AM m ,„ o M s' A o x = 0. 

Bai loan 2: Khoang each tir mdt didm tdi mdt mat phang. 

PHUONG PHAP CHUNG 

De tinh khoang each tir didm O tdi mat phang a, ta 
there hien theo cac berdc sau: 

Budc I: De dung OH vdi H la hinh chieu vudng goc 
cua O len a. ta thuc hien: 

■ Lay dudng thang a nam trong a. 

■ Dung mat phang (P) qua O vudng goc vdi a cat a theo giao tuydn 
b (can chon a sao cho mat phang (P) dd dung). 

■ Trong (P). ha OH 1 b tai H. 

Budc 2: Dung AH 1 c tai H.. khi do OH la khoang each tir O ddn a. 

Budc 3: Tinh do dai cua doan OH la khoang each tir A ddn a. 

Chu y: 

1. Trong budc 1, trude khi chon a va dung mat phang (P) ndn xet xem a va (P) da 
co san trdn hinh ve chua. Neu co, chting ta se giam thid’u duoc phep dung hinh. 

2. Neu da co san dudng thang d vuong goc vdi a thi chi 
efin dung Ox // d ta duqc Ox 1 a. 

3. N6'u OA // a thi: 

O A 

d(0. a) = d(A, a). 

4. Neu OA cat a tai 1 thi: 

d(O.q) _ 01 
d(A,a) AI 

5. Sir dung tinh chat cua true dudng tron, cu thd’: 

Dinh nghia: Dudng vuong goc vdi mat phang chua dudng tron tai tam cua dudng 
tron goi Id true ciia dudng tron do. 

Ta co the dimg tinh chat cua true dudng tron dd: 

a. Chung minh dudng thang vudng goc vdi mat phang 

b. Tinh khoang each tir mdt didm ddn mdt mat phang. 

Cu the vdi trudng hop: 

■ Ndu O la tam dudng tron ngoai tid'p AABC va M la mdt didm each ddu ba 
didm A, B, C thi dudng thang MO la true cua dudng trdn ngoai tidp AABC. 
Khi do MO 1 (ABC) va MO = d(M, (ABC)). 
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■ Nd'u MA = MB = MC va NA = NB = NC trong do A, B, C la ba didrn khdng 
thing hang thi dudng thing MN la true cua dudng tron qua ba didm A, B, C. 
Khi d6 MN X (ABC) tai tarn O cua dudng tr6n qua ba diem A, B, C. 

V'l' du 1: Cho hinh chop S.ABCD co day ABCD la hinh vudng tarn O canh bang 

i, SA = aV3 va vudng goc vdi max phing (ABCD). 

a. Hay dung dudng thing qua trung didm cua canh SC va vudng goc vdi mat 
phing (ABCD). 

b. Hay dung dudng thing qua A va vudng goc vdi mat phing (SBC). Ttnh 
khoang each tir A d£n mat phing (SBC). 

c. Ti'nh khoang each tir O dd'n (SBC). 

d. Ti'nh khoang each tCr trong tarn cua ASAB d£'n (SAC). 
jiai 

■t. Goi M li trung diSm cua SC. 

Trong ASAC, ta co: 

OM la dudng trung blnh 
=> OM // SA => OM 1 (ABCD). 

Viy OM la dudng thing cin dwig. 
t>. Nhin xet ring: 

fBCl AB 

=> BC1 (SAB) => (SAB) 1 (SBC). 

BC 1 SA 



Ha AH vudng gdc vdi SB, ta co ngay AH 1 (SBC). 
Vay AH li dudng thing cin dung. 

Trong ASAB vudng tai A, ta co: 


1 1 1 = 1 J_ 

AH 2 " SA 2 + AB 2 ” (aV3) 2 + a 2 
:. Vi AO n (SBC) X C nfin: 

d(0,(SBC)) OC 1 ._ _ 


4 a>/3 

—- => AH = —— 
3a 2 2 


= - => d(0, (SBQ) = — d(A, (SBQ) = — AH = 

^ ^ 


d(A,(SBC)) AC 2 2 

1. Goi E li trung di£m AB, ha EF1 AC, ta duoe: 
fEFlAC __ __ 


EF X SA 


=> EF X (SAC) 



io dd EF chfnh ia khoing cich td E tdi (SAC). [/ 

Trong AOAB, ta cd: ° ' 

1 

EF ia dudng trung binh => EF = -OB= —-. 

Goi G li trong tarn AABC, vi EG n (SAC) = S ndn: 

d(G,(SAC)) = GS _ 2 ->^0 (SA q )= 1 d(E,(SAQ)= - EF= — 
d(E, (SAC)) ES 3 3 3 6 
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\idu 2: Cho hinh chop S.ABC' co SsB = 90", SSC = 60". ASC = 120" vi 
SA = SB = SC = a. Goi I la trung diem cua canh AC. 

a. Chimg rninh rang SI i. (ABC). 

b. Tmh khoang each tir S den mat ph&ng (ABC). 

Cfidi 

a Trong ASAB vuong can tai S, ta co: 

AB = SA \[2 = a \/2 . 

Trong ASBC can tai S co BSC = 60° nen la tam giac 
deu, suy ra BC = a. 

Trong ASAC can tai S, ta co: 

SAt = 30", 

AC 2 = SA 2 + SC 2 - 2SA.SC.cosASC = 3a 2 o AC = aV3 . 

Nhan xet rang: 

AB 2 + BC 2 = 2a 2 + a 2 = 3a 2 = AC 2 

<=> AABC vuong tai B I la tam duong tron ngoai tiS'p AABC. 

Vay vpi SA = SB = SC, ta dupe: 

SI 1 (ABC) va d(S, (ABC)) = SI. 
b. Trong ASAI vuong tai I, ta co: 

SI = SA.siriSAI = SA.sinSAC = a.sin30" = -. 

2 


S 



B 


Vay, khoang each tir S den mat phang (ABC) bang 


a 

2 ' 


Bai toan 3: Khoang each giira duong thang va mat phang song song. 

Khoang each giua hai mat phang song song. 

~ ' " PHlfONG PHAP CHUNG ~ *' 

1. Cho duemg thang d song song voi mat phang a, dft u'nh khoang each giOa i 
va a ta thuc hidn theo cac buctc: 

Buac 1: Chon mpt didm A trdn d, sao cho khoang each tir A dfi'n a c6 th 
duoc xac dinh d£ nha't. 

Buac 2: K6't luan d(d, a) = d(A, a). 

2. Cho hai mat phang song song a va p, d£ ti'nh khoang each giOa a va P t 
thuc hifcn theo cac buoc: 

Buac l: Chon mdt di£m A tr6n a, sao cho khoang each tir A dffn p c6 th 
dupe xac dinh d£ nha't. 

Buac 2: Ke't luan d(a, P) = d(A, P). 

Vi du 1: Cho hinh chop S.ABC co day ABC la tam giac d6u canh bang a, mat bft 
(SBC) vudng goc vpi day. Goi M, N, P theo thu tu la trung didm AB, SA, AC. 

a. Chdng rninh rang (MNP)//(SBC). 

b. Tmh khoang each giua hai mat phang (MNP) va (SBC). 
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f~y • f • 

jiai 


i. V! M, N, P theo thur tu la trung di£m AB, SA, AC ndn: 

MN // SB, do MN la ducmg trung binh trong ASAB 
MP // BC, do MP la dudng trung blnh trong AABC 
suy ra (MNP) // (SBC). 

t>. Tir k<St qua cau a), ta cd: g 

d((MNP), (SBC)) = d(P, (SBC)). 

Mat khdc ta lai co AP n (SBC) = C nfin: 


d(P,(SBQ) = PC = 1 
d(A,(SBC)) AC 2 


■ d(P, (SBC)) = — d(A, (SBQ). 
2 



Ha AH vuAng goc vdi BC, ta cd ngay AH 1 (SBC). Vay AH la khoang each tir 
3i£m A tdi (SBC). 


VI AABC ddu co canh bang a n6n AH = 


a 


VJ 


Tit d6, suy ra: 
d(P, (SBQ) 


— AH= — 
2 4 


V|y, khoang edeh giQa hai mat phdng (MNP) vd (SBC) bang 


iV3 


VI du 2: Cho hinh ch6p S.ABCD co SA = aV6 vd vudng goc vdi mat phdng 
:ABCD), ddy ABCD Id nira luc gidc ddu ndi titfp trong dudng trdn dudng krnh AD = 2a. 

a. Tfnh ede khoang edeh tir A vd B d£n mat phdng (SCD). 

b. Tmh khoang edeh tir dudng thdng AD d£n mat phdng (SBQ. 

c. Tfnh diftn tfch cua thi£t didn cua hinh chdp S.ABCD vdi mat phdng a song 

a> /3 

song vdi mat ph&ng (SAD) vd edeh mdt khoang bang-. 

M 

i. Nhdn xdt rang: 
fCDlAC 


CD ISA 


=> CD 1 (SAQ => (SCD) 1 (SAC). 


Ha AH vudng gdc vdi SC, ta cd ngay AH 1 (SCD). 

Vay AH Id khoang edeh tir di&n A tdi (SCD). 

Trong ASAB vudng tai A, ta c6: 

111 1 1 1 AU rz 

-- = —- +—- = —7=*-r + —p-r = —t => AH = aV2 . 

AH 2 SA 2 AC 2 (aV6) 2 (a>/3) 2 2a 2 

Goi I Id trung di&n AD, suy ra: 

BI // CD => BI // (SCD) => d(B, (SCD)) = d(I, (SCD)). 
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Mat khac. ta lai c6 AI (SC I)) = 1) nen: 
d( I,(SO))) II) 1 


a a/2 


> d( I. (SCD)) = d(A, (SCD)) = - AH = 
d(A.(SCD)) AD 2 2 2 2 

b. Nhan xet rang: 

AD // CD => AD // (SBC’) => d(AD. (SBC)) = d(A, (SBC)). 

Ha AK vudng goc vdi BC, ta duuc: 

BC 1 AK 


bc: 1 SA 


o BC 1 (SAK) => (SBC’) i (SAK) va (SBC) n (SAK) = AK. 


Ha AG vudng goc vdi SK. ta co ngay AG 1 (SBC’). 

Vay AG la khoang each tirdiem A tcri (SBC). 

Trong ASAK vuong tai A. ta co: 

111 1 1 3 a Vd 

AG* SA 2 AK* (a-\/6 ) 2 (aVI/2) 2 2a 2 3 


c. Nhan xet rang: 


JAK 1 AD 
[AK ISA 


=> AK 1 (SAD). 


Gia sir mat phang a song song vdi mat phang (SAD) cat AK tai E, khi do: 

d(a, (SAD)) = AE = = — .AK => E la trung di&n cua AK. 

4 2 

Ta di xac d|nh thid't dien tao bdi hinh chop vdi mat phang a qua E va song song 
vdi (SAD), nhir sau: 

a//(SAD) 

■ a n (ABCD) = Ex => Ex // AD 

(SAD)n(ABCD) = AD 

va Ex cat AB, CD theo thur tu tai M, N la trung di£m cua mdi doan. 

Trong mat phang (SAB) dung My // SA va cat SB tai Q la trung didm cua SB. 

Trong mat phang (SCD) dung Nz // SD va cat SC tai P la trung didm cua SC. 

Vay, thi£t dien tao bdi hinh chdp vdi mat phang a la MNPQ, ngoai ra vi: 

MN // CD // PQ => MNPQ la hinh thang 

MQ//SA => MQl(ABCD) => MQ1MN => MNPQ la hinh thang vudng 
Tildd, ta ductc: 

Smnjv = ^ (MN + PQ).MQ 
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trong do: 


1 la 

MN = — (AD + BC) = —, vl MN la dudng trung binh cua ABCD, 

PQ = — BC = —, vi PQ la ducmg trung binh cua ASBC, 

2 2 

MQ = - SA = — , vi MQ la dudng trung binh cua ASAB, 

2 2 


suy ra: 





a-v/6 a 2 >/6 

~ 2 ~ ~ 2 


Bai loan 4: Doan vudng g6c chung cua hai ducmg thing cheo nhau. 

Khoang each giua hai ducmg thing cheo nhau. 

PHl/ONG PHAP CHUNG 

1. Dd dung doan vudng goc chung cua hai ducmg thing cheo nhau a va b, ta lua 

chon mdt trong cac each sau: 

Cdch 1: Ta there hidn theo cac bude: 

Buac 1: Dung mat phing a chura b song 
song vdi a. 

Buac 2: Chon M trftn a, dung MH vufing 
g6c vdi a tai H. 

Buac 3: Tur H, dung ducmg thing a, song 
song veri a, va cit b tai B. 

Buac 4: Ttr B, dung dudng thing song song vdi MH, cit a tai A. 
Doan AB la doan thing vudng gdc chung cua a va b. 

Cdch 2: Ta thuc hifin theo ede bude: 

Buac 1: Dung mat phing a vudng. goc vdi 
a va tai O. 

Bucrc 2: Dtmg hlnh chifi'u vudng gdc b, cua 
b trfen a. Dtmg chi£u vudng gdc H 
cuaOtrdn b,. 

Bude 3: Tir H, dtmg dudng thing song 
song vdi a, cit b tai B. 

Buac 4: Tir B, dung dudng thing song song vdi OH, cit a tai A. 
Doan AB li doan vudng gdc chung cua a vi b. 

Cdch 3: ( Ap dung cho trUdng hap a 1 b ): Ta thuc hidn theo cac bude: 

Buac 1: Dung mat phing a chura b, vudng 
gdc vdi a tai A. 

Buac 2: Dung AB 1 b tai B. Doan AB li 
doan vudng gdc chung cua a va b. 
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2. Oe tinh khoang each gifra hai dirdng thing cheo nhau, ta lira chon mot tronj 
cac each sau: 

Cdch I: Tmh do dai doan vuong goc chung (neu c6). 

Cdch 2: Tinh d(a, a) vdi a la mat phing chura b song song vdi a. 

YiduJj Cho hinh chop S.ABCD co day la ABCD la hinh vuong tam O can! 
bang a, SA = a va vuong goc vdi (ABCD). Tinh khoang each giura hai dirong thAng: 

a. SB va AD. d. SC va AD. 

b. SC va BD. e. SBvaAC. 

c. SB va CD. 

Gidi 

a. Nhan xet rang: 

AD 1 AB, vi ABCD la hinh vuong 
AD 1 SA, vi SA vuong goc vdi (ABCD) 
suy ra AD 1 (SAB). 

Dung AM vuong goc vdi SB thi AM la doan vudng goc chung cua SB va AD. 

Trong ASAB vudng can tai A, ta co: 

aV2 


AM = - SB = - VSA 2 + AB 2 = 

2 2 2 


Vay, khoang each giCra SB va AD bang 


aV2 



b. Nhan xet rang: 

BD 1 AC, vi ABCD la hinh vuong 
BD 1 SA, vi SA vudng goc vdi (ABCD) 
suy ra BD 1 (SAC). 

Dung OH vudng goc vdi SC thi OH la doan vudng goc chung cua SC va BD. 

A 

Nhan xet rang AHCO va AACS la hai tam giac vudng co chung goc nhon C ndr 
chung d6ng dang, suy ra: 

OH 


SA SC 


°c => 0H = SA0C 


SC 


- trong do: 


OC = - AC = 
2 


h/2 


SC 2 = SA 2 + AC 2 = a 2 + (a V2 j 2 = 3a 2 => SC = aV3 


suy ra: 


a. 


a 


4i 


OH = 


1V6 


iV3 


Vay, khoang each giua SC va BD bang 


i-v/6 


is; 






c. Nhan xet rang: 

CD // AB => CD // (SAB) 

=> d(CD, SB) = d(CD, (SAB)) = d(D, (SAB)) = DA = a. 
Vay, khoang each giOa SB va CD bang a. 

d. Nhan xet rang: 

AD // BC => AD // (SBC) 

=> d(AD, SC) = d(AD, (SBC)) = d(A, (SBC)) = AM = 


1V2 


Vay, khoang each giua SC va AD bang 


a-v/2 


e. Dung: 

Bx // AC => AC // (S, Bx) d(AC, SB) = d(A, (S, Bx)) 

Ha AE vubng gbc vbi Bx, ta dupe: 

Bx 1 AE _> Bx ± (S> Bx) (S , Bx) j_ ( SAE) va (S, Bx) n (SAE) = SE. 
BxlSA 

Ha AF vubng goc vdi SE, ta co ngay AE 1 (S, Bx). 

Vay AF la khoang each tCr difi’m A tdi (S, Bx). 

Trong ASAE vubng tai A, ta co: 

aV2 


AE = OB = 


1 


1 1 

+ 


1 


+ 


1 


AF 2 SA 2 AE 2 
Vay, khoang each giira SB va AC bang 


(aV2/2) 2 


3 a* 

-r => AF = - 

a 2 3 


VI du 2: Cho hinh ch6p S.ABC c6 SA = 2a va vubng g6c vefi mat phang (ABC), 
day ABC la tarn giac vubng can tai B vdi AB = a. Goi M la trung dib’m cua AC. 

a. Hay dung doan vubng gbc chung cua SM va BC. 

b. Ttnh db dai doan vubng gbc chung cua SM va BC. 

Giai S 

a. D^ dung doan vubng gbc chung cua SM va BC ta cb 
thb’ lua chon mbt trong hai each trlnh bay sau: 

Cdch 1: Goi N la trung di&n AB, suy ra: 

BC // MN => BC // (SMN). 

Tacb: 

r MN 1 AB 

=> MN 1 (SAB) => (SMN) 1 (SAB) va (SMN) n (SAB) = SN. 

MN 1 SA 

Ha BH1 SN suy ra BH l(SMN). 



H B 
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Tit 11 dimg I lx song song vdi BC va cat SM tai E. 

Tir E dimg Hy song song vdi BH va cat BC tai F. 

Doan EF la doan vudng goc cluing cua SM va BC. 

Cdcli 2: Nhan xet rang: 

[BC i AB 

\ => BC L (SAB). 

[ BC 1 SA 

Do do (SAB) chi'nh la mat pining qua B thuoc BC va vudng goc vdi BC. 
Goi N la trung diem AB, suy ra: 


MN // BC => MN 1 (SAB) 

suy ra SN la hinh chieu vuong goc cua SM tren (SAB). 

Ha BH 1 SN suy ra BH 1 (SMN). 

Tir H dimg Hx song song vdi BC va cat SM tai E. 

Tir E dimg Ey song song vdi BH va cat BC tai F. 

Doan EF la doan vuong goc chung cua SM va BC. 

b. Nhan xet rang ASAN va ABHN la hai tarn giac vudng co hai goc nhon doi dinh 
nen chung ddng dang, suy ra: 

BH BN SA.BN 

SA SN SN 


trong do: 


BN = - AB = - 
2 2 


SN 2 = SA 2 + AN 2 = (2a) 2 + 


2 _ 






17a J 


=> SN = 


a s/T7 
2 


suy ra: 


BH = 



2aVp7 

17 


Vay, khoang each giSa SM va BC bang 


2aVl7 


17 


Vi dy 3: Cho hlnh chdp S.ABCD co day la ABCD la hinh thoi tarn O, canh a, 
goc A = 60° va cd dtrdng cao SO = a. 

a. Tt'nh khoang cich tu O dfe'n (SBC). 

b. Tt'nh khoang edeh giOa hai dircmg thang AD va SB. 

Giai 

a. Ha OI vudng goc vdi BC va keo dai OI cat AD tai J. 

Ta cd: 

80 1 01 => BCl(SOI) 

BC1SO 

=> (SBC) 1 (SOO va (SBQ n (SOI) = SI D 



187 







Ha OH vudng gdc vdi SI, ta c6 ngay OH 1 (SBC). 

Vay OH la khoang each tir didm O tori (SBC). 

Vdi hinh thoi ABCD, ta cd: 

BD = a, vi AABD ddu => OB = — 

2 

Jri 

AC = 2AO = 2. —— = aV5. 

2 

Trong AOBC vudng tai O, ta co: 

111 1 1 , 13 aV39 

OI 2 OB 2 OC 2 (a/2) 2 (aV3) 2 3a 2 13 

Trong ASAE vudng tai A, ta co: 

1 111 1 16 aV3 

OH 2 SO 2 OI 2 a 2 (aV39/13) 2 3a 2 4 

Vay, khoang each tir O dd'n (SBC) bang . 

4 

b. Nhan xet rang: 

AD // BC => AD // (SBC) 

=> d(AD, SB) = d(AD, (SBC)) = d(J, (SBQ). 

Mat khic, ta lai co JO n (SBC) = I ndn: 

d(J,(SBC)) =>d(j,(SBQ) = 2d(0,(SBQ) = 20H= —. 

d(0,(SBQ) OI 2 



Vay, khoang c£ch giOa SB va AD bang 


aV3 

2 


Vi du 4: Cho dudng tr6n dudng ktnh AB = 2R chura trong mat phing a, SA 
vudng g6c vdi mat phang a va SA = h, vdi 0 < h < 2R. Goi M la mdt didm di ddng 
trdn dudng trdn. Xic dinh vj tri cua M dd’ doan nd'i trung didm hai doan AM va SB 
la doan thing vudng gdc chung cua chung, khi dd tinh dd dai cua doan vudng goc 
chung niy. 


Giai 


Goi E, F theo thur tu la trung didm cua AM va SB. 

Nhan xdt ring, dua trdn tfnh chit dudng trung tuydn trong tarn giic vudng, ta cd: 


AC 1 ™ 1 CD vh 2 + 4R 2 . 

AF = — SB vi MF = — SB =- 

2 2 2 
=> MF = AF o AAFM can tai F 
=> EF _L AM. 

Nhu vay, di EF la doan thing vudng gdc chung cua 
AM va SB didu kidn li: 

EF 1 SB o AESB can tai E <=> SE = BE. (1) 
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f)at A I: = \, suy ra MF = x. 


Trong ASAE vuong tai A, ta co: 

SI : = SA + AI = h +• x SE = Vh + x 2 . 
Trong AEMB vuong tai M. ta co: 

BF 2 = BM 2 + ME 2 = (AB AM 2 ) 2 + ME 2 
= 4R 2 4x 2 + x 2 = 4R - 3x 2 

=> BH = Ak 3x’ . 

Thay (2), (3) vao (I ). ta dtroc: 

Vh 2 + x 2 = \ 4R 3x c--> h : + x 2 = 4R 2 - 3x 2 

\4R -h /2 TT 

<=> x = -=> AM = 2x = v 4R - h . 


(2) 


(3) 


Trong AMEF vuong tai E, ta co: 


EF 2 = MF 2 - ME 2 = 


h 2 +4R 2 4R 2 - h 2 


h\2 


4 


—- => EF = 

2 2 


V$y, vcfi diem M thuoc duong tron sao cho AM = >/4R 2 - h 2 thi EF la doan 

hx/2 

thAng vuong goc chung cua AM va SB. va khi do EF =-. 


BAI TAP NGHI 

Bai tap 1: Cho hinh lap phuong ABCD.A’B’C'D’ canh a. Chung minh rang cac 
khoarrg each tu cac diem B, C, D, A’, B‘, D’ den duong cheo AC’ d6u bang nhau. 
Tfnh khoang each do. 

Bai tap 2: Cho tu dien ABCD co BC = a, AC = b, AB = c, AD = d va vudng goc 
voi mat phang (ABC), Tinh khoang each tu D d6'n duemg thing BC. 

Bai tap 3: Cho hinh chop S.ABCD co day ABCD la hinh thang vubng duerng cao 
AB = a, BC = 2a, SA = a va vubng goc vdi mat phing (ABCD). Ngoai ra con co SC 
vubng goc vciri BD. 

a. Chumg minh ring ASBC vubng. 

b. Tfnh db dai AD. 

c. Goi M la mbt dibm trbn doan SA, dat AM = x, vdi 0 < x < a. Tfnh khoang 
each tu D dbn BM theo a va x. Tim cac gia tri cua x db khoang each nay co gia 
tri nho nhit. Ion nhit. 

Bai t$p 4: Cho hinh chop S.ABCD co day ABCD li hinh vubng canh a, tarn O, SA 
= 2a va vubng gbc vdi mat phing (ABCD). Goi M la dibYn di dbng trbn doan CD, 
dat CM = x. Goi K la hinh chibu vubng gbc cua S trbn BM. 

a. Tmh db dai doan SK theo a va x. 

b. Tim tap hop cac dibm K thoa man tfnh chit trbn. 

Bai tip 5: Cho tur dibn OABC vubng tai O, OA = a, OB = b, OC = c. Tfnh khoang 
edeh: 

a. Tir A db'n duong thing BC. 

b. Tir B db'n dudng thing AC. 

c. Tu C den dudng thing AB. 
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Bai tap 6: Co bao nhibu mat phing each dbu hai di£m A, B cho truck' ? 

Bai tap 7: Cho hinh ch6p tarn giac dfiu S.ABC co canh day bang 3a, canh bbn 
bang 2a. Tfnh khoang each tir S tori mat day (ABC). 

Bai tdp 8: Cho hlnh chop S.ABC cb ABC la tarn giac can dinh A, AB = 2a, 

BAC = a, SA = SB = SC = aV2 . Tfnh khoang each tir S d€n mat phang (ABC). Tim 
dibu kibn cua a db bai toan co nghla. 

Bai tap 9: Cho hinh chop S.ABC co day ABC la tarn giac vubng tai A vbi BC = 2a, 

AB = a. Goi M la trung dibm cua canh BC. Bidt SA => SC = SM = a>/3 . 

a. Tfnh khoang each tir S dd'n mat phang (ABC). 

b. Tfnh khoang each tir S dd'n AB. 

Bai tap 10: Cho hinh ch6p S.ABC co day ABC la tarn giac vu6ng can tai A va 
BC = 2a, SB = a va vu6ng gbc veri mat phang (ABC). 

a. Chumg minh rang (SAB) 1 (SAC) 

b. Ti'nh khoang-cach tir B dd'n mat phang (SAC). 

c. Goi O la trung diem cua BC. Tfnh khoang each tir O den (SAC). 

Bai tap 11: Cho hinh chop S.ABCD co day ABCD la hinh vubng canh bang a, 
SA = a va vubng g6c veri mat phang (ABCD). 

a. Goi I la trung dibm cua SB. Chung minh rang AI1 (SBC). 

b. Tfnh khoang each tir trong tarn ASCD db'n mat phang (ABCD). 

Bai tap 12: Cho hinh chop S.ABCD co day ABCD la hinh chu nhit vbi AB = a, 
AD = 2a, SA = 3a va vubng goc vbi mat phang (ABCD). Goi I, M theo thu ttr la 
trung dibm cua canh SC, CD 

a. Tfnh khoang each tir A d£n mat phang (SBC). 

b. Tmh khoang each tir A d£n mat phang (SCD). 

c. Ti'nh khoang each tir A dbn mat phang (SBD). 

d. Ti'nh khoang each tir I dbn mat phang (SBD). 

e. Ti'nh khoang each tir A d£n mat phang (SBM). 

Bai tdp 13: Cho hinh thoi ABCD tarn O, canh bang a va AC = a. Tir trung di(?m H 
cua canh AB dung SH vubng gbc vbi mat phang (ABCD) veri SH = 2a. 

a. Hay dung duerng thing qua H vubng gbc vbi mat phang (SCD) va ti'nh 
khoang each tir H dfin mat phang (SCD). 

b. Ti'nh khoang each tir O db'n mat phang (SCD). 

c. Tfnh khoang each tir A db'n mat phang (SBC). 

Bai tap 14: Hinh chop S.ABCD cb day la hinh thoi tarn O canh a va co gbc BAD = 

3 a 

60°. Dubng thing SO vubng gbc vbi mat phing (ABCD) va SO = —. Goi E la 

4 

trung di£m cua doan BC, F la trung die’m cua doan BE. 

a. Chtrng minh mat phing (SOF) vubng gbc vbi mat phing (SBC). 

b. Tfnh cac khoang each tir O va A d£n mat phing (SBC). 

Bii tap 15: Cho hinh chbp S.ABC cb SA = SB = SC = a, ASB = 1 20°, CSB = 60°, 
ASC = 90°. 

a. Chumg to ring AABC la tarn giac vubng. 

b. Tfnh khoang each tir S db'n mat phing (ABC). 
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, >s 

Bai lap 16: ( ho hmh hop thoi ABC’D.A’B'CD’ co cac canh deu bang a va BAD = 

BAA' = DA A’ = 60". Tmh khoang each gifra hai mat phang day (ABCD) va 

(A'BCD'). 

Bai tap 17: Cho hinh chop S.ABC'D la hmh chur nhat va AB = 2a. BC = a. Cac canh 

ben cua hinh chop bang nhau va bang a v 2 . 

a. Tmh khoang each lir dm mg thang AB den mat phang (SCD). 

b. Tmh khoang each tu dudng thang AD den mat phang (SBC). 

Bai tap 18: Cho hinh lang tru dung ABC.A,B,C, co AA, = 2a, day ABC la tarn giac 

vuong tai A co BC = 4a. AC = 2a. 

a. Tmh khoang each ttr AA, den mat phang (BCC,B,). 

b. Tmh khoang each ttr A den (A,BC). 

e. Chung mirth rang AB vuong gdc vdi mat phang (ACC,A,) va tfnh khoang 
each tu A, den mat phang (ABC,). 

d. Goi M, N. P theo thu ttr la trung diem cua AA,. BB,. CC,. Tmh khoang each 
gifra hai mat phang (BMN) va (A,C,P). 

Bai tap 19: Cho hinh chop ttr giac deu S.ABC canh bang a. Goi M, N, P theo thu tu la 

trung dieim AB, SA, AC. 

a. Chtrng mirth ning (MNP)//(SBC). 

b. Tfnh khoang each giua hai mat phang (MNP) va (SBC). 

Bai tap 20: Cho hinh hop chfr nhat ABCD.A,B,C,D, co AB = a. BC = 2a, CC, = 3a. 

a. Tinh khoang each ttr CC, den mat phang (BDD,B,). 

b. Goi M, N theo thu tu la trung dieim AA,, BB,. Tinh khoang each tir MN den 
mat phang (ABC,D,). 

c. Chung minh rang (AB,D,) // (C,BD). Tinh khoang each giua hai mat phang 
(AB,D,) va (C,BD). 

Bai tap 21: Cho hinh chop S.ABCD co SA = a va vuong goc vdi mat phang 

(ABCD), day ABCD la hinh thang vudng tai A va B, AB = BC = —, AD = a. 

2 

a. Tinh cac khoang each tir A va B den mat phang (SCD). 

b. Tinh khoang each tu dudng thang AD ddn mat phang (SBC). 

c. Tinh dien tich cua thiet dien cua hinh chop S.ABCD vdi mat phang a song 

■> H 

song vdi mat phang (SAD) va each mdt khoang bang —. 

6 

Bai tap 22: Trong cac mdnh d£ sau day m6nh d6 nao la dung ? 

a. Dudng thang A la dudng vudng goc chung cua hai dudng thang a va b n£u 
A vudng goc vdi a va A vudng gdc vdi b. 

b. Goi (P) la mat phang song song vdi ca hai dudng thang a, b cheo nhau. Khi do, 
dudng vudng gdc chung A cua a va b ludn ludn vudng gdc vdi (P). 

c. Goi A la dudng vudng gdc chung cua hai dudng thang cheo nhau a va b thi 
A ia giao tuydn cua hai mat phang (a, A) va (b, A). 

d. Cho hai dudng thang cheo nhau a va b. Dudng thang nao di qua mdt di£m M 
trdn a ddng thdi cat b tai N va vudng gdc vdi b thi do la dudng vudng gdc 
chung cua a va b. 

e. Dudng vudng gdc chung A cua hai dudng thang cheo nhau a va b n4m trong 
mat phang chua dudng nay va vudng gdc vdi dudng kia. 


191 



Bai tap 23: Cho hinh lap phuang ABCD.A'B’C’D’. 

a. Chdng minh rang B’D vudng gdc vdi mat phing (BA’C’). 

b. Tinh khoang each gida hai mat phang (BA'C’) va (ACD’). 

c. Tinh khoang each giura hai dudng thing BC’ va CD'. 

Bai tap 24: Cho hinh lap phuong ABCD.A'B'C’D’ earth a. 

a. Chumg minh BC’ vudng goc vdi mat phang (A’B’CD). 

b. Xac djnh va tinh dd dai doan vudng goc chung cua AB’ va BC’. 

Bai tap 25: Cho hinh lap phuong ABCD.A’B’C’D’ cd canh bang a. 

a. Hay xac dinh dudng vudng goc chung cua hai duong thang cheo nhau BD’ 
va B’C. 

b. Tinh khoang each cua hai duemg thang BD’ va B’C. 

Bai tap 26: Cho hinh hbp chu nhat ABCD.A’B’C’D’ co AB = a, BC = b, CC’ = c. 

a. Tinh khoang each tit B dbn mat phang (ACC’A’). 

b. Tinh khoang each giua hai duemg thang BB’ va AC’. 

Bai tap 27: Cho hinh hop chu nhat ABCD.A'B'CD' co AB = AA’ = a, AC = 2a. 

a. Tinh khoang each tir diim D den mat phang (ACD'). 

b. Tim duemg vubng goc chung cua cac duong thing AC va CD'. Tinh khoang 
each gida hai duemg thing ft'y. 

Bai tap 28: Chumg minh ring nbu duong thing nd'i trung diem hai canh AB va CD cua 
td dibn ABCD la duemg vubng goc chung cua AB va CD thi AC = BD va AD = BC. 

Bai tap 29: Cho td dibn dbu ABCD canh a. Tinh khoang each giua hai canh db'i cua 
tur dibn dbu do. 

Bii tap 30: Cho td dibn ABCD co AC = BC = AD = BD = a, AB = c, CD = c’. Tinh 
khoang each gida hai duemg thing AB va CD. 

Bii tap 31: Cho td dibn S.ABC cb SA vubng goc vdi mat phing (ABC). Goi H, K lin 
lupt la true tarn cua cac tarn giac ABC va SBC. 

a. Chdng minh ba dubng thing AH, SK, BC d6ng quy. 

b. Chdng minh ring SC vubng goc vdi mat phing (BHK) va HK vubng gbc vdi 
mat phing (SBC). 

c. ’ Xac dinh duemg vubng goc chung cua BC va SA. 

Bai tap 32: Td dibn ABCD cd hai mat ABC va ADC nim trong hai mat phing 
vubng gdc vdi nhau. Tam gidc ABC vubng tai A cd AB = a, AC = b. Tam gi£c ADC 
vubng tai D cd CD = a. 

a. Chdng minh ede tarn giac BAD va BDC la cac tarn giac vubng. 

b. Goi I va K lin lupt la trung dib’m cua AD va BC. Chdng minh IK ia duemg 
vubng gdc chung cua hai dudng thing AD va BC. 

Bii tdp 33: Cho hinh lang tru ABC.A’B'C cd tit ca cac canh dbu bang a. Gdc tao 
bdi canh bbn va mat phing day bang 30". Hinh chibu H cua dib’m A trbn mat phing 
(A'B'C) thubc dudng thing B'C. 

a. Tmh khoang each gida hai mat phing day. 

b. Chdng minh ring hai dudng thing A A' va B'C vubng gdc, tinh khoang each 
gida chung. 
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Bai tap 34: Cho hinh chop S ABC I) la hinh chir nhat va AB = 2a, BC = a. Cac canh 

ben cua hinh chop bang nhan va bang a\/2 . 

a. Tfnh khoang each tir S den mat phing day (ABCD). 

b. Goi E va F lan luot la trung diem cua cac canh AB va CD; K la di£m h&i ki 
thu6c dirctng thing AD. Chung minh rang khoang each giua hai dirong thing 
EF va SK khong phu thuOc vac K. May tfnh khoang each do theo a. 

Bai lap 35: Hinh hop eh fir nhat ABCD. ABCD* co AB = A A’ = AD = a va aAB = 
A’Al) = BAD = 60°. Tfnh khoang each giua cac duong thing chura cac canh dtfi 
dien cua tur dien A ABD. 

Bai tap 36: Cho tur dien ABCD co bon mat la bon tarn giac co dien tich bing nhau. 
Chung minh rang doan ndi trung diem hai canh doi dien cua tur di6n cung la doan 
vuong goc chung ciia hai canh do. 

CHUDE6 

GOC 

I. KIEN THCC CO BAN 

1. NHAC LAI GOC GILTA HAI Dl/CfNG THANG 

Dinh nghia : Goc giua liai duong thang bai ki a va b 
trong khong gian Id goc giua hai dudng thang cung di 
qua mot diem va Win hurt song song vi'ri hai dudng thang 
do, ki hifu la (a, b) hay (b, a). 

Dac bi£t: 

■ Khi a va b trung nhau hoac song song vdi nhau thi (a, b) = 0". 

■ Khi a va b vudng goc thi (a, b) = 90°. 
nhu vay, ta lu6n co 0 < (a. b) < 90". 

2. GOC GILTA DUONG THANG VA MAT PHANG 
Dinh nghia: Goc giua dudng thang a va mat phdng a la 
goc giua dudng thang a va hinh chieu a, cua no Iren a, 
ki hi^u la (a, a) hay (a, a). 

Dac bi6t: 

■ Khi a thu6c a hoac a song song vdi a thi (a, b) = 0". 

■ Khi a vubng goc vdi a thi (a, a) = 90°. 
nhu vSy, ta ludn co 0 < (a, a) < 90". 

3. GOC GILTA HAI MAT PHANG 

Dinh nghia: Goc giita hai mat phdng a va P Id goc giua 
hai dudng thang Ian luot vuong goc vdi hai mat phdng 
do, ki hifiu la (P, a) hay (a, P). 

Dac bidt: 

■ Khi a va P trung nhau hoac song song vdi nhau thi (a, b) = 0°. 

* Khi a vudng goc vdi p thi (a, p) = 90". 

nhu vSy, ta ludn co 0 < (a. P) < 90". 
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4. NHIDlfiN 

Dinh nghia: Hirih hop bdi liai nifa mat pliang a vd P co chimg 
bd&dupc goi Id nhi dien, kJ hieu la [a, a, P] hoSc [a, PJ. 

Cat nhj dien [a, a, p] bai mat phang (P) vuOng g6c vdi a 
tai diem O va cat a, P theo thur tu la cac nua dudng thang Ox 
vk Oy. Khi do, gOc xOy dupe goi la goc phang cua nhi dien 
[a, a, p], kl hieu Sd[a, p] hoac vie't tat [a, p], 

Dac biet, khi a vuOng goc vdi p thi [a, P] = 90°, ta noi [a, p] la nlii dien vufing. 
Nhu vay, ta ludn c6 0 < [a. P) £ 180°. 

5. DI$N TICH HINH CHrfu CUA MOT TAM GlAC 



Dinh U : Neu mot tarn giac co dien ticli S thi hinh chieu cua 
no co dien tich S’ bang ttch cua S vdi cosin cua goc cp giua 
mat pliang cua tarn gidc vd mat chieu. 

Tutc la: 

S’ = S.costp. 



He qua: Neu S Id dien tich cua mot da gidc phang, S’ 1a dien tich cua da gidc chieu vd 


<p Id goc giua mat phang cua da gidc vd mat phang chieu thi ta co: 


S’ = S.coscp. 


6. TAMDlfiN 


Dinh nghia: Hinh liap bdi ba tia Ox, Oy, Oz khong dong phang dupe goi Id mot tarn 


dien, kl hifiu la Oxyz. 

Trong d6: 

• # 

■ Cac tia Ox, Oy, Oz goi la cac catili cua tarn dien. 

■ Cac mi£n goc xOy, yOz, zOx dupe goi la cac mat 
cua tam dien. 

• DO 16n cua cac goc xOy, yOz, zOx goi la goc 
phang a dinh cua tam dien. 

MOt tam dien goi la tam dien vudng neu ba goc phang 
6 dinh cua n6 d£u la g6c vuOng. 



II. CAC DANG TOAN LlfcN QUAN 

Bai toan 1: Goc giua hai duong thang. 

PHLTONG PHAP CHUNG 

Chung ta da thu nhan dupe phuong phap tinh goc giOa hai dudng thang trong 
chu de 1. 

Vi du 1: Cho tur dien ABCD. Goi M, N lan lupt la trung di^m cua cac canh BC, 
AD. Hay tinh g6c giOa AB va CD, bie't AB = CD = 2a va MN = a V2 . 
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Ci id i 

Goi 1’ la trung diem AC, la co: 
|FM//AU 

Trong AMHN, ta co: 


> (AH. CD) = MEN. 



ME = - AH = a,vi ME la dudng ining binh trong AABC E 


NE = -- CD = a,v\ NE la dudng trung binh trong AACD 

suy ra: 

ME 2 + NE 2 = a 2 + a 2 = 2a 2 = MN : <=> AMEN vuong tai E <=> MEN = 9Cf\ 

Vay, goc giura AB va CD bang 90°. 

Vi du 2: Cho ttr dien deu A BCD canh bang a. Goi O la tam dudng tron ngoai 
tiep A BCD. 

a. Chung minh rang AO ± CD. 

b. Goi M la trung diem cua CD. Tint) goc giura AC va BM. 

Gidi j\ 

a. Ta co ngay ket luan AO 1 CD vi A.BCD la hinh 

chop tam giac d&u. N, 

b. Goi N la trung diim AD, ta co: 

MN // AC => (AC, BM) = BftlN. d< 

Xet ABMN, ta co: 
aVl 

. vi BM la trung tuyen trong AABC deu c 


BM = 

BN = 



2 

aV3 


, vl BN la trung tuye'n trong AABD ddu 


MN = ^ AC = ^ .vi MN la dudng trung binh trong AACD 


cosBMN = 


MB 2 + MN 2 -BN 2 MN S 


2MB.MN 

V5 


2MB 


Vay, ta dtroc cos(AC. BM) = 


Bai toan 2: Goc giua mdt dudng thang va mot mat phang. 


PHCONG PHAP CHUNG 

De tt'nh goc giura dudng thang a va mat phling a. ta thuc 
hifen theo cac buctc: 

Bitcfc I: Tim giao diem O cua a vdi a. 

Budc 2: Chon diem A e a va dung AH 1 a, vdi Hea. ^ 
Khi do AOH = (a, a) 

Bucfc 3: Tfnh sd do cua AOH dua tren cac he thurc luemg giac. 


O 




-a 


H 
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Vi du 1; Cho hmh ch6p S.ABC day ABC la tam giac vubng tai A, BC = a, 

SA = SB = SC = — . 

2 

a. Tinh khoang each tir S tai mat phing (ABC). 

b. Tinh goc giura ducmg thing SA va mat phing (ABC). 

Gidi 

a. Goi O la trung di6m cua BC, suy ra O la tam duemg tr6n ngoai tiep AABC. 

Ngoii ra, theo gia thi£t ta c6 SA = SB = SC nen SO la 
true duemg tron cua ba AABC, suy ra: 


SO 1 (ABC) va SO = d(S, (ABC)). 



b. VI SO ± (ABC) n6n OA la hinh chifiu vudng goc cua SA titn (ABQ, do do: 
(SA, (ABQ) = SAO. 

Trong ASAO vu6ng tai O, ta co: 


cosSAO = — = -4- = —• 

SA a>/3 3 

2 

s 

V4y, ta duoc cos(SA, (ABC)) = —. 

3 ; 

Vi du 2: Cho hinh ch6p tir gidc d6u S.ABCD c6 canh diy bang a, tam O. Goi M 
vi N ldn lucrt li trung di&n cua cic canh SA va BC. Bi£t ring g6c gifla MN va 
(ABCD) bang 60°. 

a. Tinh MN va SO. 

b. Tinh g6c giCra MN va mat phing (SBD). 

Gidi 

a. Goi H li trung di£m OA, suy ra: 

MH //SO=> MH 1 (ABCD) 

suy ra NH la hinh chifiu vudng gdc cua MN tr^n 
(ABCD), do do: 

(MN, (ABCD)) = MfrH = 60". 
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Trong AHNC ta c6: 

NH 2 = CN 2 + Cl I 2CN.O I cosNCll 


=2-NH = 


1 a ' 


l 2 ) 

a VI 0 


A W2 ) 

4 




- a 3a Vi 10a 2 

2. -,cos45 =- 

2 4 16 


Trong AHMN vuong tai H, ta co: 

a vlO 

NH 4 

cos iVlNTl 


MN 


MH = NH.tanMNH = 


cos 60' 
a v'To 


- a ^ 1Q 
~2 

.tan60" = 


aV30 


4 4 

Trong AOSA, ta co MH la duong (rung binh n£n: 

aV30 


SO = 2MH = 


2 


NI // OC => 


b. Gia sir: 

AN n BD = K => (SAN) n (SBD) = SK 
Gia sir: 

MN n SK = J => MN n (SBD) = J. 

Goi I la trung di6m OB, ta co: 

NI 1 BD 

=> NI 1 (SBD) 

NI 1 SO 

suy ra IJ la hinh chieu vuong goc cua MN trfin (SBD), do do: 

(MN, (SBD)) = NH. 

Trong AOBC co NI la duong trung binh n6n: 

NI = - OC = —. 

2 4 

Trong AABC co trung tuydn AN va BO nfin K la trong tarn, suy ra: 
KA 


KN 


= 2 . 


Dua vao hinh b€n, theo djnh II Mfilfclaus, ta duoc: 
KA JN SM , _ JN 1 , JN 

KN JM SA JM 2 JM 

Trong ANIJ vudng tai I, ta c6: 

NI S 
5 


, IKT 1 aVlO 

1 o JN = - MN =- 

2 4 


sintffr = — = 
JN 


Vfty, ta duoc sin(MN, (SBD)) = 


41 
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Vi du 3: Cho hinh lang tru dung ABC.A,B|C, co ddy ABC vudng can tai A. 
Doan ndi trung die’m M cua AB va trung did’m N cua B,C| co dd dai bang a. MN 
hop vdi day gdc a va mat ben (BCC,B,) gdc p. 

a. Tfnh cdc canh day va canh ben cua lang tru theo a va a. 

b. Chumg minh rang cos a = & . sin p. 

Gidi A R 

a. Goi H la trung di&n BC, ta c6: 

NH // BB, => NH 1 (ABC) \ c Jif 

suy ra MH la hinh chie'u vudng goc cua MN trdn (ABC), \ 

do d6: \ 

(MN, (ABC)) = N*dH = a. / \ 

Ngoai ra: AL-. i,,., B 

|AH_1BC # 

[AH IBB, C 

Goi E la trung didm BH, suy ra: 

ME//AH => ME 1 (BCC.B,) 

suy ra NE la hinh chie'u vudng goc cua MN trfin (BCC,B,), do do: 

(MN, (BCC,B,)) = MfJE = p. 

Trong AMNH vudng tai H, ta cd: 

MH = MN.cosN^H = a.cosa. 

NH = MN.sinNMH = a.sina => AA, = a.sina. 

Trong AABC can tai A, vi MH la ducmg trung binh ndn: 

AB = AC = 2MH * 2a.cosa. 

BC = VAB 2 + AC 2 = 2 a.cosa. 

| 

AH = - BC = V2 a.cosa. 

2 

b. Trong AMNE vudng tai E, ta co: 


. „ - AH - V2a. 

sinP =M = ^_ = 2- 

MN MN a 


cos a 


cosa rz . n 

—o cos a = v2.sinp. 

■Ji 


Bai todn 3: G6c giua hai mat phAng. 

PHITONG PHAP CHUNG 

D6 tilth gdc giQra hai mat phAng a va p, ta lira chon mdt trong hai cdch sau: 

Cdch 1: (Su dung dinh nghia): Ta thuc hifin theo cac budc: 

Budc 1: Chon didm O, tir do ha OE, OF theo thii tir vudng gdc vdi 
a va p. 

Budc 2: Tfnh sd do cua gdc EOF. 

Budc 3: Khi dd: 

■ (a, P) = EOF, nfi'u EOF < 90°. 

■ (a, p) = 180" - EOF, n£'u EOF > 90°. 
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( \ich 2: 


Ta lhue hien theocac bude: 

Bucfc / Tim giao itiyen d ilia a va p. 
Btrcrc 2: Chon diem O tren d, tir do: 

■ Trong u dung Ox 1 d 

■ l rong p dung ( )y 1 d. 

BiUfc d. I inh so do cua goc xOy. 
Bi«rc 4 Khi do: 



■ (ex. P) = xOy, neu xOy < 90°. 

■ (ex, P) = 180’ xOv, neu xOy > 90°. 

Vi du 1: Cho A ABC vuong tai A co canh huyen BC thuoc m&t phdng (P). Goi p, 
y la goc hop bbi hai dirdng thang AB. AC vdi (P). Goi a la goc hop bdi (ABC") voi 
(P). Chung minh rang: 


sin : cx = sin 2 p + sin 2 y. 


Ke AH vuong goc voi mat phang (P), ta dupe: 

ABH = P va ACH = y. 

Ke HI vu6ng goc vdi mat phiing BC, suy ra: ^ 

BC ± Al, theo dinh li ba dirdng vuong goc 
=> AIH = a. 

Trong AABC vuong tai A, ta co: 

II 1 AH 2 AH 2 AH 2 
IA 2 ~ AB 2 4 AC 2 ^ IA 2 " AB 2 + AC 2 
o sin 2 a = sin 2 [3 + sin 2 y. 

V» du 2: Cho hinh lang tru durng ABC.A,B,C, co day ABC la tarn giac ddu canh 
a, AA, = a. Ti'nh goc giura hai mat phang (ABC,) va (BCA,). 

Gidi 

Goi E la tam hinh vu6ng (ACC,A,), suy ra: B, 

(ABC,) n (BCA,) = BE 
Trong (EBC), ha CO 1 BE, O e: BE, ta c6: 

Bp j_ C O 

• => BE 1 (OAC) => BE 1OA. 

[beiac 

Vay, ta nhan duoc g6c AOC. 

Goi F la trung diem AC, trong ABEF vudng tai F, ta co: 

1 a 

EF = — AA, = —, vi no la dirdng trung binh 

a>A 

BF = —y , trung tuy£n trong mdt tam giac dSu 

III 1 1 16 aV3 

—- = —- + —- =-- + ——- = —- => OF =-. 

OF 2 EF 2 BF 2 (a/2) 2 (aV3/2) 2 3a 2 4 
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2 


2 



7a 2 

16 


=> OA = OC = 


aV7 

4 


Trong AOAC, ta c6: 


cosAOC = 


OA 2 +OC 2 -AC 2 

20A.0C 




=> AOC tii. 


V$y, ta dupe: 

((ABC,), (BCA,)) = 180" - AOC 

cos((ABC,), (BCA,)) = cos(180" - AOC) = - cosAOC = -. 

7 

Vi du 3: Cho hinh chop S.ABCD c6 day ABCD la nira luc giac ddu ndi ti£p dutmg 
tron duong kinh AB = 2a, SA = a-s/3 va vudng goc veri mat phing (ABCD). 

a. Tinh g6c giua hai mat phing (SAD) va (SBC). 

b. Tinh g6c giOa hai mat phing (SBC) va (SCD). 

Gidi 

a. Ta c6 thfi’ lua chon m6t trong hai each truth bay sau: 

Cach 1 : (Dung g6c dua trtn giao tuy£n): Gia sir: 

AD n BC = E => (SAD) n (SBC) = SE. 

Nhan \6t ring: 

AD 1 BD,'vl ABCD li nira luc giac d6u 
SA 1BD, gia thitft 

suy ra: 

BD 1 (SAD) => BD JL SE 
Ha DF1 SE tai F, suy ra: 

(BDF) 1 SE 

Nhu vfty, ta dupe m6t g6c phing giQa hai mat phing (SAD) vi (SBQ li BFb. 

V) AABE d£u nftn AE = AB = 2a. 

VIACDE d£u nftn DE = CD = a. 

Trong ASAE vubng tai S, ta c6: 

SE 2 = SA 2 + AE 2 = (aSj + (2a) 2 = 7a 2 => SE = aV7 . 

Hai tarn giac vuOng SAE vk DFE c6 chung goc £ nftn chting d6ng dang, suy ra: 

DF DE SA.DE a Via aVIT 

SA SE SE aV7 7 
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Trong AABD vuong tai A, ta c6: BD - A B.sin BAD = 2a.cos60" = a*s/3 . 
Trong ABDF vuong tai I), ta co: 

tanBFD = —~ a ' 3 = yfl => BED nhon. 

DE a/21 

7 


Vay, ta duoc tan((SAD), (SBC)) = /? . 

Cdcli 2: Nhan xet ring: 

AD 1 BD, vi ABCD la nira luc giac dcu 
SA 1 BD, gia thiet 
suy ra BD -L (SAD). 

Trong (SAC) ha AJ ± SC tai J, ta co: 

BC 1 AC, vi ABCD la nira luc giac deu noi lidp 
BC 1 SA, gia thiet 

suy ra: BC 1 (SAC) BC 1 AJ AJ _L (SBC). 

Trong (SAC) ha OK 1 SC tai K, suy ra OK // AJ. 

Tir (1), (2) va (3) suy ra: ((SAD), (SBC)) = (BD, AJ) = (BD, OK) 
Trong nira luc giac dtfu ABCD, ta co: 

2 a/3 a/5 


0 ) 


( 2 ) 

(3) 

KOB. 


OC = 


OB 


3 2 3 

a/3 1 a/3 _ 2a/3 

2 + 3 2 “ 3 


Trong ASAC vudng tai S, ta co: 

SC 2 = SA 2 + AC 2 = SA 2 + (AB 2 - BC 2 ) 

(dSj + (4a 2 - a 2 ) = 6a 2 => SC = aV<5 . 


= a 



Hai tarn giac vudng SAC va OKC co chung goc nhon C ndn chung d6ng dang, 
suy ra: 


OK OC SA.OC 

SA SC SC 

Trong AKOB vudng tai K, ta cd: 

a/6 

_ OK _ _ ^2 


,/5. a 


a/3 


3 _ 


1/6 


1/6 


cosKOB = 


OB 


2a/3 

3 


Vay, ta duoc cos((SAD), (SBCT)) = 


s 
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b. Trong (SAC) ha AJ 1 SC tai J, ta co: 

BC1 AC, vi ABCD la nira luc giac d£u n6i tie'p 
BC1 SA, gia thie't 

suy ra: 

BC 1 (SAC) => BC 1 AJ => AJ 1 (SBC). (4) 
Ha AH 1 CD tai H, suy ra: 


CD1 AH 
CD ISA 


=> CD 1 (SAH) 



=> (SCD) 1 (SAH) va (SCD) 1 (SAH) = SH. 
Ha AI 1 SH tai I, suy ra AI1 (SCD). 

Tir (4) va (5) suy ra 

((SCD), (SBC)) = IAJ. 

Trong ASAH vu6ng tai A, ta co: 

AH = — 


1 1 1 _ 1 1 _ 5 

AI 2 SA 2 AH 2 ~ (aV3) 2 (aVJ/2) 2 " 3a 2 

Trong ASAC vu6ng tai A, ta c6: 

AC = SA= aV3 => AJ = — SC = = —. 

2 2 2 

Trong AAIJ vuOng tai I, ta c6: 

aVl5 

cosIAJ = — = —= — . 


AI = 


Vay, ta diroc cos((SCD), (SBC)) = 


Bai toan 4: G6c nhi dien. 


PHl/ONG PHAP CHUNG 

Chung ta da bie't diroc phuang phap giai bai todn vi g6c giCra hai mat phang vdi 
hai each xdc djnh g6c trung gian d i ti'nh (vi g6c giura hai mat phang chi nhan gia trj 
tir 0" d£n 90"). Tuy nhidn, d6'i vdfi bai todn vi s6' do cua goc nhj dien thdng thtrong 
chung ta c£n xac dinh duoc g6c phang, do vay can thirc hi6n theo cac birdc sau: 

Buac 1: Xac dinh canh cua nhi dien va g6c phang 
nhi dien. 

Buac 2: Tfnh s6 do cua goc phang nhi dien dira iren 
cac he thuc lucmg giac trong tarn giac. 
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Chiiy : IX‘ ihirc hien dirac btr<V 1 chiinj! ta tlurdng sir dung mc)t trong ba k£t qua sau: 

1. Neu co dirdng thang a a ihi lira chon mot diem 
A thuoc |i tor. 

■ Dung Ax // a va cat \\ tai B. 

■ Ha AII (hoac BH) vudng goc voi d tai H. 

Ta dirac AI IB la goc phang cua nhi dien. 

2. Neu co mot dirong thang a cat hai mat cua nhi 
dien tai A. B va vuong goc vdi canh d cua nhi 
dien thi ta co the dung goc phang cua nhi dien do 
nhir sau: 

■ Ha AH (hoac BH hoac CH voi C la diem bat 
ki tren a) vuong goc voi d tai H. 

Ta dirac aITb la goc phang cua nhi dien. 

3. Neu hai mat cua nhi dien lan lirot chura hai tarn 
giac c^n AMN va BMN co chung day MN thi: 

■ Goi H la trung diem MN, suy ra: 

HA 1 MN va HB 1 MN 
Ta dirac AH!} la goc phang cua nhi dien. 

Vi du 1: Cho hinh chop S.ABCD co day ABCD la hlnh thang vu6ng tai A va D voi 
AB = 2a, AD = DC = a, SA = a V2 va vuong goc vdi mat phang (ABCD). 

a. Ttnh s 6 do nhi dien (S, BC, A). 

b. Ttnh s 6 do nhi dien (A, SB, C). 

c. Tinh goc giua hai mat phang (SBC) va (SCD). 

Gidi 

a. Ta co ngay: 

BC1 AC 
BC1SA 

BC 1 SC e (S, BC) 

BC 1 AC e (A,BC) 

suy ra SCA la goc phang nhi didn (S, BC, A). 

Goi E ia trung di£m AB, suy ra AE = BE = a va CE = a. 

Trong ASAC vu6ng tai A, ta co: 

AC = av 2 , vi AC la dudng ch6o cua hinh vudng ADCE 
=> AC = SA => ASAC vuong tai A •=> SCA = 45". 

V3y, s6 do nhi di6n (S, BC, A) bang 45". 

b. Taco: 

CE 1 AB 


=> BC 1 (SAC) 


=> < 



CE _LSA 


=> CE 1 (SAB). 
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Ha CF 1 SB tai F, suy ra: 

EF1 SB, theo djnh U ba dudng vudng g 6 c 
Do dd. goc CFE ia g 6 c phang nhi difen (A, SB, C). 

Hai tam gi£c vudng SAB va EFB co chung goc nhon B nen chung d 6 ng dang, 
suy ra: 

EF EB _ SA.EB a>/2.a aV3 

. — . s HP ~ ... . I — — I ——— I I . .1 - . ■ II — ~~ — 

SA SB SB ^(aV ^) 2 + (2a ) 2 3 


Trong ACEF vudng tai E, ta cd: 

tanCFE = — = = V3 => CFE = 60°. 


EF 


a 


s 


=> API (SCD). 


VSy, sd do nhi diSn (A, SB, C) bang 60". 
c. Ha AP i. SD tai P, suy ra: 
jAP 1 SD 
API CD 

Ha AQ1 SC tai Q, suy ra: 

AQ1SC 
AQ1BC 

Tir (1) va (2) suy ra ((SCD), (SBC)) = PAQ. 

Trong ASAD vudng tai A, ta c 6 : 

SD 2 = SA 2 + AD 2 = (aV2 ) 2 + a 2 = 3a 2 => SD = aV3 , 


=> AQ 1 (SBQ. 


1 


1 1 

4- 


i 


i 


(aV2) 2 a 2 


AP 2 SA 2 AD 2 
Trong ASAC vudng tai A, ta cd: 

SA = AC = aV2 =>AQ= =a. 

2 

Trong AAPQ vudng tai P, ta cd: 

aV6 


2a 2 3 


cosPAQ = 


AP _ 3 _ V 6 


AQ 


( 1 ) 

( 2 ) 


V$y, ta duoc cos((SBC), (SCD)) = 
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YidiU: C ho hinh chop S.ABCD co A BCD la hinh vuong canh a, tarn O, SA = aV2 
va vuong goc vdri mat phang (ABCD). Tmh so do nhi dien (B, SC, D). 

Ciicii 


Trong ASAC vu6ng tai A, ta co: 

AC = a^2 => SC = 2a. 

Goi M la trung diem cua SC, suy ra: 

BM = — SC = a, vi ASBC vuong tai B 

=> ABMC can tai B 


S 



DM = 


- SC = a, vi ASDC vu6ng tai D 
2 ' 


ADMC can tai D 

Goi H la trung diem CM, suy ra BHD la goc phang nhj di£n (B, SC, D). 


Trong ABHD, ta co: 

BD= aV2 , 

HD = HB = VBC 2 -CH 2 



cosBHD = 


HB 2 + HD- - BD- 
2HB.HD 


aV3 ^ 


_ V 


-(aV2) 3 


aV3 


\ 2 


\_ 

3 ' 


Vay, nhi dien (B, SC, D) co eos(B, SC. D) = - - . 

3 

Vi du 3: Cho hinh chQ nhat ABCD co AB = a, AD = b. Tren hai tia Ax, Cy cung 
chi£u va cung vudng goc vcfi mal phang (ABCDj I3n lucft lay hai diem M, N. Dat 
AM = x, CN = y. Churng minh rang di£u kien c£n va du de’ nhi dien (M, BD, N) co 
s 6 do bang 60° la: 


(x + y)ab r-f a 2 b 2 
~r" — = V3 xy —--- . 

Va 2 + b 2 l a ~ + b 

Gidi 

Ta dung: 

* AE vudng goc vdri BD tai E 
■ CF vudngjoc vdi BD tai F 
suy ra XeN va CfN theo thu tu la goc nhi dien cua (A, 
BD, M) va (C, BD, N). 

Ta co: 


M 
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(A, BD, M) + (M, BD, N) + (C, BD. N) = (A, BD, C) = 180" 

VSy, di£u kien can va du de nhj dien (M. BD. N) c6 s 6 do bang 60" la: 

(A. BD, M) + (C, BD, N) = 120° c=> AEM + CFN = 120" 

<» tan(AEM + CFN) = tanl20" «■ + l g^| =-S. (1) 

1 - tgAEM.tgCTN 


Trong AABD vudng tai A, ta co: 


1 = 1 1 
AE 2 ~ AB 2 + AD 2 


1 1 

a 2 + b 2 


Trong AAEM vudng tai A, ta c6: 


tanAEM = 


xVa 2 + b 2 


=> AE = 


= CF. 


la 2 + b 2 


Trong AACFN vudng tai A, ta c6: 


tanCFN = 


CN _ yVa 2 + 


Thay (2), (3) vao (1), ta duoc: 


xVa +b yVa +b 
-+ -- 

ab ab 

xy/a 2 +b 2 yVa 2 + 


=-s 


o ab-s/a 2 + b 2 (x + y) = V3 [xy(a 2 + b 2 ) - a 2 b 2 ] 


(x + y)ab 

Va 2 +b 2 


= S 


a 2 +b' 


Bai toan 5: Ph£p chieu vu6ng g6c va ling dung. 


PHUONG PHAP CHUNG 

1. Tir cdng thifc dien tfch hlnh chitfu: 

S’ = Sxostp, 

n£u bi£t hai trong ba dai luong S, S’, <p ta tmh duoc dai lucrng con lai. Dac biet 
dua vao cdng thirc nay ta cd the tmh goc giQa hai mat phang ma khdng cdn dung 
goc phang. 

2. TCr dinh If hinh chie'u cua mdt g6c vudng: 

" Hinh chieu vudng goc ciia mot goc vudng Id mot goc vudng klti va 
chi khi goc vudng dem cliieu co it nhat mot canh song song vcti mat 
chieu hay nam trong mat chieu " 

ta co the chumg minh duoc dudng thang vudng goc voi ducrng thang hay ducrng 
thang song song v6i mat phang. 
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Chu y: Otn liru y den hai tinh chat sau cua phep chieu vuong goc: 

1. Neu doan lhang \, H, la hinh chieu vuong goc- cua (loan AB tr£n mat phAng a thi 
A,B, < AB. Dau dang there xav ra khi va chi khi AB// a hay ABc a. 

2. Phep chieu vuong goc bao loan ti so cua hai doan th&ng cung phirong. 

Vidu 1: Cho hinh chop N.ABC co SA = a va vuong goc voi mat ph&ng (ABC). 
SB = 2a, SC = aV2 , BSC = 90 

a. Tinh goc ([> giua hai mat phang (ABC) va (SBC). 

b. Tinh dien tfch A ABC. 

Gidi 

a. Ha SI 1 BC tai 1. suy ra: 

AI 1 BC, dinh h ba dirong vuong goc. A 1 

Suy ra, goc giua hai mat phang (ABC) va (SBC) la SIA = (p. 

Trong ASBC vuong tai S, ta co: 



SP 


-f 


-f 


SB 2 SC 2 4a 2 2a 2 


3 CI 2aS 

—- => SI =- 

4a- 3 


Trong ASAI vudng tai A, ta co: sincp = 


SA 

SI 




2a>/3 

3 


=> (p = 60 ". 


b. Ta co; S Aabc = S\ SB c xosep = ^ SB.$C.cos60" = ^ ,2a. ay/2 . ^ ■ 

Vidu 2i Cho AABC co dinh A nam trong mat phang a, hai dinh B, C co hinh 
chieu tren a lan lirot la B, va C, sao cho AAB,C, la tam giac d6u canh a. Gia sir 

CC, = a va BB, = —. Goi I la giao diem cua BC va B,C,. 

a. Chtimg minh rang IA 1 AC. 

b. Tinh didn tich AABC r6i suy ra gia tri cua goc <p giura hai mat phang a va 
(ABC). 

Gidi 

a. Tir gia thidt CC, = 2BB,. suy ra B. B, theo thur tu la trung didm cua IC va IC,. ^ 
Trong AAIC,, ta co: 

B,A = B,C| = B,I AAIC, vudng tai A 
Vay, ta co: 

IA 1 AC, 


IA ICC, 


IA1 (ACC,) => IA 1 AC. 
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b. Ta c6: 


S.VABC'~ T SaaIC = AC.AI 
2 4 

trong do: 

AC 2 = QC 2 + C, A 2 = a 2 + a 2 = 2a 2 => AC = aV2 

AI 2 = C,I 2 - C,A 2 = 4a 2 - a 2 = 3a 2 => AI = a>/3 
Thay (2), (3) vao (1), ta diroc: 

Saak- = —. aV2 . aV3 = £^2^. _ 


Ta c 6 : 
S 




AAB|C, 


’AAB|C| 


, vi AAB,C, la tam giac 66u canh a 


'S 


= S AABC .coscp => cos<p = 


^AAB|C| _ 4 


s 


( 1 ) 

( 2 ) 

(3) 


>AABC 


a 2 >/6 


=> (p = 45". 


D, 


B, 


Vi du 3: Cho hlnh h 6 p chur nhat ABCD.A,B,C|D,. M 6 t mat phang a cat AA,, 
BB„ CC„ DD, \Sn lire* tai A’, B’, C. D’. Dat AA’ = a, BB’ = b, CC’ = c, DD’ = d. 
Chumg minh rang: 

a. Tut giac A’B’CD’ la hlnh blnh hanh v^a + c = b + d. 

b. Di£u kiftn c£n va du de A’B’CD' la hlnh thoi la a = c hay b = d. 

c. N 6 u a = b thl A’B’CD la hlnh chO nhat. M 6 nh de dao co dung khdng ? 

Gidi 

a. Nhan xet rang: 

(ABB, A, )/ACDD,C,) 

<xn(ABB,A,) = A’B' => A’B’ //C’D’. 
a r>(CDD,C, ) = CD' 

(BCC|B,)//(ADD,A,) 
an(BCC,B,) = B'C => A’D’ // B’C’. 
an(ADD,A,) = A’D' 
suy ra, td giac A’B’CD’ la hlnh blnh hanh. 

Gia su AC n BD = O va A’C’ n B’D’ = O’, ta co: 

00’ = - (AA’ + CC), vi 00’ la dubng trung blnh cua hlnh thang ACC’A’ 

2 

OO’ = — (BB’ + DD’), vi 00’ la duong trung blnh cua hlnh thang BDD’B’ 

2 


d ; 

/ 


)>-" 

c. 




*•. i 



B’ 


B 
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my ra: 


(AA' + ('(”) = (BB’+ I)!)')<=> a + c = b + d, dpcm. 


Nhan xet rang hinh chieu vuong goc cua goc A’OB’ len (ABCD) la AOB. 
De A’B'CI)' la hinh thoi (lieu kien can va dii la: 


A’OB' = l X/'o 


[O'AV/OA [A’CV/AC 


c=> 


o 


[O'BV/OB | B D7/BD 


A A' = CC' 
BB'~ DD' 


C4> 


a = c 
h = d 


Neu a = b, ta duoc: 

AA’ = BB’ => A’B’ // AB => AW = 90" => A’B’C’D’ la hinh chfr nhat. 

Thay ngay, dao lai khdng dung vi vdi vai iro h, d nhif nhau nen A’B’C’D’ cung 
;e la hinh chfr nhat khi a = d. 



PHITONG PH AP C HUNG 


1. NSm vfrng dinh nghia va cac tinh chat cua tam dien de ve hinh va chirng 
minh mot sd tinh chat khac. 

2. Viec xac dinh thiet dien cua tam dien cat bcri m6t mat phang dtroc thirc hi6n 
dira tren nhfmg phtrong phap da biet cho tir dien. 

Vi du 1: Cho ba tia Ox, Oy, Oz khdng d6ng phang va xOy = 90°, xOz = yOz = 60". 
Pinh goc giura hai mat phang (xOz) va (yOz). 


o- *• 

jiai 

Trdn Oz lay diem C sao cho OC = 1. 

Trong (xOz) dung Ct 1 Oz va cat Ox tai A. 

Trong (yOz) dung Cm 1 Oz va cat Oy tai B. 

Khi do, ta duoc mot goc phang la ACB. 

Trong AABC, ta co: 

AC = BC = OC.tan60" = S . 

AB = OAyfl = 20CV2 = 2V2, 

AC : + BC 2 -AB 2 2(V3) 2 — ( 2 V 2 ) 2 

2AC.BC 2(S) 2 



- => ACB tit. 
3 


Vay, ta duoc: 

((xOz), (yOz)) = 180"-ACB 

=> cos((xOz), (yOz)) = cos(180" - ACB) = - cosACB = — . 

3 
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Vi du 2: Cho lur didn OABC co ba mat OAB, OAC, OBC la nhumg tarn giac 
vudng tai dinh O. Goi a, p, y lan lupt la g6c giOa mat phang (ABC) vcri cac mat 
phang (OAB), (OAC), (OBC). Chung minh rang: 

cos 2 a + cos 2 p + cos 2 y = 1. 


Giai 

Goi H la hlnh chifi'u vudng goc cua O ldn (ABC). 
fOA lOB 

\ ^OAl(OBC) => OA 1 BC. 

OA 1 OC 

Mat khac, vi: 

OH 1 (ABC) => OH 1 BC (OHA) 1 BC 
=> HA 1 BC. 

Chumg minh tircmg tu, ta co HB1 AC, do do H la true 


O 



tarn AABC. 

Dat OA = a, OB = b, OC = c va gia su 

AH n BC = A„ BH n AC = B„ CH n AB = C, 
suy ra OA,A = a, OB,B = p, OC,C = y. 

Trong AAOA, vudng tai O, ta c6: 

cosa = cosOA,A = co.s(90 0 - OA,A) = sinOAA, 



OA a 


-T- . . _ OH , OH 

Tuctng tu, ta cung c6 cosp = — va cosy =- 

b c 

Trong cic AAOA, va AOBC vudng tai O, ta cd: 


1 


1 1 

+ 


1 


+ 


1 


+ 


1 


OH OA OAf OA OB OC 


11 1 

a 2 + b 2 + c 2 


o 


OH 2 OH 2 OH 2 


= 1 <=> cos 2 a + cos 2 p + cos 2 y = 1, dpcm. 


a b 2 C 

Vi du 3; Cho tarn didn Sxyz cd Sx, Sy, Sz ddi mdt vudng gdc. Lay cac didm A 
B, C trdn Sx, Sy, Sz. Goi H la true tarn cua AABC. 

a. Chumg minh rang SH 1 (ABC). 

b. Chumg minh rang (Sshc ) 2 - S A BC . Shut, Th do suy ra: 

(SaBc ) 2 = (Ssab ) 2 + i^SBc ) 2 + (SsCa) 2 ' 

Giai 


a. Ta cd: 

[SA 1SB 

=> SA 1 (SBC) => SA 1 BC. (1) 

SA 1 SC 


Mat khic, vi H la true tarn cua AABC ndn: 

AH 1 BC. 

Tir(l) va (2) suy ra: 

BC 1 (SAH) => BC 1 SH. 

Chumg minh tuemg tu, ta dupe AB 1 SH. 


( 2 ) 
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(3) 

(4) 





Tu (3) va (4) suy ra SH 1 (ABC). 

■>. Trong ASA A, vuong tai S, ta co: 

SA, = AA,.HA, o 1 SA; BC 2 = -AA,.HA,.BC 2 

4 4 

<=> (Sshc*) 2 = S AHr . S mir , dpcm. 

Chumg minh tircmg tu, ta co: 

(Ssar) = SaBC . Sh a h (Ssta) = Sarc 1 • ShCA- 

Khi do: 

(Ssab) + (^sbt) + (SsCa) = ^ABC - $HAB + ^ABC • ShBC + S A flC • $HCA 

= (Shah + ‘W + S H(A ).S AKr = (S ARC ) 2 , dpcm. 

BAI TAP Dfi NGHI 

Bai tap 1: Cho hinh lap phuong ABCD.A,B|C,D, canh a. Goi M, N, P theo thur tu 
a trung diem cua AB. BC, C,D,. Hay tinh goc giffa cac cap ducmg thing: 

a. AB, viBC„ AC, viCD,. 

b. MN va C,D„ BD va AD,. MN va AP, A,P va DN. 

Bai tap 2: Cho hinh hdp chff nhat ABCD.A,B|C,D, co AB = a, BC = b va AA, = c. 

a. Hay tfnh goc giffa AD, va B,C. 

b. Hay tinh goc giua AB va A,C. 

Bai tap 3: Cho tir dien diu ABCD canh bing a. Goi O la tim ducmg tron ngoai 
:iep ABCD. Hay tinh cosin cua goc gitra AC va DO. 

Bai tap 4: Cho tff dien ABCD. Goi M, N lin luot la trung diem cua cac canh BC, AD. 

Hay tinh goc giua AB va CD, bie't AB = CD = 2a va MN = a -Jl . 

Bai tap 5: Cho tir dien ABCD. Goi M, N lin luot la trung diem cua cic canh 
BC, AD., 

a. Hay tinh cosin cua goc gifra AB va DM, biet ABCD la tur dien diu co canh 
bing a. 

b. Hay tinh goc giua AB va CD, biet AB = CD = 2a va MN = a V3 . 

Bai tap 6: Cho tur dien ABCD, co AB = CD = a, AC = BD = AD = BC = 2a. 

a. Chumg minh ring doan noi trung diem cic cip canh d6i thi vu6ng goc vdi 
hai canh do, tinh d6 dai cua chiing. 

b. Hay tinh goc hop boi cic canh dOi cua tur dien . 

Bai tip 7: Cho tur dien ABCD. Goi M, N lin luot li trung di^m cua cic canh BC, AD. 

a. Hay tinh cosin cua goc giffa AB va DM, biet ABCD li tur dien deu c6 canh 
bing a. 

b. Hay tinh g6c giffa AB va CD, biet AB = CD = 2a va MN = a >/3 . 

Bai tip 8: Cho tur dien diu ABCD canh bing a. Goi O li tim ducmg tron ngoai 
tie'p ABCD. 

a. Chumg minh ring AO _L CD. 

b. Goi M li trung diem cua CD. Tinh goc giffa AC vi BM. 

Bai tap 9: Cho hinh h6p chu nhat ABCD.A,B|C,D| co AB = a, BC = b vi AA, = c. 

a. Hay tfnh goc giffa AD, va B,C. 

b. Hay tinh g6c giffa AB vi A,C. 
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Bai tap 10: Cho hinh tir dien ABCD co AB, BC\ CD ddi mdt vudng gdc va AB = 
a, BC = b, CD = c. 

a. Tmh dd dai AD. 

b. Tmh goc giura dudng thing AC va mat phing (BCD). 

c. Tfnh g6c giura dudng thing AD va mat phang (BCD). 

Bai tap 11: Cho hinh chop S.ABC co ABC la tarn giac d£u canh a va SA = SB = SC = b 
Goi G la trong tarn AABC. 

a. Chung minh rang SG 1 (ABC). Tmh SG. 

b. Xet mat phang (P) di qua A va vudng gdc vdi dudng thang SC. Tim he thurc 
lien he giOa a va b d£ (P) cat SC tai diSm C, nim giffa S va C. Khi do, ha> 
tfnh dien ti'ch thieft dien cua hinh chop S.ABC khi cat bdi mat phang (P). 

c. Tfnh goc giua ducmg thang SA va mat phang (ABC). 

Bai tap 12: Cho hinh ch6p S.ABC cd SA = SB = SC = 2a va day ABC la tarn giac 
d£u canh a. 

a. Tmh khoang each tir S tori mat phang (ABC). 

b. Tinh g6c giua ducmg thing SA va mat phang (ABC). 

Bai tap 13: Cho AABC vudng tai A, canh AB = a nim trong mdt mat phang a 

canh BC = aVI, AC tao vdi a mdt goc 60°. Tfnh goc giua BC va a. 

Bai tap 14: Cho hinh lap phuemg ABCD.A'B’CD’ co canh bang a. 

a. Tfnh khoang each tir die’m D de'n mat phang (ACD ). 

b. Tmh goc giua ducmg thing AC va mat phing (ABCD). 

c. Tinh g6c giua dudng thing AC va mat phing (BB'D'D). 

d. Tinh g6c giffa ducmg thing AA' va mat phing (B’CD ). 

Bai tap 15: Cho hinh hdpc.hfinhat ABCD.A'B'CD'cd AB = AA' = a, AC = 2a. 

a. Tinh khoang cich tir di^m D d£n mat phing (ACD'). 

b. Tim dudng vudng gdc chung cua cac dudng thing AC va CD'. Tinh khoang 
cich giOa hai dudng thing a'y. 

c. Tinh gdc giua dudng thing AC va mat phing (ABCD). 

d. Tinh gdc giua dudng thing AC va mat phing (BB'D’D). 

e. Tinh gdc giOa dudng thing AA' va mat phing (B'CD'). 

Bai tap 16: Cho hinh chop S.ABC co ABC la tarn giac vudng can dinh B, AB = a 
SA = 2a va vudng gdc vdi mat phing (ABC). Goi M la trung di£m cua AB. 

a. Tinh gdc giOa hai mat phing (SCM) va (ABC). 

b. Tinh khoang cich tir A tdi mat phing (SCM). 

Bii tap 17: Cho hinh chdp S.ABC cd ABC la tarn giac vudng dinh B, AB = 2a, BC = aV3 
SA = 2a va vudng gdc vdi mat phing (ABC). Goi M la trung die’m cua AB. 

a. Tinh gdc giOa hai mat phing (SBC) va (ABC). 

b. Tinh khoang cich tir A tdi dudng thing CM. 

c. Tinh gdc giua hai mat phing (SCM) va (ABC). 

d. Tinh khoang each tir A tdi mat phing (SCM). 
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Bai lap IS: ('ho hinh chop S.ABCD to SA = SB = SD = ~~ , day A BCD la hinh 
hoi canh a va A = 60". 

a. Tfnh khoang each lir S tbi mat phang (ABCD) va do dai SC. 

b. Chirng minli rang (SAC) . (ABCD) va SB 1 BC. 

c. Tinh gbc giira hai mat phang (SBD) va (ABCD). 

Bai tap 19: Cho hinh lang tru ABC'.AJ^C, co day ABC la tam giac dCu canh a. Cac 
:anh ben tao vbi day mot goc 60" va hinh chieii vubng goc H cua A lbn mat phang 
A|B,C,) tritng voi tiling diem cua canh B,C,. 

a. Tjnh khoang each giira hai day cua lang tru. 

b. Tfnh goc giira hai dubng thang BC va AC,. 

c. Tfnh goc giira hai mat phang (AB, A,) va (ABC). 

Bai tap 20: Cho hnh tu dien ABCD co AB = BC = a, AC = b. DB = DC = x, AD = 
/. Tim he thurc lien he giira a, b, x, y de : 

a. (ABC) 1 (BCD). b. (ABC) 1 (ACD). 

Bai tap 21: Cho hinh chop S.ABCD, day ABCD la hinh vuong canh a, SA vu6ng 
>6 c voi mat phang (ABCD). M va N la hai didm ldn lucrt nam tren cac canh BC. CD. 
Dat BM = x, DN = y. Tim he thurc lien he giua a, x, y dd hai mat phang (SAM) va 
SMN) vubng goc voi nhau. 

Bai tap 22: Trong mat phang a cho duong tron (C) tam O, ban kinh R. Tren direrng 
hang vuong goc tai O voi a lay diem S sao cho OS = R. Goi M, N la hai di^m trfin 
C) sao cho MON = 90", a va b la hai tiep tuyen voi (C) tai M va N. Tfnh goc giOa 
tai mat phang (S, a) va (S, b). 

Bai tap 23: Cho hinh chop S.ABCD, day ABC la tam giac vubng tai B vdri AB = a, 
sA vubng goc voi mat phang (ABC). Mat (SAC) hop voi mat (SAB) mbt goc a va 
top vdri mat (SBC) mbt gocj). Dung cac duemg cao AH, AK cua ASAC va ASAB. 

a. Chirng minh rang BAC = a, AHK = p. 

b. Chirng minh rang SA = 

# 

Bai tap 24: Cho hinh chop S.ABC co SA 1 (ABC). Goi <p la goc hop bbi (ABC) voi 
SBC). Churng minh rang: 

S.tABO = SasHC- COS< P- 

Bai tap 25: Cho hinh chop S.ABCD, day ABCD la hinh binh hanh tam O. Hai mat 
?bn SAB va SCD vubng tai A va C, citng hop vbi day goc a. Bib't Xb£! = ip. 

a. Chirng minh SO vubng gbc vdri mat phang (ABCD). 

b. Chirng minh (SBC) va (SAD) ciing hop vdri day ABCD mbt gbc P thoa hd 
thurc cotanP = cotana.cosip. 

Bai tap 26: Cho hinh chop S.ABCD, day ABC vubng tai B, AB = a, BAC = a, SA = a 
ra vubng gbc vbi mat phang (ABC). Goi p la gbc giOa hai mat bdn (SAC) va (SBC). 

_ . . . . „ V 1 + COS 2 a 

a. Chung minh rang tga.tgP =-. 

cos a 

b. AABC phai thoa thbm didu kidn gi de’ P = 60". 


acosp 

icos[n - (a + P)].cos(a - P) 
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Bai tap 27: Cho hinh lang tru dumg ABC.A|B,C, co day ABC la tam giac ddu canh 
a, AA, = a.-Tfnh gdc gitfa hai mat phang (ABC,) va (BCA,). 

Bai tap 28: Cho hlnh ch6p S.ABCD cd ABCD la hinh vudng canh a, tam O, SA = a 
va vudng g6c vdi mat phing (ABCD). 

a. Ti'nh sd do nhi dien (A, SB, Q. 

b. Tfnh sd do nhi didn (A, SD, Q. 

c. Tfnh sd do nhi didn (B, SC, D). 

Bai tap 29: Cho hlnh vudng ABCD canh a, SA = 2a va vudng g6c vdi mat phang 
(ABCD). Ti'nh sd do cua cdc nhi didn sau: 

a. (S, BC, A). 

b. (S, BD, A). 

c. (SAB, SCD). 

Bai tap 30: Cho ch6p S.ABCD c6 ABCD la hlnh thoi canh 3a, tam O, OB = aV3 , 

SO = aV6 va vudng gdc vdi mat phang (ABCD). 

a. Chufng minh rang A SC vudng 

b. Chtfng minh (B, SA, D) la nhi diftn vudng. 

c. Tfnh sd do cua nhi didn (S, BC, A). 

Bai tap 31: Tir ditfm M ngoai mat phang a ta ha dudng vudng gdc MA va hai dudng 
xidn MB, MC tdi mat phang a. Bidt MA = a va MB, MC ddu tao vdi mat phang a cac gdc 
3CP, MB va MC vudng g6c vdi nhau. 

a. Tfnh dd dm doan BC. 

b. Tfnh s6 do cua nhi didn (M, BC, A). 

Bai tap 32: Cho AABC can tai dinh A va a la mat phang chira dudng cao AH. Goi 
B,, C, theo thur tu la hinh chidu vudng gdc cua B va C lftn a. Chumg minh rang 
AAB,C, can. j 

Bai tap 33: Cho AABC vudng tai B, AB = 2a, BC = a.. Tr&n hai nua dircmg thang Bx 
va Cy vudng gdc vdi mat phang (ABC) va a cung mdt phfa dd'i vdi (ABC) la'y cic 
di^m B, va C, sao cho BB, = a, CC, = x. Tfnh theo a va x dd dai cdc doan AB lt B^, 
va AC,. Tfir dd suy ra gia tri cua x sao cho gdc ASJC, = 90°. 

Bai tap 34: Cho hlnh chdp S.ABCD cd day ABCD la hinh vydng canh a, SA vudng 
gdc vdi mat phang (ABCD) va SA = a. Tfnh didn tfch thidt difin cua hinh chdp da 
cho vdi mat phang a trong m6i trudng hop sau: 

a. a qua SB va hop vdi (SAB) gdc 30”. 

b. a qua AC va hop vdi (ABCD) gdc 60°. 

Bai tap 35: Cho AABC can tai A, dudng cao AH = aV3 , day BC = 3a; BC chira 
trong mat phang a. Goi A’ la hlnh chidii vudng gdc cua A trdn a. Khi tam giac 
A’BC vudng tai A’, tfnh gdc gifla a va (ABC). 

Bai tap 36: Cho hlnh chdp S.ABC cd cac mat bdn hop vdi day mdt gdc <p. 

a. Chdng minh hlnh chi£u vudng gdc cua S trdn mat phang (ABC) la tam cua 
dudng trdn ndi tififp tam giac ABC. 

S 

b. Chdng minh rang S^ + S SBC + S^ = ■ . 

costp 
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Bai tap 37: Cho lang tru ABC.A’B'C id day la tain giac deni canh a, AA' vudng 
goc vdi mat phang (ABC) va AA' = h. Mot mat phang a cat ba canh ben cua lang 
tru. I mil (lien tich cua thiet dicn cua lang tru vdi <x trong cac trudng hop sau: 

a. Goc giua <x va (ABC) bang 45". 

b. Goc giOra rx va BC bang 60". 

Bai tap 38: Cho ba tut Ox, Oy, ()/ khong cung nam trim mot mat phang sao cho 
. - n 

xOy = xOz = a (0 < a < —) va yOz = p. Goi y la goc gifra Ox va mat phang (yOz). 
Chung minh rang cosa = cos — .cosy. 

Bai tap 39: Cho ba tia Ox, Oy, Oz khong cung nam tren mot mat phang sao cho 

7t , 

xOz = yOz = a (0 < a < —); M la mot diem tren Oz. Chung minh rang hinh chieu 

vuong goc cua diem M tren mat phang (Oxy) nam tren dudng phan giac cua goc xOy. 
Bai tap 40: Cho ba tia Ox, Oy. Oz khong cung nam tren mot mat phang va xOy = a; 
xOz = P (0 < a, P < 90"), yOz = y. Lay A tren Ox vdi OA = 1. Qua A ve mat phang 
vudng goc vdi Ox cat Oy, Oz lan lupt tai B va C. Tim mdi lien he giua a, p, y de dd‘ 
hai mat phang (xOy) va (xOz) vuong goc vdi nhau. 

Bai tap 41: Cho tir dien OABC co cac cap canh doi dien bang nhau lung doi mdt. 
Chimg minh rang dieu kien can va du de' hai mat phang (OAB) va (OAC) vudng 
goc vdi nhau la AABC co tanB.tanC = 2. 

Bai tap 42: Cho ba tia khong ddng phang Ox, Oy, Oz ddi mdt hop vdi nhau goc 60° 
A la mdt did’m cd dinh tren Oz vdi OA = a. 

a. M, N la hai diem lin lupt tren Ox, Oy. Gia sir M cd djnh, N di ddng Iren Oy. 
Tim tap hop hinh chie'u cua A tren MN. 

b. Dat OM =% ON = y. Tim dieu kien can va du de tarn giac AMN vudng tai A. 

Bai tap 43: Cho ba tia Ox, Oy, Oz khong dong phang va vudng goc vdi nhau tung ddi 
mdt. Tren Ox, Oy, Oz lan lupt lay cac die’m A, B, C sao cho AC = 20B va BC = 20A. 
Dat a = OA. Goi M va N la chan cac dudng vudng goc ke tir O lan lupt den AC va BC. 
Goi D la trung diem cua AB. Chting minh rang: 

tg 4 OCb MN t 
tg 4 6CA + AB " 

Bai tap 44: Cho ba tia Ox, Oy, Oz khdng ddng phang, ddi mdt hop vdi nhau goc 
60°. Tren Ox, Oy, Oz Kin lupt lay ba diem A, B, C sao cho BAC = 90". Goi H la 
hinh chieu vudng goc cua A tren mat phang (yOz). Dat OA = a, OB = x, OC = y. 

a. Tmh y theo a va x. Tim didu kien cua x de y tdn tai. 

b. Chung minh ndu dudng thang BC qua H thi ta cd he thurc 3xy = a(x+y). 

c. Tmh x, y theo a, bie't H thude dudng thang BC. 

Bai tap 45: Cho hinh chop O.ABC co OA, OB, OC va ddi mdt vudng goc vdi nhau 
OA = OB = OC = a. Goi K, M, N lan lupt la trung diem cac canh AB, BC va AC, E 
ia didm ddi xdng cua O qua K. 
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a. Chung minh ABCE va AOME la nhtrng tam giac vudng va mat phAng (ABC) 
vudng gdc vdi mat phAng (OCK). 

b. Goi 1 la giao diem cua CE vdi mat phAng (OMN). Chung minh mat phAng (OMN) 
vudng gdc vdi CE va MN vudng goc vdi 01. Tmh dien uch til giac OMIN. 

c. Tmh khoang each giura hai durong thAng OB va CE. 

d. F la mOt di^m di dOng trdn canh OA, CH la dudng cao ciia tam giac BCF. 
Tim tap harp didm H. 

Bai tap 46: Hinh chop O.ABC co cac canh OA, OB, OC ddi mOt vudng goc vdi 
nhau va lAn luot hop vdi mat phAng (ABC) cac goc a, (3, y. 

a. Chumg minh hd thtic cos 2 cx + cos 2 (3 + cos 2 y = 2. 


b. H la true tam tam giac ABC. Cac canh OA, OB, OC hop vdi OH cac goc 
a’, P', y\ Churng minh rAng: 

cos 2 a’ + cos 2 P’ + cos 2 y’ = sin 2 a’ + sin 2 p’ + sin 2 y’ = 2 

c. Dang thde trdn con dung nua khdng ndu H la mdt diem tuy y trong mat 
phAng (ABC). 

d. Dat S = S ()AB + S OBC + S ()rA va h la khoang each tir O den mat phAng (ABC). 


Tim gia trj nho nhAt cua ti sd — . 

lr 

Bai tap 47: Cho tir dien SABC co ba goc d dinh S d£u vudng. Dat a = SA, b = SB, 
c = SC. Goi H, G lAn lucrt la true tam. trong tam cua AABC. 

a. Ttnh SH, SG theo a, b, c. 

b. Chung minh rang AABC co ba goc nhon va a 2 tanA = b 2 tanB = c 2 tanC. 


c. Chdng minh rang S SAB + S SBC + S^ > — SH 2 . 

2 

d. Gia sir b + c = a. Chung minh rAng SAB + SAC + BAC = 90". 


B Ai tAp 6n cu<5i nAm 

Bai tap 1: Cho hinh chop S.ABCD, day ABCD la hinh vudng canh a. Goi I, J lAn 
ludt la hinh chi£u cua S trdn AB va CD. 

a. Chung minh mat phAng (SIJ) vudng goc vdi mat phAng (ABCD). 

b. Bi£t hai mat SAB va SAD citng hop vdi day gdc a, edn SC hop vdi day goc 
p. Chung minh rAng mat phAng (SAC) vudng gdc Vdi mat phAng (ABCD). 
Tmh khoang cAch tir S dd'n mat phAng (ABCD). 

Bai tAp 2: Cho hai tia cheo nhau Ax, By hop vdi nhau gdc 60°, nhan BA = a lam 
doan vudng gdc chung. Trdn By lAy didm C vdi BC = a. Goi D la hinh chidu vudng 
gdc cita C trdn Ax. 

a. Ttnh AD va khoang each tir C ddn mat phAng (ABD). 

b. Tinh khoang each giua AC va BD. 

BAi tap 3: Cho hinh chop S.ABCD, day ABCD la hinh vudng, SA vudng gdc vdi 
mat phAng (ABCD). 

a. Chung minh mat phAng (SAC) vudng gdc vdi mat phAng (SBD). 
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h. i mil so do nhi dien (A. SD. C). 

c. Goi Bl , 1)1 !a hai dirdng cao cua tam giac SBD. Chirng minh rang m 
phang (AC'!•) vudng gbc \ (Vi mat phang (SRC); mat phang (ARF) vuong g( 
vdi mat phang (SA( '). 

Bai tap 4: (’ho hinh chop S.ABCD. day A BCD la hinh vuong canh a. mat hi 

(SAB) la tam giac deu va vuong goc vdi day. Goi I la trung diem cua AB. 

a. Chirng minh rang SI vudng goc vdi mat phang (ABCD); AD vudng goc v 
mat phang (SAB). 

b. Tilth goc giura BD va mat phang (SAD). 

c. Tinh goc gifra SD va mat phang (SCI). 

Bai tap 5: Cho tam giac ABC vudng tai A co AB = c, AC = b. Goi (P) la m 
phang qua BC va vudng goc vdi mat phang (ABC); S la mot diem di dong tren (] 
sao cho S.ABCD la hinh chop co hai mat ben (SAB), (SAC) hop vdi day (ABC) h 

goc co so do Ian lirot la u va ~ - ex . Goi H, I, J Ian lirot la hinh chieu vudng g( 

cua S tren BC, AB. AC. 

a. Chirng minh rang SH ; = HI. HJ. 

b. Tim gia tri Idn nhat cua SH va khi do hay tim gia tri cua a. 

Bai tap 6: Cho hinh chop S.ABC, day ABC la tam giac deu canh a, SA = SB = S 

khoang each tir S den mat phang (ABC) la h. Tinh theo a dd’ hai mat phang (SAB) ’ 

(SAC) vudng goc vdi nhau. 

Bai tap 7: Cho hinh chop S.ABCD, day ABCD la hinh vudng canh a, SA vuoi 
goc vdi mat phang (ABCD). Goi M, N la hai didm ldn luot d tren hai canh BC, C 
a 3a , 

sao cho BM = -; DN = — . Chumg minh hai mat phang (SAM) va (SMN) vudi 
2 4 

goc vdi nhau. 

Bai tap 8: Cho hinh chop S.ABCD, day ABCD la hinh vudng canh a, SA vuoi 
goc vdi mat phang (ABCD); M va N la hai didm lan luot ndm tren cac canh B< 
CD. Dat BM = x, DN = y. 

a. Chumg minh rang didu kien can va dit dd hai mat phang (SAM) va (SMr 
vudng goc vdi nhau la MN vudng goc vdi mat phang (SAM). Tir dd suy 
he thurc lien he giua x, y. 

b. Chirng minh rang didu kien can va dit dd nhi dien (M, SA, N) co sd do bat 
30" la a(x + y) + V3xy = a“ yfl. 

Bai tap 9: Cho hinh binh hanh ABCD co khoang each tir A ddn BD bang h. Tri 
hai tia Ax, Cy citng vudng goc vdi mat phang (ABCDO va citng chidu, ta ldn lu 
lay hai diem M, N. Dat x = AM, y = CN. Chumg minh rang didu kidn can va du < 
hai mat phang (BDM) va (BDN) vudng goc la xy = h 2 . 

Bai tap 10: Cho hinh chop S.ABC co SA = SB = SC. Goi O la tdm cua dtrdng tri 
ngoai tidp tam giac ABC; I la trung didm cita AB, K la giao didm cua 01 vdi BC. 

a. Chumg minh rang didukidn edn va dit dd’ hai mat phang (SAB) va (SB< 
vudng goc vdi nhau la ^ = 90°. 

b. Biet ban kfnh cua dudng tron (ABC) la R, SO = 2R, BAC = a, ACB = p. Chin 
minh rang didu kien edn va dit de hai mat phang (SAB) va (SBC) vudng g< 

vdi nhau la lam giac ABC co ba goc nhon va tga.tgp = —. 

4 
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li tap 11: Cho tam giac ABC vudng tai C. Trdn duPng thing (A) vudng gdc vdi 
at phing chura tam giac tai A ta li'y mdt did’m S. Goi D va E lin lupt la hinh chitfu 
i6ng goc cua A tren SB, SC. 

a. Chumg minh cic mat cua tur didn S.ABC ddu la tam giac vudng. 

b. Tim tap hop cic didm D va E khi S di ddng trdn (A). 

c. Cluing minh rang AE vu6ng goc vcri mat phang (SBC); DE vudng goc vdi 
SB va AE. 

d. Qiung minh duPng thing DE qua mdt didm cd dinh khi S di ddng tren (A), 

ai tap 12: Trong mat phing a cho duPng tron (C). Ve SA = 2R va SA vudng goc 
ri a. Goi AH va AK lin lupt la duPng cao cua tam giac SAB, va SAM. 

a. Chiing minh ring mat phing (SAM) vudng goc vdfi mat phing (SBM). 

b. Chung minh tur giac BHMK ndi tidp dupe va giao didm T cua HK va BM d 
tr£n mdt ducmg thing c 6 djnh. 

c. Dat goc BAM = tp, vdi 0 < tp < 90°. Tim gia tri cua tp dd didn ti'ch tam giic 
AHK 1dm nhit. 

ai tap 13: Cho hinh vudng ABCD nim trong mat phing a. Ve tia Ax vudng goc vefi a, 

! la mpt didm trdn Ax. Ducmg thing qua M va vuPng goc vcri mat phing (MBC) cat a 

i R, duicmg thing qua M va vudng goc vcri (MCD) cat a tai S. 

a. Chung minh: A, B, R thing hang va A, D, S thing hang. 

b. Tim tap hpp trung didm I cua RS khi M di ddng trdn tia Ax 

c. Goi AH la duPng cao cua tam giic AMI. Chumg minh AH vudng goc vdi 
mat phing (MRS) vi H la true tim cua tam giac MRS. 

ai tip 14: Cho tam giic BCD vudng tai B co CD = a, BCD = a; BA vudng goc vcri 
at phing (BCD) vi BA = a. 

a. Tfnh khoang cich tir B dd'n mat phing (ACD) theo a va a. 

b. Goi I li trung didm cua CD. Xic dinh a dd mat phing (ABI) li mat. phing 
trung true cua CD. 

c. Gia sit C, D c 6 dinh, B di ddng trdn duPng trPn duPng kfnh CD. Chumg minh 
ring AC 2 + AD 2 ichPng ddi. 

ii tip 15: Cho tam giic ddu ABC cd chidu cao AH = 3a. Li'y didm O tren doan 
H sao cho AO = a. Trdn duPng thing vudng gdc vdi mat phing (ABC) tai O liy 
4m S sao cho OS = BC. 

a. Chiing minh BC vudng gdc vdi SA va tfnh SO, SA, SH theo a. 

b. Tfnh sd do nhi didn (B, SA, C) 

c. Qua didm I trdn doan OH, dung mit phing a vudng gdc vdi OH, a cit cic 
doan AB, SB, SC lin lupt tai M, N, P, Q. Chumg minh ring MNPQ la hinh 
thang cin. 

d. Tt'nh didn tfch MNPQ theo a vi x = AI. Xic dinh x dd didn ti'ch nay cd gii 
tri ldn nha't. 
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Bai tap 16: (Tin trong mat phang (R) during trdn (C) duimg kmh AB = 2R. Tren tia A 
vudng g<x: vdi (P) lay diem S sao eho SBA = 30”; m la diem tren (C). Dal BAM = a. 


a. Tinh tong cac binh phuong cac canh cua tur didn S.ABM then R va a. 


b. Tinh tip dai doan vuong goc chung cua SB va AM theo R va a. 

c. Qua A ve mat phang vuong goc vdi SB tai H, cat SM tai N. Tim tap hop ca 
diem N khi M di dong tren (C). 

d. (ini [1 la so do goc phang nhi dien canh SB. Chung minh rang tana . tanP = 2. 
Bai tap 17: Cho tu dien S.ABC day ABC la tarn giac vuong tai A, AB = 2a, AC = 3. 

SB vuong goc vdi mat phang (ABC), SB = a -s/3 . 

a. Goi M la mdt diem di dong tren canh SC, dat x = MC. Goi H va K lan lift 
la cac hinh chieu vuong goc cua M trdn mat phang (ABC) va (ASB). Mi 
phang (MHK) cat AB tai L. Chung minh rang KMHL la hinh chu nhat. V< 
gia tri nao cua x thi KMHL la hinh vudng ? 

b. Tinh theo a va x do dai during cheo ML cua hinh chur nhat KMHL. Vdi g 
tri nao cua x thi ML co do dai nho nhat ? Ung vcri gia trj nao cua x hay ne 
Idn dac tinh hinh hoc cua doan ML. 

Bai tap 18: Cho hinh thang vudng ABCD co day 1dm AD = 2a, day nho BC = a, \ 
AB =a. SA vudng goc vcri mat phang (ABCD) va SA = a -Jl . Goi M la la mdt die’i 
trdn ducmg cheo AC, dat AM = x. Mat phang a qua M va vudng goc vdi AC. Tt 
theo vj tri cua M trdn doan AC hay xac dinh thifit didn cua hinh chop S.ABCD vi 

a. Tinh didn rich cua thidt dien nay theo a va x. Xdc dinh x dd thidt didn co di( 
tich 1cm nhat. 


Bai tap 19: Trong mat phang a cho ducmg trdn (C) tarn O, ban kmh R; AB la mi 
day cung di ddng cua (C); I la trung di^m cua AB. Trdn during thang vudng gdc v 
a tai O lay didm S. 

a. Chumg minh mat phang (SOI) vudng goc vdi mat phang (SAB). 

b. Tim tap hop hinh chidu vudng gdc cua O trdn mat phang (SAB) khi AB < 
ddng nhung ludn ludn cung phucmg vdi mdt during thang cd dinh. 

c. Dat AB = 2x (0 < R), SO = h. Tinh x dd’ didn tich tarn giac ldn nhat. 

Bai tap 20: Cho hinh chop S.ABC la tarn giac vudng tai A vdi AB = a va BC = 2a. Did 


H d trdn canh AC sao cho CH = 


1 

3 


CA, SH la during cao cua hinh chop va SH 



. Goi I, J lan luot la trung did’m cua BC va SA. Tun thidt didn va tinh didn tf< 


thidt didn cua hinh chdp da cho vdi cac mat phing: 

a. Qua H va vudng gdc vdi AI. 

b. Qua BJ va vudng gdc vdi mat phang (SHI). 

c. Qua I va vudng gdc vdi BC. 


Bai tap 21: Td didn ABCD cd DA = a^2 , cac canh khac ddu bang a; DH vudi 
gdc vdi mat phang (ABC) tai H. 

a. Chumg minh rang ABH va ACH ia nhung tarn giac vudng bang nhau va c< 
mat phang (DBC) va (ADH) vudng gdc vdi nhau 

b. Tinh sd do nhi didn canh AD. 
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c. Mat phing qua H va vudng gdc vdi AD cat AD, BD vi CD lin luot tai A’, B’, C. 
Ttnh AH, DH, DB' va chimg minh rang tur giac HB’A’C la hinh vuong. 

li tap 22: Cho hinh chop S.ABC c6 SA vudng goc vdi mat phang (ABC) va SA = —=, 

- = 2a. Cac dinh S, A, C c6' dinh; dinh B di ddng sao cho nhi didn canh SB lu6n la nhi 
hi vudng; AD va AE lan luot la dudng cao cua tam giac SAC va SAB. 

a. Chung minh tam giac ABC va SBC vuong va AE vudng goc vdi mat phang (SBC). 

b. Ttnh goc BAC da khoang each tir E dd'n mat phang (SAC) ldn nha't. 

c. Gia sir DE cat BC tai M va dudng thing vudng goc v<3ri mat phing (SBC) tai 
D cat mat phing (ABC) tai N. Chung to A, M, N thing hang va ti'ch AM, 
AN khdng ddi. Djnh goc BAC dd MN co dd dai nho nha't. 

ki tap 23: Cho mat phing a, mOt didm A a trong mat phing a va mOt didm B d 
oai mat phing a sao cho cic khoang each tir A va B dd'n A bang nhau. Goi M va 
la hinh chieu vudng goc cua A va B trCn A. 

a. Goi B’ la hinh chid'u vudng gdc cua B trdn a. Churng minh ring trong a 
duemg trung true cita MN qua mdt didm F cd' dinh. 

b. Goi 1 la trung did’m cita MN. Tim tap hop cac did’m I khi A di ddng. 

c. Goi Q la hinh chid'u vudng gdc cita A trdn mat phing (B, A). Chung minh 
ring AQ co dd dai khdng ddi. 

li t$p 24: Hinh chop S.ABCD cd day hin vudng canh a. Cac nhi dien canh AB, 
CD, AD, cd s 6 do lin luot la a, P, y, p. Goi h la hinh chid'u vudng gdc cita S 
:n mat phing (ABCD). 

a. Ttnh SH theo a vi p. 

b. Cho y = 4a. Ttnh ti s 6 — theo a. 

SH 

c. Ttnh a, P, y cho bid't y = 2P = 4a. 

li tap 25: Trong mat phing a cho doan thing AB = 2a va mdt ducrng thing y’By 
dng gdc vdi AB tai B. Trdn dudng thing x’Ax vudng gdc vdi a tai A, ta liy doan 
2 = x vi trdn y’By ta la'y BD = y. 

a. Cic mat nio cua tur didn ABCD la tam giic vudng? 

b. Tmh CD. Tim hd thurc gifla x va y d^ CD = x + y. 

c. Gia sir hd thuc dd duoc thoa, tfnh t6ng cic binh phuang cic didn tich cic 
mat cua tur didn ABCD theo a vi x + y. Suy ra gii tri cua x vi y dd’ tdng dd 
nho nha't. 

li tip 26: Trong mat phing a cho hinh thoi ABCD canh a, gdc BAD = 120°. Tir 
c didm B, C, D ta ve ba tia By, Cz, Dt ciing vudng gdc vdi a vi cung chidu. Trdn 
i, Dt lin luot liy cic didm B’, D’ vdi BB’ = DD’ = x. Mat phing (AB’D) cit Cz 
Chting minh. 

a. Chimg minh mat phing (AB’D') chiia mdt dudng thing c 6 dinh khi x thay ddi. 

b. Tur giac AB’CD' li hinh gi ? Tmh theo a vi x dd dii CC’ vi didn tich tur giic 
AB’C'D'. 

c. Goi <p li gdc gifla hai mat filing a vi (AB’CD'). Tfnh tan cp vi cos cp theo a vi x. 

d. Ttnh x dd AB’CD' li hinh vudng. 


0 



MUC LUC 


CIGI THlf-U CHUNG 

CHlTONG I 

PHEP 1)01 HINH VA PHEPDONG DANG 
TRONG MAT PHANG 

C'hii de 1: M a dau v£ phep hien hinh, phep ddi hinh .5 

Chii de 2: Phep tinh tien . 7 

Chii dd 3: Phep doi xi'mg true.18 

Chii de 4: Phep doi ximg tam.38 

Chu de 5: Phep quay. 51 

Chii de 6: Hinh bang nhau.57 

Chii de 7: Phep vi tir.,...60 

Chii de 8: Phep dong dang.....70 

CHlTONG II 

Dl/C)NG THANG vA MAT PhAnG TRONG KHONG GIAN 

QUAN HE SONG SONG 

Chii de 1: Dai cuang vi dircrng thing va mat phing.77 

Chii de 2: Hinh chop.90 

Chii de 3: Hai duong thing song song.95 

Chii de 4: Ducmg thing va mit phing song song.101 

Chu de 5: Hai mat phing song song.108 

Chii de 6: Hinh ling tru va hinh hdp ...115 

Chiide7: Hinh chop cut. 122 

Chii de 8: Phep chieu song song..124 

CHUCNG III 

VECTO TRONG KH6NG GIAN 
QUAN HE VU6NG GOC TRONG KHONG GIAN 

Chii de 1: Vecto trong kh6ng gian. Su d6ng phing cua cac vecto.129 

Chii de 2: Hai duong thing vuOng goc .139 

Chii de 3: Duong thing vu6ng goc voi mit phing .144 

Chii de 4: Hai mat phing vu6ng goc.163 

ChiideS: Khoangcach.175 

Chu de 6: Goc.193 

Muc luc .221 


221 




























SACH PHAT HANH TAI 


TP. h 6 CHI MINH: 

NS h 6 nG An ■ 18D Nguyen Thj Minh Khai - Qu$n I 

DA NANG: 

CdNG TY CP SACH - TBTH - 78 B 9 ch Ding 
THANH H 6 A: 

NS VAN H 6 A - 27 - 29 Dai 10 Li L«jfi 

NGHg AN: 

NS VAN H 6 A - 343 Li Duin - TP. Vinh 
QUANG BINH: 

CdNG TY SACH TBTH - 03 M«» Suit vi 257 Trin Htfng Dao 
QUANG TRJ: 

Cl?A HANG SACH GLAO DVC - 283 Trin Hitog Dao 

HUfi: 

NS H 6 NG DLfC - 59 Trin Phu 
QUANG NAM: 

CdNG TY SACH TBTH - 190 Phan Chu Trinh 
NS SlilU THJ VAN H 6 A DI$N ANH TAM KY - 24 Trin Cao Tin 
QUANG NGAI: 

NS VAN H 6 A - 204 Nguyin Nghiim 
NS TRAN QUdc TUAN - 526 Quang Trung 
BINH DJNH: 

NS VAN H 6 A - 120 lAUfi- Quy Nhcta 

PHI) YfeN: 

NS VAN H 6 A - 6 phi B 8 khu din dyng DUY TAN - Tuy Hi* 
KHANH HbA: . 

CdNG TY CP PHS - 34 - 36 Thing Nhfl't - Nha Trang 
SlfcU THJ TAN TlfiN - 11 Li Thinh PhufOng 
BINH THUAN: 

NS Hl/NG DAO - 328 Trin Hiftig D 90 - TP. Phan Thiet 

DdNG NAI: 

NS KIM NGAN - 88 Cich Mgng Thing Tim - TP. Biin Hoa 

VUNG TAU: 

NS DONG HAl - 38 Thtfing Ki$t 
NS ABC - 204 Blnh Gift 

GIA LAI: 

NS NHAN DAN - 06 L 6 Ldi - Pleiku 
CdNG TY SACH TBTH - 40B Hung Vittng 

DAKLAK: 

NS GlAO DVC - 19 Trrfdng Chinh 

NS LY THVdNG KI$T - 55 - 57 Ly Thtfdng Ki£t 

CdNG TY CP VAN HdA DAKLAK - 01 Hai Bi Trifng 



KONTUM: 


CONG TY CP SACH TBTH • 129 Phan Dinh Phung 
LAM d6NG: 

CONG TY CP SACH TBTH - 09 Nguyen VAn Cvf - Da Lat 
CONG TY CP IN VA PHS - 18 Khu Hoa Blnh - Da Lat 

DAK NONG: 

CONG TY SACH TBTH - 151 Hai Ba Trtfng 
NS GIAO DVC - 30 Tran Htfng Dao - Gia Nghia 

DONG NA1: 

NS KIM NGAN - 88 Cach mang thang TAm - Bien Hoa 

TAY NINH: 

NS VAN NGHE - 295 Dtfdng 30 thang 4 


LONG AN: 

CONG TY PHS - 04 Vo VAn T4n - TX. Tan An 
TI^N GIANG: 

CONG TY CP SACH TBTH - 22 Hung Vtftfng - TP. My Tho 
VINH LONG: 

HS Ml/Ol - 15 Le Thai To 

CAN THO: 

CONG TY CP SACH TBTH - 132 Dicing 30 thang 4 
HAU GIANG: 

CONG TY SACH TBTH - 50 NguySn Thdi Hpc - TX Vj Thanh 
DONG THAP: 

NS VI$T HLfNG - 200 NguySn Hu$ - TP. Cao Lanh 

B&N TRE: 

CONG TY CP SACH TBTH - 03 D6ng Khdi 
S6C THANG: 

NS TRE - 41 Triin Htfng Dao 


AN GIANG: 

TT VAN HOA TdNG HOP - 15 - 17 Hai Ba Trtfng 

BAC LlfiU: 

CONG TY CP SACH TBTH - 59 Ly Thtfdng Ki^t - Phtfdng 3 
TRUNG TAM PHS - 57 Hoang Vfln Thu 
KlfcN GIANG: 

NS DONG h 6 I - 98B Triin Phil - Rach Gid 
NS DONG h 6 II - 989 Nguyen Trung Tn/c - Rach Gid 

CA MAU: 

CONG TY CP SACH TBTH - 26 - 28 L6 Ltfi - Phtfcfng 2 

TRA VINH: 

NS LlfiN Sl/ONG - 127 Triin Qud'c Tufi'n 
SACH cO bAN LE TAI cAC ClfA HANG SACH TR£n toAn qu6c 



NHA XUAT BAN DAI HQC Qu6c GIA HA NQI 

16 Hang Chud'i - Hai Ba Trtfng - Ha Noi 
Bien thoai: Bi§n tap - Chd b£n: (04) 39714896 
Hanh chinh: (04) 39714899; T6ng Bi<§n tap: (04)39714897; 

Fax: (04) 39714899 
* * * 


Chiu track nhi$m xuat ban: 

Gidm dd'c: PHUNG QUOC BAO 

Tong bien tap: PHAM THI TRAM 


Bien t&p: 

Sda bai: 

Trinh bay bia: 


NGUYEN VAN TRONG 
THAI VAN 
THAI HOC 


Doi tac lien k§'t xuat ban: 

nhA sach h6ng An 


_ SACH LIEN KET 

ipC VA ON TAP TOAN HlNH HQC 11 

15 s 6: 1L - 37DH2011 

1 1.000 cufi'n, khd 16 x 24cm t^i Cflng ti TNHH In Bao bi Phong T5n. Tp. HCM 
6' xuS't bdn: 162 - 2011/CXB/5 - 16/DHQGHN, ng5y 17/02/2011. 

Iuy§'t djnh xuS't b5n s 6: 34LK - TN/QD - NXBDHQGHN. Ng5y 21/02/2011 
i xong v5 nOp Itiu chidu quy I n5m 2011. 



